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Preface

This English edition follows the organization and mathematical scope of the Chinese doctoral
dissertation. The chapters draw on the author’s published and unpublished work on anisotropic
geometric flows. Their terminology and exposition have been harmonized for a single thesis, while
the equation labels, proofs, and numerical examples are retained wherever possible.

Chapters 2 and 3 are based on the stabilized surface-diffusion method and the method with an
optimal energy stability condition, respectively. Chapter 5 develops the unified 𝛼-surface energy
matrix framework. Chapters 6 and 7 treat surfaces and moving contact lines. Chapter 8 includes the
numerical results from the author’s manuscript on coupled orientation and curvature dependence,
arXiv:2609.36419v1. The experimental data and figures in that chapter are reproduced from this
source; they are not newly computed for this edition.

The English edition uses a customized amsbook layout. All figures and tables are placed within
the main text.
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Abstract

Anisotropic geometric flows arise in crystal growth, thin-film evolution, solid-state dewetting, and
other models of interfacial motion. Their driving energy depends on the interface orientation, and
their evolution is governed by geometric constraints and physical laws such as energy dissipation,
conservation of enclosed area or volume, and contact-line dynamics. Strong nonlinearity and
anisotropy can produce corners, necking, and topological changes. A numerical method must
therefore resolve the evolving geometry while retaining the relevant structural laws and an adequate
mesh.

This thesis develops structure-preserving parametric finite element methods for anisotropic
geometric flows on planar curves and surfaces in three dimensions. The analysis proceeds from a
surface energy matrix to a conservative weak formulation, a local energy estimate, and a fully discrete
energy inequality. This approach treats anisotropic surface diffusion and curvature flow, and extends
to crystalline thin films and solid-state dewetting with moving contact lines.

The main contributions are as follows.
• We characterize optimal energy stability conditions within the local energy estimate

framework. In two dimensions, a symmetric surface energy matrix attains the condi-
tion 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 0, without an additional restriction at equality. The resulting
surface-diffusion scheme preserves enclosed area and dissipates energy without a time-step
restriction. A preceding stabilized formulation also accommodates globally 𝐶1, piecewise
𝐶2 densities under its stated critical-case assumptions.

• We introduce an 𝛼-surface energy matrix that unifies a family of conservative formulations
and parametric discretizations. The framework gives a common energy stability analysis
and identifies the symmetric choice 𝛼 = −1 as the unique parameter attaining the non-
strict optimal directional condition within the analyzed family. The corresponding three-
dimensional condition is 2𝛾(𝒏) − 𝛾(−𝒏) ≥ 0. A formulation of the normal velocity as a map
depending on both geometric quantities and the background manifold provides a consistent
extension to other anisotropic flows.

• We extend the methods to crystalline-film evolution and solid-state dewetting. A relaxed
contact-angle condition couples the interface to the moving contact line within the weak
formulation. The resulting schemes preserve enclosed area or volume and dissipate the
discrete energy. Numerical examples investigate anisotropy-induced necking, multiple
equilibria, and the effects of initial geometry and contact-line dynamics.

The thesis also treats energies 𝑊(Γ) =
´
Γ
𝑓 (𝒏 , 𝐻)d𝐴 coupling orientation and mean curvature.

A mass-lumped projection of the curvature derivative pairs the symmetric surface energy matrix
with a discrete curvature evolution equation. Under convexity in curvature and the local directional
energy estimate, the fully discrete scheme dissipates energy. Its conservative variants preserve
discrete volume. Numerical results taken from the author’s manuscript on coupled orientation and
curvature dependence exhibit approximately second-order convergence in the manifold distance,
confirm the structural properties to nonlinear-solver accuracy, and illustrate anisotropic bending and
Helfrich-type shape relaxation. Solvability, rigorous error analysis, and the consistency of evolved
and geometric curvature remain subjects for further study.
Keywords: geometric flows; parametric finite element method; anisotropic surface energy; structure
preservation; area and volume conservation; energy stability; curvature-dependent energy.
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CHAPTER 1

Introduction

This chapter first explains the motivation for studying extrinsic anisotropic geometric flows. We
introduce surface energies to describe anisotropy, derive the basic form of extrinsic anisotropic
geometric flows from the first variation of the surface energy functional, and discuss two particular
flows with gradient flow structures. We then briefly review the relevant theory and numerical
methods before outlining the contributions of this thesis.

1.1. Physical background

Curvature-driven interface evolution arises in many scientific fields, particularly materials science
and solid-state physics. The study of curvature-driven problems is central to understanding and
simulating interfaces in solid materials. In his 1956 and 1957 works, Mullins introduced mean
curvature flow and surface diffusion as mathematical models for grain boundary evolution and
capillarity-driven migration of atoms or molecules along interfaces [113, 114]. Curvature-driven
geometric partial differential equations have since become a principal framework for interface
dynamics. Subsequent studies have examined their physical basis, variational structures, and
well-posedness. In geometric analysis and partial differential equations, research on curvature flows
has addressed existence and uniqueness [110, 75, 66], regularity [86, 75], singularity formation [87,
140, 43], and long-time behavior [88, 89]. In materials science and solid-state physics, these models
describe epitaxial growth [64, 79], surface phase formation [74, 40, 30], heterogeneous catalysis [122,
128], multiphase fluid dynamics [32, 5], and solid-state dewetting [132, 136, 139, 90]. As illustrated in
Figure 1.1, surface diffusion coupled with moving contact lines describes the dewetting of solid films
on rigid substrates [136, 94, 93, 145].

Figure 1.1. Under surface-diffusion-driven dewetting, a solid thin film breaks up into
multiple isolated hemispherical islands; the image is adapted from [136].

The intrinsic lattice structure of a crystalline material naturally gives rise to a direction-dependent
surface energy. Such anisotropy is essential in the study of crystal shapes and film evolution, whose
interface dynamics depend strongly on the material symmetry. When the surface energy density
depends on the interface normal, different orientations have different energy costs and driving forces,
leading to preferred and competing orientations. This selection mechanism, governed by crystal

1
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symmetry, can produce complex dynamics and induce instabilities and morphological transitions
under suitable geometric and boundary conditions.

Figure 1.2. Instabilities induced by anisotropy: pinch-off (top), fingering instability (bottom
left), and faceting instability (bottom right). The figure is adapted from [100, 152, 146].

Film retraction, the evolution of slender structures, and strong orientation preferences can give rise
to several interface instabilities; see Figure 1.2. Examples include Rayleigh–Plateau instability [120,
77], faceting instability [100, 80, 34, 73], fingering instability [95, 96, 116], corner instability [145], and
pinch-off [146, 131]. These processes can interact and occur in succession. For example, growing edge
perturbations may first produce fingers; the slender fingers may then undergo pinch-off, separating
into isolated islands. Such behavior involves evolution across multiple scales and changes in topology.
These frequently observed experimental features directly reflect the dynamical effects of anisotropy.

These complexities make accurate simulation of anisotropic curvature flows challenging: numerical
schemes must reliably capture the underlying physical mechanisms. The broad applications of
anisotropic geometric flows motivate a systematic framework for designing structure-preserving
numerical methods.

1.2. Surface energy and anisotropy

Anisotropic interface dynamics are often governed by the anisotropic surface energy, conventionally
denoted by 𝛾. In applications, 𝛾 may depend on temperature, position, electromagnetic fields,
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curvature, and other factors [82, 124, 129]. We first consider the simplified case 𝛾 = 𝛾(𝒏) > 0, where
𝒏 ∈ S𝑑−1 is the outward unit normal to the surface.

If 𝛾(𝒏) is independent of direction, namely 𝛾(𝒏) ≡ constant, the anisotropy disappears and the
surface energy is isotropic. A nonconstant surface energy is classified as either weakly anisotropic
or strongly anisotropic. This distinction affects the well-posedness of geometric flows [3, 42, 130], the
stability of equilibria [92, 37, 77], and the analysis of numerical methods [102, 57, 139, 11, 46].

1.2.1. Frank diagrams. We begin with the simpler two-dimensional setting. For the normal
𝒏 = (− sin𝜃, cos𝜃)𝑇 , the surface energy 𝛾(𝒏) has an equivalent 𝛾̂(𝜃) representation, namely 𝛾̂(𝜃) B
𝛾(𝒏(𝜃)). The anisotropy can be classified using the surface stiffness 𝛾̃(𝜃) B 𝛾̂(𝜃) + 𝛾̂′′(𝜃) [115, 78]. If
𝛾̃(𝜃) is strictly positive everywhere, the energy is weakly anisotropic; otherwise it is strongly anisotropic.
For a general anisotropic surface energy 𝛾(𝒏), this classification can be made using the Frank diagram
[65]. Here 𝛾(𝒑) denotes the degree-one homogeneous extension defined below:

(1.1) ℱ B
{
𝒑 ∈ R𝑑 | 𝛾(𝒑) ≤ 1

}
,

In the direction 𝒏, the radius of the Frank diagram is 1
𝛾(𝒏) ; hence it is also called the 1

𝛾 -plot. Figures 1.3
and 1.4 show Frank diagrams for several anisotropies, whose formulas are given in Section 2.1 and
Appendix B.

Figure 1.3. Several Frank diagrams of two-dimensional anisotropies. From left to right, top to
bottom: three-fold symmetric anisotropy with 𝛽 = 1

9 ; three-fold symmetric anisotropy with
𝛽 = 1

3 ; piecewise anisotropy; piecewise BGN anisotropy; 𝑙1-norm anisotropy;
𝛾(𝒏) = 1 + 1

4 (𝑛4
1 + 𝑛4

2); 𝛾(𝒏) = 1 + 1
2 (𝑛6

1 + 𝑛
6
2).

The convexity of the Frank diagram determines the strength of the anisotropy 𝛾(𝒏). If the diagram
is convex, the anisotropy is weak; if it is nonconvex, the anisotropy is strong [137].

1.2.2. Weighted curvature and the Cahn–Hoffman vector. From the perspective of the second
law of thermodynamics, decreasing total energy drives the evolution. For a surface Γ in R𝑑 with
prescribed anisotropy 𝛾(𝒏), we define the total surface energy by

(1.2) 𝑊(Γ) B
ˆ
Γ

𝛾(𝒏)d𝐴,
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Figure 1.4. Several Frank diagrams of three-dimensional anisotropies. From left to right, top
to bottom: three-fold symmetric anisotropy with 𝛽 = 1

4 ; cubic anisotropy with 𝛽 = 1
3 ;

[001]-oriented anisotropy with 𝛽 = 1
2 ; piecewise BGN anisotropy; 𝑙4-norm anisotropy;

[111]-oriented anisotropy with 𝛽 = 1
2 .

where d𝐴 is the area element on Γ. Let Γ𝜀 be generated by a smooth normal variation 𝜂𝒏 of Γ. The
chemical potential is defined as the first variation of the energy functional𝑊(Γ):

(1.3) 𝜇 B
𝛿𝑊(Γ)
𝛿Γ

, 𝛿𝑊(Γ)[𝜂𝒏] =
ˆ
Γ

𝜇𝜂 d𝐴.

In two dimensions, the 𝛾̂(𝜃) formulation gives the explicit expression for the chemical potential

(1.4) 𝜇 = 𝛾̃(𝜃)𝜅 = [𝛾̂(𝜃) + 𝛾̂′′(𝜃)]𝜅,
where 𝛾̃(𝜃) is the surface stiffness and 𝜅 = −(𝜕𝑠𝑠𝑿 ) · 𝒏 is the curvature. Thus 𝜇 is also called the
weighted curvature. For the normalized isotropic density 𝛾̂ ≡ 1, 𝜇 reduces to the usual curvature 𝜅.
Once the driving force 𝜇 is known, the physical mechanism determines how 𝜇 produces a normal
velocity. Nonconservative evolution typically gives curvature motion, whereas transport dominated
by diffusion along the surface gives surface diffusion. This leads to different geometric flow models.

In 1972, Cahn and Hoffman introduced what is now called the Cahn-Hoffman 𝝃-vector to study
anisotropy in crystalline materials [84, 37]. To define it mathematically, we first extend the anisotropy
𝛾(𝒏), defined on S𝑑−1, by degree-one homogeneity:

(1.5) 𝛾(𝒑) B


|𝒑| 𝛾( 𝒑
|𝒑| ), ∀𝒑 ∈ R𝑑\{0}

0, 𝒑 = 0.

The Cahn–Hoffman 𝝃-vector is then defined by

(1.6) 𝝃(𝒏) = (𝜉1 , 𝜉2 , · · · , 𝜉𝑑)𝑇 B ∇𝛾(𝒑)
���
𝒑=𝒏

, ∀𝒏 ∈ S𝑑−1 ,

where ∇ is the gradient in R𝑑. Homogeneity implies that 𝝃 satisfies

(1.7) 𝝃 · 𝒏 = 𝛾(𝒏).
Figure 1.5 shows 𝝃-plots for several anisotropies. For a weak anisotropy, the 𝝃-plot is a simple closed
surface; a strong anisotropy produces “ears”, as shown in the last example of Figure 1.5.
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Figure 1.5. Several 𝝃-plots of three-dimensional anisotropies. From left to right, top to
bottom: isotropic; ellipsoidal anisotropy; piecewise BGN anisotropy; three-fold symmetric

anisotropy with 𝛽 = 1
4 ; cubic anisotropy with 𝛽 = 1

4 ; cubic anisotropy with 𝛽 = 1.

In polar coordinates, the Cahn–Hoffman vector has an explicit expression. In the two-dimensional
𝛾̂(𝜃) formulation,

(1.8) 𝝃(𝜃) = 𝛾̂(𝜃)𝒏 − 𝛾̂′(𝜃)𝝉, ∀𝜃 ∈ 2𝜋T,

where 𝒏 = (− sin𝜃, cos𝜃)𝑇 , 𝝉 = (cos𝜃, sin𝜃)𝑇 are the curve normal and tangent, respectively. In the
three-dimensional 𝛾̂(𝜃, 𝜙) formulation, the vector decomposes as

(1.9) 𝝃(𝜃, 𝜙) = 𝛾̂(𝜃, 𝜙)𝒏 +
𝜕𝛾̂(𝜃, 𝜙)

𝜕𝜃
𝝉1 +

1
sin𝜃

𝜕𝛾̂(𝜃, 𝜙)
𝜕𝜙

𝝉2 ,

where {𝒏 , 𝝉1 , 𝝉2} form the orthonormal frame

𝒏(𝜃, 𝜙) = (sin𝜃 cos 𝜙, sin𝜃 sin 𝜙, cos𝜃)𝑇 ,(1.10a)
𝝉1(𝜃, 𝜙) = (cos𝜃 cos 𝜙, cos𝜃 sin 𝜙,− sin𝜃)𝑇 ,(1.10b)
𝝉2(𝜃, 𝜙) = (− sin 𝜙, cos 𝜙, 0)𝑇 .(1.10c)

For a hypersurface Γ in R𝑑, the weighted curvature 𝜇 and the Cahn–Hoffman vector satisfy [37]

(1.11) 𝜇 B ∇Γ · 𝝃,
where ∇Γ· is the surface divergence on Γ. In two dimensions, when the curve is parameterized by arc
length 𝑠, 𝜇 takes the form

(1.12) 𝜇 = −𝜕𝑠
(
𝝃⊥

)
· 𝒏 ,

Here ⊥ denotes a clockwise rotation by 𝜋
2 .

For the normalized isotropic density 𝛾 ≡ 1, 𝝃 reduces to the normal 𝒏. Since 𝐻 = ∇Γ · 𝒏, the
weighted curvature 𝜇 then equals the mean curvature 𝐻 of the surface.

1.3. Typical anisotropic geometric flows

Geometric flows are partial differential equations describing curve or surface evolution driven
by geometric quantities such as curvature. A flow associated with the anisotropic surface energy
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𝛾(𝒏) is specified by its normal velocity 𝑉𝑛 . Widely used examples include anisotropic curvature flow,
area-preserving anisotropic curvature flow, and anisotropic surface diffusion, with normal velocities

(1.13) 𝑉𝑛 =


−𝜇, anisotropic curvature flow,
−𝜇 + 𝜆, volume-preserving anisotropic curvature flow,
ΔΓ𝜇, anisotropic surface diffusion,

where 𝜆 B
´
Γ
𝜇d𝑠/|Γ| is a Lagrange multiplier enforcing conservation of the enclosed volume, and ΔΓ

is the Laplace–Beltrami operator. Power geometric flows 𝑉𝑛 = 𝜇𝑘 (𝑘 ≥ 2) and more general nonlinear
geometric flows 𝑉𝑛 = 𝑓 (𝜇) also arise frequently [29, 2]. We briefly discuss anisotropic curvature flow
and anisotropic surface diffusion below.

1.3.1. Anisotropic curvature flow. Anisotropic curvature flow is characterized by the normal
velocity 𝑉𝑛 = −𝜇. It arises in crystal growth, film evolution, and grain boundary migration, and
provides a basic geometric model for interface evolution in multiphase systems.

From a variational perspective, anisotropic curvature flow is the 𝐿2 gradient flow of the surface
energy functional 𝑊(Γ): the interface evolves in the direction of the negative chemical potential,
ensuring energy dissipation. More precisely, a closed surface Γ satisfies the dissipation law

(1.14) d
d𝑡𝑊(Γ) =

ˆ
Γ

𝑉𝑛𝜇d𝐴 = −
ˆ
Γ

𝜇2 d𝐴 ≤ 0.

while its enclosed volume Ω satisfies

(1.15) d
d𝑡 |Ω| =

ˆ
Γ

𝑉𝑛 d𝐴 = −
ˆ
Γ

𝜇d𝐴.

Thus this flow generally does not conserve volume. Adding a Lagrange multiplier to the velocity to
cancel the net volume flux gives volume-preserving anisotropic curvature flow, or area conservation
in two dimensions.

1.3.2. Anisotropic surface diffusion. Anisotropic surface diffusion is another important geometric
flow, in which mass transport along the surface drives interface evolution. Spatial variations of the
chemical potential 𝜇 induce a tangential flux

(1.16) 𝑱 = −∇Γ𝜇,

and mass conservation gives the normal velocity

(1.17) 𝑉𝑛 = −∇Γ · 𝑱 = ΔΓ𝜇.

This model is the 𝐻−1 gradient flow of the surface energy functional 𝑊(Γ) under a conservation
constraint. Since 𝜇 already contains curvature, anisotropic surface diffusion is a fourth-order
geometric evolution equation. It has an energy dissipation structure analogous to that of curvature
flow. For a closed surface, we formally obtain

(1.18) d
d𝑡𝑊(Γ) =

ˆ
Γ

𝜇ΔΓ𝜇d𝐴 = −
ˆ
Γ

(∇Γ𝜇)2 d𝐴 ≤ 0.

and the enclosed volume satisfies

(1.19) d
d𝑡 |Ω| =

ˆ
Γ

ΔΓ𝜇d𝐴 = 0.

Thus surface diffusion preserves volume conservation under natural conditions. For two-dimensional
curves parameterized by arc length, the surface differential operators are replaced by arc length
derivatives, namely 𝑉𝑛 = 𝜕𝑠𝑠𝜇. Its higher order makes surface diffusion more challenging to analyze
and compute than anisotropic curvature flow.
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1.4. Equilibria of conservative geometric flows

An equilibrium of a conservative geometric flow minimizes the total surface energy while preserving
the enclosed volume. This is the following optimization problem with a fixed volume constraint:

(1.20) min
Ω

(ˆ
Γ

𝛾(𝒏)d𝐴
)
, |Ω| = constant.

Gibbs first formulated this problem, and Wulff subsequently provided the construction now known
as the Gibbs–Wulff theorem [141]. Wulff proposed that the distance from the crystal center to a
facet should be proportional to its surface energy density. Accordingly, the minimizer of (1.20) is
determined by

(1.21) 𝒲 B
{
𝒑 ∈ R𝑑 | 𝒑 · 𝒏 ≤ 𝛾(𝒏)

}
.

This geometric object is called the Wulff shape [134, 71, 33]. Although Wulff did not prove his assertion,
subsequent work established rigorous mathematical proofs, providing the foundation of the theory
of crystal equilibrium shapes [47, 36, 82, 99, 109, 83]. Figure 1.6 shows Wulff shapes for several
commonly used anisotropic surface energies.

Figure 1.6. Wulff shapes of several anisotropies corresponding to the Frank diagrams in
Figure 1.4.

By (1.7), the magnitude of the normal component of the Cahn–Hoffman 𝝃-vector is 𝛾(𝒏). Together
with (1.21), this suggests a close relation between the 𝝃-plot and the Wulff shape. For weak anisotropy,
the 𝝃-plot has no “ears” and coincides with the Wulff shape boundary. For strong anisotropy, the
“ears” of the 𝝃-plot must be removed to obtain that boundary. Figure 1.7 compares the 𝛾-plots, Frank
diagrams, 𝝃-plots, and Wulff shapes for several anisotropies.

1.5. Literature review

The mathematical theory of geometric flows is extensive. Elliott and Garcke established local
existence and regularity for 𝐶4 initial curves [58]. Escher, Mayer, and Simonett proved local well-
posedness of surface diffusion in higher dimensions, together with global existence and exponential
convergence for initial surfaces sufficiently close to spheres [61]. Their results provide a basis for the
long-time theory of fourth-order flows; Escher and coauthors also discussed singular behavior such
as pinch-off [62]. Chambolle and coauthors first proved existence and uniqueness for anisotropic
mean curvature flow [39]. For volume-conserving anisotropic mean curvature flow with convex
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Figure 1.7. The 𝛾-plots, Frank diagrams, 𝝃-plots, and Wulff shapes for several
three-dimensional anisotropies. From top to bottom: 𝑙1-norm anisotropy; piecewise BGN

anisotropy; cubic anisotropy with 𝛽 = 1
4 ; cubic anisotropy with 𝛽 = 1.

initial data, Andrews proved long-time existence and exponential convergence to the corresponding
Wulff shape [1]. Further discussion can be found in the monograph by Giga and Požár [72].

Numerical methods for curvature-driven problems have been studied extensively over recent
decades. These include level set methods [35, 117, 111], phase-field methods [51, 31, 121], marker-
particle methods [50, 138], 𝜃−𝐿 methods, finite element methods [44, 45], discontinuous Galerkin
methods [142], evolving surface finite element methods [97, 98, 85], and parametric finite element
methods [53, 22, 108, 11, 54]. A level set method represents the surface implicitly as the zero level
set of a function in one higher dimension, allowing complex geometric and topological changes. A
marker-particle method represents the surface by discrete particles and tracks their motion; it typically
requires restrictive stability conditions and frequent particle redistribution. The evolving surface finite
element method parameterizes the position vector 𝑋 on a fixed space and other variables, including the
normal 𝒏 and curvature 𝐻, on evolving spaces. Convergence can be proved for higher-order finite
elements with polynomial degree ≥ 2; see [85, 56, 97, 98]. However, the strong nonlinearity and
evolving anisotropy often require artificial tangential velocities or mesh regularization to prevent
distortion and vertex collisions. Moreover, most of these methods do not preserve structure at the
fully discrete level and cannot simultaneously preserve energy dissipation and mass conservation or
the mass decay rate.

The parametric finite element method has attracted increasing attention because of its mesh quality,
accuracy, efficiency, and structure-preserving properties. It originated in Dziuk’s work, which first
takes a variation on the manifold, then discretizes, and finally introduces local parameterizations.
The method approximates the surface Γ(𝑡𝑚+1) by a parameterization over the surface Γ(𝑡𝑚) at the
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preceding time level. Using the geometric identity 𝐻𝒏 = −ΔΓ𝑿 , Dziuk rewrote mean curvature flow
𝜕𝑡𝑿 = −𝐻𝒏 in the heat-equation form

(1.22) 𝜕𝑡𝑿 = ΔΓ𝑿 .

and discretized the weak formulation

(1.23)
ˆ
Γ(𝑡)

𝜕𝑡𝑿 · 𝝎 d𝐴 +
ˆ
Γ(𝑡)

∇Γ𝑿 : ∇Γ𝝎 d𝐴 = 0, ∀𝝎 ∈ [𝐻1(Γ(𝑡))]𝑑 .

Unlike the evolving surface finite element method, the parametric finite element method pa-
rameterizes all variables, including the position vector 𝑿 , on evolving spaces. Dziuk’s method is
unconditionally energy stable: the area of the discrete surface decreases during evolution,

(1.24) |Γ𝑚+1| ≤ |Γ𝑚|, ∀𝑚 ≥ 0.

However, the absence of tangential vertex motion can cause mesh concentration and vertex collisions,
degrading the numerical solution; see Figure 1.8. Long-time simulations therefore often require mesh
redistribution. Since its introduction in 1991, the parametric finite element method has been extended
to surface diffusion, Willmore flow, Gauss curvature flow, and other curvature-driven problems.
Convergence studies have also advanced the numerical analysis of geometric flows. Detailed accounts
are given in [44, 29, 102].

Figure 1.8. Evolution of a spindle-shaped surface under mean curvature flow simulated by
Dziuk’s method; the figure is adapted from [102].

Among parametric finite element methods, the energy-stable method of Barrett, Garcke, and
Nürnberg [22, 25], commonly called the BGN method, is known for unconditional energy stability
and good mesh quality. To improve mesh behavior, the method allows tangential vertex motion and
imposes the mean curvature law only on the normal velocity 𝑉𝑛 = 𝒏 · 𝜕𝑡𝑿 . It is based on the weak
formulation ˆ

Γ(𝑡)
𝒏 · 𝜕𝑡𝑿 𝜑 d𝐴 +

ˆ
Γ(𝑡)

𝐻𝜑 d𝐴 = 0, ∀𝜑 ∈ 𝐻1((Γ(𝑡))),(1.25a)
ˆ
Γ(𝑡)

𝐻𝒏 · 𝝎 d𝐴 −
ˆ
Γ(𝑡)

∇Γ𝑿 : ∇Γ𝝎 d𝐴 = 0, ∀𝝎 ∈ [𝐻1(Γ(𝑡))]𝑑 .(1.25b)

The resulting parametric finite element scheme retains the unconditional energy stability of Dziuk’s
method and improves mesh quality; see Figure 1.9. By designing a suitable discrete normal 𝒏, Bao
and Zhao subsequently developed a structure-preserving parametric finite element method that also
preserves volume conservation or the volume decay rate [19, 7, 8].

The BGN method has been applied to many isotropic curvature-driven problems, including
surface diffusion [21], Willmore and Gauss curvature flows [15, 16, 68], multiphase flow [67, 69],
biomembranes [26], Stefan problems [63], Mullins–Sekerka problems [27], and open curve or surface
evolution in solid-state dewetting [151, 20]. Numerical experiments indicate robust performance,
particularly in long-time simulations. A central feature of BGN methods is the discretization of
curvature in addition to the position vector 𝑿 through the geometric identity

(1.26) 𝐻𝒏 = −ΔΓ𝑿 = −∇Γ · (𝑰𝑑∇Γ𝑿 ) ,
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Figure 1.9. Evolution of a spindle-shaped surface under mean curvature flow simulated by
the BGN method; the figure is adapted from [102].

This identity expresses the curvature vector and provides a natural framework for energy-stable
discretization of𝐻, where 𝑰𝑑 is the 𝑑-dimensional identity matrix. Further discussion and applications
are reviewed in [29].

Several attempts have extended the BGN energy-stable parametric finite element method to anisotropic
flows. In two dimensions, Bao and coauthors used the explicit weighted curvature 𝜇 = [𝛾̂(𝜃)+ 𝛾̂′′(𝜃)]𝜅
to derive a parametric finite element method for anisotropic surface diffusion [11], where 𝜇 denotes
weighted curvature. Zhao, Jiang, and coauthors introduced the Cahn–Hoffman 𝝃-vector and the
weak formulation

(1.27)
ˆ
Γ(𝑡)

𝜇𝒏 · 𝝎 d𝑠 −
ˆ
Γ(𝑡)

𝝃⊥ · 𝜕𝑠𝝎 d𝑠 = 0, ∀𝝎 ∈ [𝐻1(Γ(𝑡))]2 ,

to construct a parametric finite element method for arbitrary anisotropies 𝛾̂(𝜃) [93]. It was applied
successfully to open curves in two-dimensional solid-state dewetting. They subsequently used

(1.28)
ˆ
Γ(𝑡)

𝜇𝒏 · 𝝎 d𝐴 =

ˆ
Γ(𝑡)

𝛾(𝒏)∇Γ𝑿 : ∇Γ𝝎 d𝐴 +
∑

1≤𝑖 , 𝑗≤3

ˆ
Γ(𝑡)

𝜉𝑖𝑛 𝑗∇Γ𝑥𝑖 · ∇Γ𝜔 𝑗 d𝐴,

to extend the method to open surfaces in three dimensions [150], observing energy decay numerically.
Despite these numerical results, rigorous energy stability proofs remained difficult.

In 2008, Barrett and coauthors introduced the surface energy matrix 1
𝛾(𝒏)det(𝐺)𝐺−1 and derived an

unconditionally energy-stable parametric finite element method for the special Riemannian metric
anisotropy 𝛾(𝒏) =

√
𝒏 · 𝐺𝒏. Subsequent studies applied this construction to various anisotropic

curvature-driven problems. Li and Bao later introduced a new two-dimensional surface energy
matrix [108]

(1.29) 𝑮̂(𝜃) =
(

𝛾̂(𝜃) −𝛾̂′(𝜃)
𝛾̂′(𝜃) 𝛾̂(𝜃)

)
, 𝛾̂(𝜃) ∈ 𝐶2(2𝜋T),

and proved that the weighted curvature 𝜇 satisfies the identity

(1.30) 𝜇𝒏 = −𝜕𝑠
(
𝑮̂(𝜃)𝜕𝑠𝑿

)
.

Their work extended BGN energy-stable methods to general anisotropic surface energies, although
energy stability still required restrictive conditions on 𝛾̂(𝜃). In 2023, Bao, Jiang, and Li introduced a
stabilizing function and the symmetric surface energy matrix [9, 12]:

(1.31) 𝒁𝑘(𝒏) = 𝛾(𝒏)𝑰𝑑 − 𝒏𝝃(𝒏)𝑇 − 𝝃(𝒏)𝒏𝑇 + 𝑘(𝒏)𝒏𝒏𝑇 ,
where 𝑘(𝒏) : S𝑑−1 → R≥0 is a prescribed stabilizing function and 𝝃(𝒏) is the Cahn–Hoffman 𝝃-vector.
Based on this symmetric matrix, they proposed a symmetrized structure-preserving parametric finite
element method for surface or curve evolution with symmetric anisotropy

(1.32) 𝛾(𝒏) = 𝛾(−𝒏), ∀𝒏 ∈ S𝑑−1 ,

This enabled efficient structure-preserving computations for many anisotropic problems in materials
science [103, 18, 52, 104, 105, 106]. However, some surface energies 𝛾(𝒏) are asymmetric or fail to
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satisfy these conditions, including three-fold symmetric anisotropies [136, 11]. More recently, Bao
and Li introduced the nonsymmetric surface energy matrix

(1.33) 𝑮𝑘(𝒏) = 𝛾(𝒏)𝑰𝑑 − 𝒏𝝃(𝒏)𝑇 + 𝝃(𝒏)𝒏𝑇 + 𝑘(𝒏)𝒏𝒏𝑇 .
Based on this construction, Bao and Li developed an analytical framework for proving the energy
stability of parametric finite element methods [13, 14]. Energy stability follows from a local energy
estimate when the stabilizing function 𝑘(𝒏) is at least a bounded minimal stabilizing function 𝑘0(𝒏).
This framework relaxes the condition on the anisotropy to

(1.34) (5 − 𝑑)𝛾(𝒏) > 𝛾(−𝒏), ∀𝒏 ∈ S𝑑−1 , 𝑑 = 2, 3.

The energy stability analyses of existing structure-preserving and energy-stable parametric finite
element methods can be recast and improved within this framework. For example, [18] used a local
energy estimate to relax the stability condition for the symmetrized method with matrix 𝒁𝑘(𝒏) from
(1.32) to 3𝛾(𝒏) > 𝛾(−𝒏).

Although local energy estimates substantially improve the energy stability conditions for anisotropic
parametric finite element methods, several questions remain. As shown in [14], a necessary condition
for the local energy estimate associated with 𝑮𝑘(𝒏) is

(1.35) (5 − 𝑑)𝛾(𝒏) ≥ 𝛾(−𝒏), 𝑑 = 2, 3.

Thus condition (1.34) is almost optimal for their method. However, the critical case (5 − 𝑑)𝛾(𝒏∗) =
𝛾(−𝒏∗) has not been analyzed in detail in the preceding work. Inspired by their analysis, we obtain the
same necessary condition (1.35) for the surface energy matrix family analyzed here; see Remarks 3.5
and 6.6. This raises the question of whether the condition is also sufficient and, if so, which matrix
achieves this optimal condition. Different surface energy matrices produce different numerical
schemes and typically require different analytical approaches. A unified analysis would allow
us to derive optimal stability conditions for these constructions and compare their computational
performance systematically.

Different curvature-driven problems often require specially designed discretizations. The discrete
variables must be chosen carefully to preserve the essential structures while maintaining computational
efficiency. As models are extended and coupled, designing each scheme separately becomes
cumbersome. The wide applications of anisotropic curvature-driven problems therefore motivate a
systematic framework for structure-preserving discretization.

1.6. Contributions of this thesis

This thesis develops structure-preserving parametric finite element methods for anisotropic geometric
flows of two-dimensional curves and three-dimensional surfaces. We first propose a stabilized method
for planar anisotropic curve evolution and analyze the critical case in detail, proving unconditional
energy stability under an additional mild constraint. We then construct a structure-preserving
method with an optimal energy stability condition and prove that (1.35) is sufficient, achieving
optimality within the local energy estimate framework. We apply both methods to crystalline film
evolution and solid-state dewetting in two dimensions and identify new numerical phenomena. For
two-dimensional anisotropic curvature flow, we introduce a parameter to construct a unified surface
energy matrix including the existing formulations within the analyzed family and establish an energy
stability framework for the associated fully discrete schemes. We also formulate a new perspective that
provides a systematic approach to structure-preserving discretization of anisotropic curvature-driven
problems. We extend this work to anisotropic evolution of surfaces in three dimensions and apply it
to three-dimensional solid-state dewetting.

Chapter 2 studies closed planar curves under anisotropic surface diffusion. Using the 𝛾̂(𝜃)
representation of the anisotropy, we introduce a stabilized conservative weak formulation and
its stabilized parametric finite element discretization. A systematic analytical framework proves
unconditional energy stability under mild conditions on 𝛾̂(𝜃), including the critical case 3𝛾̂(𝜃∗) =
𝛾̂(𝜃∗ − 𝜋). Numerical experiments with several surface energies 𝛾̂(𝜃) examine efficiency, accuracy,
and structure preservation.
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Figure 1.10. Dissertation structure overview.

Chapter 3 proposes and analyzes a structure-preserving parametric finite element method with an
optimal energy stability condition for closed curves under anisotropic surface diffusion with energy
density 𝛾̂(𝜃). Within the local energy estimate framework, we prove that 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 0 is
both necessary and sufficient for the local energy estimate underlying unconditional energy stability
of the analyzed symmetric scheme. We introduce the symmetric surface energy matrix 𝒁̂𝑘(𝜃) with
stabilizing function 𝑘(𝜃), yielding a symmetrized conservative weak formulation. Under the stated
condition, its fully discrete parametric finite element scheme rigorously preserves the enclosed
area and dissipates energy unconditionally. Numerical experiments verify efficiency, accuracy, area
conservation, and energy dissipation.

Chapter 4 applies these methods to two-dimensional crystalline film evolution under surface
diffusion and to solid-state dewetting. We examine how the initial aspect ratio affects film pinch-off.
For open curves in solid-state dewetting, we derive an accurate structure-preserving parametric finite
element method and simulate evolution from different initial curves toward multiple equilibria under
strong anisotropy.

Chapter 5 develops a structure-preserving parametric approximation for curvature flows with
general anisotropy. Introducing the parameter 𝛼 gives the surface energy matrix 𝑮̂𝛼

𝑘
(𝜃), which unifies

existing and admissible alternative formulations. We derive a fully discrete parametric scheme that
exactly preserves the area decay rate. A unified analysis based on local energy estimates proves that
𝛼 = −1 is the unique value achieving the optimal energy stability condition 3𝛾̂(𝜃) ≥ 𝛾̂(𝜃 − 𝜋). We
also interpret the normal velocity as a mapping depending on both geometric quantities and the
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background curve. This perspective leads naturally to a unified discretization framework with a
consistent energy stability analysis.

Chapter 6 extends the structure-preserving parametric finite element method based on the 𝛼-
surface energy matrix to three dimensions. The three-dimensional 𝛼-surface energy matrix yields a
general conservative weak formulation for anisotropic surface diffusion. We discretize it using the
semi-implicit Euler method in time and the parametric finite element method in space. We prove
unconditional energy stability under a mild condition and show, as in two dimensions, that 𝛼 = −1 is
the unique construction achieving the optimal energy stability condition. Numerical experiments
examine the efficiency, accuracy, and structure-preserving properties of the scheme for anisotropic
surface evolution.

Chapter 7 develops a structure-preserving parametric finite element method for three-dimensional
anisotropic solid-state dewetting. We introduce a relaxed contact angle into the weak formulation to
ensure energy stability, then discretize using the semi-implicit Euler and parametric finite element
methods. The scheme evolves the interface and contact line together while preserving volume, or
mass, and unconditional energy stability. Numerical experiments explore evolution from complex
initial surfaces, the effects of anisotropy on moving contact lines, and pinch-off of solid films.

Chapter 8 extends the surface energy density to 𝑓 (𝒏 , 𝐻), which depends on both the normal and
mean curvature, and studies geometric gradient flows of closed surfaces in three dimensions. We
combine a symmetric surface energy matrix at fixed curvature with the curvature evolution equation
and introduce a mass-lumped projection of the curvature derivative of the energy to construct a
parametric finite element scheme for generally coupled energies. Under convexity in curvature and
the corresponding local energy estimate, we prove discrete energy dissipation. A time-averaged area
normal additionally gives a volume-preserving gradient flow scheme. Three-dimensional numerical
experiments examine convergence, energy dissipation, volume conservation, and computational cost,
and illustrate evolution from ellipsoidal, six-lobed, toroidal, and biconcave initial surfaces.

Finally, Chapter 9 summarizes the main results and discusses directions for future research and
improvement.





CHAPTER 2

A stabilized parametric finite element method for curve evolution

In this chapter, we introduce a stabilized parametric finite element method (SPFEM) for two-
dimensional anisotropic surface diffusion. The introduction of surface energy matrices marked an
important advance in structure-preserving numerical methods for anisotropic geometric flows. The
earliest work was the extension by Barrett and coauthors to surface energies of a special Riemannian
metric form. Subsequently, using the 𝛾̂(𝜃) formulation, Li and Bao introduced the surface energy
matrix 𝑮̂(𝜃) and extended the BGN energy-stable parametric finite element method from isotropic to
general anisotropic surface diffusion [108]. Without a stabilizing term, their method requires relatively
restrictive conditions to ensure energy stability. Bao, Jiang, and Li then used the 𝛾(𝒏) formulation
and a stabilizing function to construct the symmetric surface energy matrix 𝒁𝑘(𝒏). They proposed
a symmetrized structure-preserving parametric finite element method in [9, 12] for anisotropic surface
diffusion with symmetric anisotropies satisfying 𝛾(𝒏) = 𝛾(−𝒏). However, some surface energies
arising in applications are asymmetric or fail to satisfy the earlier conditions, including the 3-fold
anisotropy (2.1); see [11, 139]. More recently, using the 𝛾(𝒏) formulation, Bao and Li introduced a
new nonsymmetric surface energy matrix 𝑮𝑘(𝒏) and developed a systematic analytical framework for
proving unconditional energy stability [13, 14]. This framework allowed them to relax the condition
on the anisotropy to 3𝛾(𝒏) > 𝛾(−𝒏), ∀𝒏 ∈ S1.

However, their analytical framework did not address the critical case 3𝛾(𝒏∗) = 𝛾(−𝒏∗), 𝒏∗ ∈ S1.
The framework relies on a gradient estimate for 𝛾(𝒏), whose analysis is complicated because 𝛾(𝒏) is
defined on the unit circleS1. In contrast, the 𝛾̂(𝜃) formulation, defined on 2𝜋T, has a simpler derivative
structure and is therefore better suited to analyzing the critical case 3𝛾̂(𝜃∗) = 𝛾̂(𝜃∗ − 𝜋), 𝜃∗ ∈ 2𝜋T.
Inspired by their analytical framework, we adopt the 𝛾̂(𝜃) formulation to investigate this critical case.

The main objective of this chapter is to propose a structure-preserving stabilized parametric finite
element method for anisotropic surface diffusion under the following mild conditions:

(i) 3𝛾̂(𝜃) ≥ 𝛾̂(𝜃 − 𝜋), ∀𝜃 ∈ 2𝜋T,
(ii) whenever 3𝛾̂(𝜃∗) = 𝛾̂(𝜃∗ − 𝜋), 𝜃∗ ∈ 2𝜋T, we have 𝛾̂′(𝜃∗) = 0,

Here the governing surface diffusion equation is (2.6) with surface energy 𝛾̂(𝜃).
Compared with the 𝛾(𝒏) formulation, the 𝛾̂(𝜃) formulation has the following advantages:

(i) it is more intuitive and concise in applications;
(ii) it reduces the regularity requirement on the anisotropy from 𝐶2 to globally 𝐶1 and piecewise

𝐶2;
(iii) it facilitates the analysis of the critical case in two dimensions, where 3𝛾̂(𝜃∗) = 𝛾̂(𝜃∗ − 𝜋) for

some 𝜃∗ ∈ 2𝜋T.

The remainder of this chapter is organized as follows. Section 2.1 lists anisotropic surface energies
commonly used in materials science. In Section 2.2, we introduce the stabilized surface energy matrix
𝑮̂𝑘(𝜃) and derive a new conservative strong formulation for anisotropic surface diffusion. Section 2.3
presents a weak formulation based on this conservative form, its spatial semidiscretization, and a fully
discrete stabilized parametric finite element scheme. In Section 2.4, we analyze area conservation
and unconditional energy stability and develop a systematic framework for the energy stability
analysis. We first define a minimal stabilizing function 𝑘0(𝜃) and, assuming that 𝑘0(𝜃) is well-defined,
establish the main result through a local energy estimate. The existence of 𝑘0(𝜃) is proved in Section
2.4.4. Finally, Section 2.5 presents numerical experiments demonstrating the efficiency, accuracy, and
structure-preserving properties of the method.

15
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2.1. Common anisotropic surface energies

We list several anisotropic surface energies widely used in materials science:
(1) 𝑚-fold symmetric anisotropy [11]

(2.1) 𝛾̂(𝜃) = 1 + 𝛽 cos𝑚(𝜃 − 𝜃0), 𝜃 ∈ 2𝜋T,
where 𝑚 = 2, 3, 4, 6, |𝛽| < 1, with 𝛽 the dimensionless anisotropy strength and 𝜃0 ∈ 2𝜋T is
a constant. The surface energy 𝛾̂(𝜃) is weakly anisotropic when |𝛽| < 1

𝑚2−1 and strongly
anisotropic otherwise.

(2) Ellipsoidal anisotropy [135]

(2.2) 𝛾̂(𝜃) =
√
𝑎 + 𝑏 cos2 𝜃, 𝜃 ∈ 2𝜋T,

where 𝑎, 𝑏 are dimensionless constants satisfying 𝑎 > 0 and 𝑎 + 𝑏 > 0.
(3) Riemannian metric anisotropy, also called Barrett–Garcke–Nürnberg or BGN anisotropy [24, 23]

(2.3) 𝛾̂(𝜃) =
𝐿∑
𝑙=1

√
𝒏(𝜃)𝑇𝐺𝑙𝒏(𝜃), 𝒏 = (− sin𝜃, cos𝜃)𝑇 , 𝜃 ∈ 2𝜋T,

where 𝐿 ≥ 1 and the matrix 𝐺𝑙 ∈ R2×2 is positive definite for every 1 ≤ 𝑙 ≤ 𝐿. When
𝐿 = 1, 𝐺1 = diag(𝑎, 𝑎 + 𝑏), (2.3) reduces to the ellipsoidal anisotropy (2.2).

(4) Piecewise BGN anisotropy [44]

(2.4) 𝛾̂(𝜃) =

√(
5
2 + 3

2sgn(𝑛1)
)
𝑛2

1 + 𝑛2
2 ,

where 𝒏 = (𝑛1 , 𝑛2)𝑇 := (− sin𝜃, cos𝜃)𝑇 , 𝜃 ∈ 2𝜋T.
(5) 𝑙𝑟-norm anisotropy

(2.5) 𝛾̂(𝜃) = (|𝑛1|𝑟 + |𝑛2|𝑟)
1
𝑟 , 𝑟 ≥ 2,

where 𝒏 = (𝑛1 , 𝑛2)𝑇 := (− sin𝜃, cos𝜃)𝑇 , 𝜃 ∈ 2𝜋T.

2.2. A conservative form for two-dimensional surface diffusion

We first recall the evolution equation for two-dimensional anisotropic surface diffusion:
(2.6) 𝑉𝑛 = 𝜕𝑠𝑠𝜇,

where
(2.7) 𝜇 B [𝛾̂(𝜃) + 𝛾̂′′(𝜃)]𝜅,
and 𝜅 B −(𝜕𝑠𝑠𝑿 ) · 𝒏 denotes the curvature. In this section, we reformulate (2.6) by introducing a
stabilized surface energy matrix and obtain a conservative form.

Using the geometric identity 𝜅𝒏 = −𝜕𝑠𝑠𝑿 [110], we rewrite the anisotropic surface diffusion
equations (2.6)–(2.7) as

𝒏 · 𝜕𝑡𝑿 − 𝜕𝑠𝑠𝜇 = 0, 0 < 𝑠 < 𝐿(𝑡), 𝑡 > 0,(2.8a)
𝜇𝒏 + [𝛾̂(𝜃) + 𝛾̂′′(𝜃)] 𝜕𝑠𝑠𝑿 = 0,(2.8b)

where 𝐿(𝑡) B
´
Γ(𝑡) d𝑠 is the length of Γ(𝑡).

Theorem 2.1. The weighted curvature 𝜇 defined in (2.7) satisfies the identity

(2.9) 𝜇𝒏 = −𝜕𝑠
(
𝑮̂𝑘(𝜃)𝜕𝑠𝑿

)
,

where

(2.10) 𝑮̂𝑘(𝜃) B
(

𝛾̂(𝜃) −𝛾̂′(𝜃)
𝛾̂′(𝜃) 𝛾̂(𝜃)

)
+ 𝑘(𝜃)

(
sin2 𝜃 − cos𝜃 sin𝜃

− cos𝜃 sin𝜃 cos2 𝜃

)
, ∀𝜃 ∈ 2𝜋T,

and 𝑘(𝜃) : 2𝜋T → R≥0 is a nonnegative stabilizing function.
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Proof. We note that
(2.11) 𝒏 = −𝜕𝑠𝑿⊥ = (−𝜕𝑠𝑦, 𝜕𝑠𝑥)𝑇 , 𝜕𝑠𝑥 = cos𝜃, 𝜕𝑠𝑦 = sin𝜃,

and hence
(2.12) 𝜕𝑠𝑠𝑥 = − sin𝜃𝜕𝑠𝜃, 𝜕𝑠𝑠𝑦 = cos𝜃𝜕𝑠𝜃,
which gives

(2.13) 𝜅 = −(𝜕𝑠𝑠𝑿 ) · 𝒏 = 𝜕𝑠𝑠𝑥𝜕𝑠𝑦 − 𝜕𝑠𝑠𝑦𝜕𝑠𝑥 = −(sin2 𝜃 + cos2 𝜃)𝜕𝑠𝜃 = −𝜕𝑠𝜃.
The geometric identity 𝜅𝒏 = −𝜕𝑠𝑠𝑿 and the relation 𝜕𝑠𝑿 = 𝜏 = 𝒏⊥ yield
(2.14) 𝜅𝜕𝑠𝑿 = 𝜅𝒏⊥ = −𝜕𝑠𝑠𝑿⊥ , 𝜅𝜕𝑠𝑿⊥ = −𝜅𝒏 = 𝜕𝑠𝑠𝑿 .

It follows from (2.13) and (2.14) that

(2.15)
𝜕𝑠

(
𝛾̂(𝜃)𝜕𝑠𝑿

)
= 𝛾̂′(𝜃)𝜕𝑠𝜃𝜕𝑠𝑿 + 𝛾̂(𝜃)𝜕𝑠𝑠𝑿
= −𝜅𝛾̂′(𝜃)𝜕𝑠𝑿 + 𝛾̂(𝜃)𝜕𝑠𝑠𝑿
= 𝛾̂′(𝜃)𝜕𝑠𝑠𝑿⊥ + 𝛾̂(𝜃)𝜕𝑠𝑠𝑿 ,

and

(2.16)
𝜕𝑠

(
𝛾̂′(𝜃)𝜕𝑠𝑿⊥

)
= 𝛾̂′′(𝜃)𝜕𝑠𝜃𝜕𝑠𝑿⊥ + 𝛾̂′(𝜃)𝜕𝑠𝑠𝑿⊥

= −𝜅𝛾̂′′(𝜃)𝜕𝑠𝑿⊥ + 𝛾̂′(𝜃)𝜕𝑠𝑠𝑿⊥

= −𝛾̂′′(𝜃)𝜕𝑠𝑠𝑿 + 𝛾̂′(𝜃)𝜕𝑠𝑠𝑿⊥.

Since 𝒏𝑇𝜕𝑠𝑿 = 𝒏 · 𝝉 ≡ 0, the term 𝜕𝑠
(
𝑘(𝜃)𝒏𝒏𝑇𝜕𝑠𝑿

)
vanishes identically. Combining (2.8b), (2.15),

and (2.16), we obtain

(2.17)

𝜇𝒏 = −[𝛾̂(𝜃) + 𝛾̂′′(𝜃)]𝜕𝑠𝑠𝑿 − 𝜕𝑠
(
𝑘(𝜃)𝒏𝒏𝑇𝜕𝑠𝑿

)
= −𝜕𝑠

(
𝛾̂(𝜃)𝜕𝑠𝑿

)
+ 𝜕𝑠

(
𝛾̂′(𝜃)𝜕𝑠𝑿⊥

)
− 𝜕𝑠

(
𝑘(𝜃)𝒏𝒏𝑇𝜕𝑠𝑿

)
= −𝜕𝑠

(
𝛾̂(𝜃)𝜕𝑠𝑿 − 𝛾̂′(𝜃)𝜕𝑠𝑿⊥ + 𝑘(𝜃)𝒏𝒏𝑇𝜕𝑠𝑿

)
.

Moreover, (2.11) gives

(2.18)
(

sin2 𝜃 − sin𝜃 cos𝜃
− sin𝜃 cos𝜃 cos2 𝜃

)
=

(
− sin𝜃
cos𝜃

)
(− sin𝜃, cos𝜃) = 𝒏𝒏𝑇 ,

and therefore

(2.19)
𝑮̂𝑘(𝜃)𝜕𝑠𝑿 =

[(
𝛾̂(𝜃) −𝛾̂′(𝜃)
𝛾̂′(𝜃) 𝛾̂(𝜃)

)
+ 𝑘(𝜃)

(
sin2 𝜃 − sin𝜃 cos𝜃

− sin𝜃 cos𝜃 cos2 𝜃

)]
𝜕𝑠𝑿

=
[
𝛾̂(𝜃)𝐼2 + 𝛾̂′(𝜃)𝐽 + 𝑘(𝜃)𝒏𝒏𝑇

]
𝜕𝑠𝑿

= 𝛾̂(𝜃)𝜕𝑠𝑿 − 𝛾̂′(𝜃)𝜕𝑠𝑿⊥ + 𝑘(𝜃)𝒏𝒏𝑇𝜕𝑠𝑿 ,
where 𝐼2 is the 2×2 identity matrix. Substituting (2.19) into (2.17) proves the desired identity (2.9). □

Using the identity (2.9), we rewrite the geometric partial differential equations (2.8) governing
anisotropic surface diffusion in the following conservative form:

𝒏 · 𝜕𝑡𝑿 − 𝜕𝑠𝑠𝜇 = 0, 0 < 𝑠 < 𝐿(𝑡), 𝑡 > 0,(2.20a)

𝜇𝒏 + 𝜕𝑠
(
𝑮̂𝑘(𝜃)𝜕𝑠𝑿

)
= 0.(2.20b)

Remark 2.1. In the isotropic case, the curvature vector satisfies 𝜅𝒏 = −𝜕𝑠𝑠𝑿 = −𝜕𝑠
(
𝑰2𝜕𝑠𝑿

)
. This

motivates the stabilized conservative form 𝜇𝒏 = −𝜕𝑠
(
𝑮̂𝑘(𝜃)𝜕𝑠𝑿

)
for anisotropic surface diffusion.

The stabilizing term is designed according to two principles: (i) it should make no contribution
at the continuous level, so the tangent vector 𝜕𝑠𝑿 lies in its kernel; and (ii) it should be positive
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semidefinite to provide favorable numerical properties. We therefore choose the stabilizing term as

𝑘(𝜃)𝒏𝒏𝑇 = 𝑘(𝜃)
(

sin2 𝜃 − cos𝜃 sin𝜃
− cos𝜃 sin𝜃 cos2 𝜃

)
.

Remark 2.2. Taking (2.10) with the stabilizing function 𝑘(𝜃) ≡ 0, we obtain 𝑮̂𝑘(𝜃) =(
𝛾̂(𝜃) −𝛾̂′(𝜃)
𝛾̂′(𝜃) 𝛾̂(𝜃)

)
which reduces to the surface energy matrix in [108] denoted by 𝐺(𝜃). Moreover,

in the 𝛾(𝒏) formulation, the one-to-one correspondence 𝒏 = 𝒏(𝜃) = (− sin𝜃, cos𝜃)𝑇 allows us to
define the stabilizing function by 𝑘(𝒏) := 𝑘(𝒏(𝜃)) = 𝑘(𝜃), so the stabilizing term becomes 𝑘(𝒏)𝒏𝒏𝑇 .
Thus 𝑮̂𝑘(𝜃) becomes the surface energy matrix in [13], denoted by 𝑮𝑘(𝒏).

Remark 2.3. At the continuous level, the stabilizing function 𝑘(𝜃) makes no contribution because
𝒏𝑇𝜕𝑠𝑿 = 0. Thus the conservative form (2.20) is equivalent to the original form (2.8). At the
discrete level, however, 𝑘(𝜃) provides stabilization and relaxes the energy stability requirement on
the anisotropy 𝛾̂(𝜃). For example, the surface energy matrix 𝐺(𝜃) in [108], which has no stabilizing
term, ensures energy stability only for certain weak anisotropies. Adding the stabilizing term extends
the formulation to more general anisotropies; see condition (2.56).

2.3. A stabilized parametric finite element method for surface diffusion

In this section, we derive a new weak formulation from the conservative form (2.20) and introduce
its spatial semidiscretization. Applying the semi-implicit Euler method in time then gives a structure-
preserving stabilized parametric finite element method that preserves area conservation and energy
dissipation at the discrete level.

2.3.1. Weak formulation. To derive a weak formulation of (2.20), we introduce a time-independent
parameter 𝜌 on the fixed interval I B [0, 1] and parameterize the curve Γ(𝑡) by

(2.21) Γ(𝑡) := 𝑿 (𝜌, 𝑡) = (𝑥(𝜌, 𝑡), 𝑦(𝜌, 𝑡))𝑇 : I × R+ → R2.

The arc length parameter 𝑠 is given by 𝑠 =
´ 𝜌

0 |𝜕𝜌𝑿 (𝑞, 𝑡)|d𝑞. When no confusion arises, we use 𝑿 (𝜌, 𝑡)
and 𝑿 (𝑠, 𝑡) interchangeably.

We introduce the following function space on the evolving curve Γ(𝑡):

(2.22) 𝐿2(I) :=
{
𝑢 : I → R |

ˆ
Γ(𝑡)

|𝑢(𝑠)|2 d𝑠 =
ˆ
I
|𝑢(𝑠(𝜌, 𝑡))|2𝜕𝜌𝑠 d𝜌 < +∞

}
,

equipped with the 𝐿2 inner product

(2.23)
(
𝑢, 𝑣

)
Γ(𝑡)

:=
ˆ
Γ(𝑡)

𝑢(𝑠)𝑣(𝑠)d𝑠 =
ˆ
I
𝑢(𝑠(𝜌, 𝑡))𝑣(𝑠(𝜌, 𝑡))𝜕𝜌𝑠 d𝜌,

where 𝑢, 𝑣 are arbitrary scalar- or vector-valued functions. The associated Sobolev spaces are defined
by

𝐻1(I) :=
{
𝑢 : I → R | 𝑢 ∈ 𝐿2(I), and 𝜕𝜌𝑢 ∈ 𝐿2(I)

}
,(2.24a)

𝐻1
𝑝(I) :=

{
𝑢 ∈ 𝐻1(I) | 𝑢(0) = 𝑢(1)

}
.(2.24b)

These definitions extend directly to the vector-valued spaces [𝐿2(I)]2 , [𝐻1(I)]2 and [𝐻1
𝑝(I)]2.

Multiplying (2.20a) by a test function 𝜑 ∈ 𝐻1
𝑝(I), integrating along Γ(𝑡), and applying integration

by parts, we obtain

(2.25)
(
𝒏 · 𝜕𝑡𝑿 , 𝜑

)
Γ(𝑡)

+
(
𝜕𝑠𝜇, 𝜕𝑠𝜑

)
Γ(𝑡)

= 0.
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Similarly, taking the dot product of (2.20b) with the test function 𝝎 = (𝜔1 , 𝜔2)𝑇 ∈ [𝐻1
𝑝(I)]2 and

integrating by parts gives

(2.26)

0 =

(
𝜇𝒏 + 𝜕𝑠

(
𝑮̂𝑘(𝜃)𝜕𝑠𝑿

)
,𝝎

)
Γ(𝑡)

=

(
𝜇𝒏 ,𝝎

)
Γ(𝑡)

+
(
𝜕𝑠(𝑮̂𝑘(𝜃)𝜕𝑠𝑿 ),𝝎

)
Γ(𝑡)

=

(
𝜇𝒏 ,𝝎

)
Γ(𝑡)

−
(
𝑮̂𝑘(𝜃)𝜕𝑠𝑿 , 𝜕𝑠𝝎

)
Γ(𝑡)

Combining (2.25) and (2.26), we obtain the following weak formulation of (2.20): given an initial
closed curve Γ(0) := 𝑿 (·, 0) = 𝑿0 ∈ [𝐻1

𝑝(I)]2, find (𝑿 (·, 𝑡) = (𝑥(·, 𝑡), 𝑦(·, 𝑡))𝑇 , 𝜇(·, 𝑡)) ∈ [𝐻1
𝑝(I)]2 × 𝐻1

𝑝(I)
such that (

𝒏 · 𝜕𝑡𝑿 , 𝜑
)
Γ(𝑡)

+
(
𝜕𝑠𝜇, 𝜕𝑠𝜑

)
Γ(𝑡)

= 0, ∀𝜑 ∈ 𝐻1
𝑝(I),(2.27a) (

𝜇𝒏 ,𝝎
)
Γ(𝑡)

−
(
𝑮̂𝑘(𝜃)𝜕𝑠𝑿 , 𝜕𝑠𝝎

)
Γ(𝑡)

= 0, ∀𝝎 ∈ [𝐻1
𝑝(I)]2.(2.27b)

The weak formulation (2.27) preserves two geometric properties: area conservation and energy
dissipation.

Proposition 2.1 (Area conservation and energy dissipation). Let Γ(𝑡) be determined by a solution
(𝑿 (·, 𝑡), 𝜇(·, 𝑡)) of the weak formulation (2.27). Define its enclosed area and total free energy by

(2.28) 𝐴(𝑡) :=
ˆ
Γ(𝑡)

𝑦(𝑠, 𝑡)𝜕𝑠𝑥(𝑠, 𝑡)d𝑠, 𝑊(𝑡) :=
ˆ
Γ(𝑡)

𝛾̂(𝜃)d𝑠.

Then

(2.29) 𝐴(𝑡) ≡ 𝐴(0), 𝑊(𝑡) ≤ 𝑊(𝑡1) ≤ 𝑊(0), ∀𝑡 ≥ 𝑡1 ≥ 0.

More precisely,

(2.30) d
d𝑡 𝐴(𝑡) = 0, d

d𝑡𝑊(𝑡) = −
ˆ
Γ(𝑡)

|𝜕𝑠𝜇|2 d𝑠 ≤ 0, 𝑡 ≥ 0.

To prove this proposition, we introduce the following transport lemma:

Lemma 2.1 (Transport lemma). Let Γ(𝑡) be a two-dimensional piecewise 𝐶1 curve parameterized by
𝑿 (𝜌, 𝑡), and let 𝑓 : Γ(𝑡) × R+ → R be differentiable. Then

(2.31) d
d𝑡

ˆ
Γ(𝑡)

𝑓 d𝑠 =
ˆ
Γ(𝑡)

𝜕𝑡 𝑓 + 𝑓 𝜕𝑠(𝜕𝑡𝑿 ) · 𝜕𝑠𝑿 d𝑠.

Proof. Since |𝜕𝜌𝑿 | =
√
(𝜕𝜌𝑥)2 + (𝜕𝜌𝑦)2, we have

(2.32)

𝜕𝑡 |𝜕𝜌𝑿 | =
𝜕𝜌𝑥𝜕𝑡(𝜕𝜌𝑥) + 𝜕𝜌𝑦𝜕𝑡(𝜕𝜌𝑦)√

(𝜕𝜌𝑥)2 + (𝜕𝜌𝑦)2

=
𝜕𝜌𝑿

|𝜕𝜌𝑿 | ·
𝜕𝜌(𝜕𝑡𝑿 )
|𝜕𝜌𝑿 | |𝜕𝜌𝑿 |

= 𝜕𝑠𝑿 · 𝜕𝑠(𝜕𝑡𝑿 )|𝜕𝜌𝑿 |,



20 Chapter 2. Stabilized surface diffusion

and hence

(2.33)

d
d𝑡

ˆ
Γ(𝑡)

𝑓 d𝑠 = d
d𝑡

ˆ 1

0
𝑓 |𝜕𝜌𝑿 |d𝜌

=

ˆ 1

0
𝜕𝑡 𝑓 |𝜕𝜌𝑿 | + 𝑓 𝜕𝑡 |𝜕𝜌𝑿 |d𝜌

=

ˆ 1

0
𝜕𝑡 𝑓 |𝜕𝜌𝑿 | + 𝑓 𝜕𝑠(𝜕𝑡𝑿 ) · 𝜕𝑠𝑿 |𝜕𝜌𝑿 |d𝜌

=

ˆ
Γ(𝑡)

𝜕𝑡 𝑓 + 𝑓 𝜕𝑠(𝜕𝑡𝑿 ) · 𝜕𝑠𝑿 d𝑠.

□

We now prove Proposition 2.1:

Proof. Let Ω(𝑡) be the region enclosed by Γ(𝑡). For area conservation, the Reynolds transport
theorem [123] and the choice 𝜑 ≡ 1 in (2.27a) give

(2.34)

d
d𝑡 𝐴(𝑡) =

d
d𝑡

ˆ
Ω(𝑡)

1 d𝑥d𝑦 =

ˆ
Γ(𝑡)

𝒏 · 𝜕𝑡𝑿 d𝑠

=

(
𝒏 · 𝜕𝑡𝑿 , 1

)
Γ(𝑡)

= −
(
𝜕𝑠𝜇, 𝜕𝑠1

)
Γ(𝑡)

= 0.

For energy dissipation, Lemma 2.1 gives

(2.35)

d
d𝑡𝑊(𝑡) =

ˆ
Γ(𝑡)

𝜕𝑡 𝛾̂(𝜃) + 𝛾̂(𝜃)𝜕𝑠(𝜕𝑡𝑿 ) · 𝜕𝑠𝑿 d𝑠

=

ˆ
Γ(𝑡)

𝛾̂′(𝜃)𝜕𝑡𝜃 + 𝛾̂(𝜃)𝜕𝑠(𝜕𝑡𝑿 ) · 𝜕𝑠𝑿 d𝑠.

On the other hand, using (2.32), we rewrite 𝜕𝑠(𝜕𝑡𝑿 ) as

𝜕𝑠(𝜕𝑡𝑿 ) = 1
|𝜕𝜌𝑿 |𝜕𝜌(𝜕𝑡𝑿 )

=
1

|𝜕𝜌𝑿 |𝜕𝑡
(
|𝜕𝜌𝑿 |(cos𝜃, sin𝜃)𝑇

)
(2.36)

=
1

|𝜕𝜌𝑿 |
(
𝜕𝑠𝑿 · 𝜕𝑠(𝜕𝑡𝑿 )|𝜕𝜌𝑿 |(cos𝜃, sin𝜃)𝑇 + |𝜕𝜌𝑿 |(− sin𝜃, cos𝜃)𝑇𝜕𝑡𝜃

)
Together with 𝜕𝑠𝑿⊥ = (sin𝜃,− cos𝜃)𝑇 , this yields

(2.37) 𝜕𝑡𝜃 = −𝜕𝑠(𝜕𝑡𝑿 ) · 𝜕𝑠𝑿⊥.

Therefore,

(2.38)
d
d𝑡𝑊(𝑡) =

ˆ
Γ(𝑡)

[
𝛾̂(𝜃)𝜕𝑠𝑿 − 𝛾̂′(𝜃)𝜕𝑠𝑿⊥]

· 𝜕𝑠(𝜕𝑡𝑿 )d𝑠.

Since 𝒏𝑇𝜕𝑠𝑿 ≡ 0, we have

(2.39)
𝛾̂(𝜃)𝜕𝑠𝑿 − 𝛾̂′(𝜃)𝜕𝑠𝑿⊥ = 𝛾̂(𝜃)𝜕𝑠𝑿 − 𝛾̂′(𝜃)𝜕𝑠𝑿⊥ + 𝑘(𝜃)𝒏𝒏𝑇𝜕𝑠𝑿

= 𝑮̂𝑘(𝜃)𝜕𝑠𝑿 ,

and consequently

(2.40) d
d𝑡𝑊(𝑡) =

ˆ
Γ(𝑡)

𝑮̂𝑘(𝜃)𝜕𝑠𝑿 · 𝜕𝑠(𝜕𝑡𝑿 )d𝑠.
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Taking 𝜑 = 𝜇 and 𝝎 = 𝜕𝑡𝑿 in (2.27a) and (2.27b), respectively, we obtain

(2.41)

d
d𝑡𝑊(𝑡) =

(
𝑮̂𝑘(𝜃)𝜕𝑠𝑿 , 𝜕𝑠(𝜕𝑡𝑿 )

)
Γ(𝑡)

=

(
𝜇𝒏 , 𝜕𝑡𝑿

)
Γ(𝑡)

= −
(
𝜕𝑠𝜇, 𝜕𝑠𝜇

)
Γ(𝑡)

≤ 0.

□

2.3.2. Spatial semidiscretization. For the spatial discretization, let 𝑁 > 2 be an integer, set the
mesh size ℎ = 1/𝑁 and the nodes 𝜌 𝑗 = 𝑗ℎ, and define 𝐼 𝑗 = [𝜌 𝑗−1 , 𝜌 𝑗] for 𝑗 = 1, 2, · · · , 𝑁 . This gives
a uniform partition I = ∪𝑁

𝑗=1𝐼 𝑗 of I = [0, 1]. We approximate the closed curve Γ(𝑡) = 𝑿 (·, 𝑡) by a

polygonal curve Γℎ(𝑡) = 𝑿 ℎ(·, 𝑡) =
(
𝑥ℎ(·, 𝑡), 𝑦ℎ(·, 𝑡)

)𝑇 with initial condition 𝑿 ℎ(𝜌 𝑗 , 0) = 𝑿 (𝜌 𝑗 , 0).
The polygonal curve Γℎ(𝑡) consists of the ordered edges {𝒉 𝑗(𝑡)}𝑁𝑗=1, namely

(2.42) Γℎ(𝑡) =
𝑁⋃
𝑗=1

𝒉 𝑗(𝑡) where 𝒉 𝑗(𝑡) = (ℎ 𝑗 ,𝑥 , ℎ 𝑗 ,𝑦)𝑇 := 𝑿 ℎ(𝜌 𝑗 , 𝑡) − 𝑿 ℎ(𝜌 𝑗−1 , 𝑡).

We assume that ℎmin(𝑡) = min
1≤ 𝑗≤𝑁

|𝒉 𝑗(𝑡)| > 0 for all 𝑡 > 0.

The edge 𝒉 𝑗 determines the discrete geometric quantities on each interval: the unit tangent 𝝉ℎ , the
outward unit normal 𝒏ℎ , and the inclination angle 𝜃ℎ . Specifically,

(2.43) 𝝉ℎ|𝐼𝑗 =
𝒉 𝑗
|𝒉 𝑗|

:= 𝝉ℎ𝑗 , 𝒏ℎ|𝐼𝑗 = −(𝝉ℎ𝑗 )⊥ = −
(𝒉 𝑗)⊥
|𝒉 𝑗|

:= 𝒏ℎ𝑗 ;

and

(2.44) 𝜃ℎ|𝐼𝑗 := 𝜃ℎ𝑗 , satisfying cos𝜃ℎ𝑗 =
ℎ 𝑗 ,𝑥

|𝒉 𝑗|
, sin𝜃ℎ𝑗 =

ℎ 𝑗 ,𝑦

|𝒉 𝑗|
.

We introduce the finite element spaces

Kℎ :=
{
𝑢ℎ ∈ 𝐶(I) | 𝑢ℎ|𝐼𝑗 ∈ 𝒫1(𝐼 𝑗), ∀𝑗 = 1, 2, · · · , 𝑁

}
⊆ 𝐻1(I),(2.45a)

Kℎ
𝑝 := {𝑢ℎ ∈ Kℎ | 𝑢ℎ(0) = 𝑢ℎ(1)},(2.45b)

where 𝒫1(𝐼 𝑗) is the set of polynomials on 𝐼 𝑗 of degree ≤ 1.

For 𝑢, 𝑣 ∈ Kℎ , the mass-lumped inner product
(
·, ·

) ℎ
Γℎ(𝑡)

on Γℎ(𝑡) is defined by

(2.46)
(
𝑢, 𝑣

) ℎ
Γℎ(𝑡)

:= 1
2

𝑁∑
𝑗=1

|𝒉 𝑗(𝑡)|
(
(𝑢 · 𝑣)(𝜌+𝑗−1) + (𝑢 · 𝑣)(𝜌−𝑗 )

)
,

where 𝑢(𝜌±
𝑗
) = lim

𝜌→𝜌±
𝑗

𝑢(𝜌). For 𝑓 ∈ Kℎ , the discrete differential operator 𝜕𝑠 is defined by

(2.47) 𝜕𝑠 𝑓 |𝐼𝑗 :=
𝑓 (𝜌 𝑗) − 𝑓 (𝜌 𝑗−1)

|𝒉 𝑗|
.

These definitions also apply to vector-valued functions.
The spatial semidiscretization of the weak formulation (2.27) reads as follows. Let Γℎ0 := 𝑿 ℎ(·, 0) ∈

[Kℎ
𝑝 ]2 , 𝜇(·) ∈ Kℎ

𝑝 approximate Γ0 := 𝑿0(·), 𝜇0(·), respectively. For 𝑡 > 0, find
(
𝑿 ℎ(·, 𝑡), 𝜇ℎ(·)

)
∈

[Kℎ
𝑝 ]2 ×Kℎ

𝑝 such that(
𝒏ℎ · 𝜕𝑡𝑿 ℎ , 𝜑ℎ

) ℎ
Γℎ(𝑡)

+
(
𝜕𝑠𝜇

ℎ , 𝜕𝑠𝜑
ℎ
) ℎ
Γℎ(𝑡)

= 0, ∀𝜑ℎ ∈ Kℎ
𝑝 ,(2.48a) (

𝜇ℎ𝒏ℎ ,𝝎ℎ
) ℎ
Γℎ(𝑡)

−
(
𝑮̂𝑘(𝜃ℎ)𝜕𝑠𝑿 ℎ , 𝜕𝑠𝝎

ℎ
) ℎ
Γℎ(𝑡)

= 0, ∀𝝎ℎ ∈ [Kℎ
𝑝 ]2 ,(2.48b)
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where

(2.49) 𝑮̂𝑘(𝜃ℎ) =
(

𝛾̂(𝜃ℎ) −𝛾̂′(𝜃ℎ)
𝛾̂′(𝜃ℎ) 𝛾̂(𝜃ℎ)

)
+ 𝑘(𝜃ℎ)

(
sin2 𝜃ℎ − cos𝜃ℎ sin𝜃ℎ

− cos𝜃ℎ sin𝜃ℎ cos2 𝜃ℎ

)
.

Let 𝐴ℎ(𝑡),𝑊 ℎ(𝑡) denote the enclosed area and total free energy of the polygonal curve Γℎ(𝑡),
respectively, defined by

𝐴ℎ(𝑡) = 1
2

𝑁∑
𝑗=1

(𝑥ℎ𝑗 (𝑡) − 𝑥ℎ𝑗−1(𝑡))(𝑦ℎ𝑗 (𝑡) + 𝑦ℎ𝑗−1(𝑡)),(2.50a)

𝑊 ℎ(𝑡) =
𝑁∑
𝑗=1

|𝒉 𝑗(𝑡)|𝛾̂(𝜃ℎ𝑗 ),(2.50b)

where 𝑥ℎ
𝑗
(𝑡) := 𝑥ℎ(𝜌 𝑗 , 𝑡), 𝑦ℎ𝑗 (𝑡) := 𝑦ℎ(𝜌 𝑗 , 𝑡), ∀0 ≤ 𝑗 ≤ 𝑁 .

An argument similar to the proof of Proposition 2.1 shows that the semidiscretization (2.48)
preserves both geometric properties:

Proposition 2.2 (Area conservation and energy dissipation). Let Γℎ(𝑡) be determined by a solution
(𝑿 ℎ(·, 𝑡), 𝜇ℎ(·, 𝑡)) of (2.48). Then

(2.51) 𝐴ℎ(𝑡) ≡ 𝐴ℎ(0), 𝑊 ℎ(𝑡) ≤ 𝑊 ℎ(𝑡1) ≤ 𝑊 ℎ(0), ∀𝑡 ≥ 𝑡1 ≥ 0.

2.3.3. A structure-preserving stabilized parametric finite element scheme. Let 𝜏 be a uniform
time step. We approximate Γ(𝑡) = 𝑿 (·, 𝑡) at 𝑡𝑚 = 𝑚𝜏 (𝑚 = 0, 1, · · · ) by Γ𝑚 = 𝑿𝑚(·) = ∪𝑁

𝑗=1𝒉
𝑚
𝑗

, where
𝒉𝑚
𝑗

:= 𝑿𝑚(𝜌 𝑗) − 𝑿𝑚(𝜌 𝑗−1). The mass-lumped inner product (·, ·)ℎ
Γ𝑚

, unit tangent 𝝉𝑚 , outward unit
normal 𝒏𝑚 , and inclination angle 𝜃𝑚 on Γ𝑚 are defined analogously.

Inspired by the techniques used in [19, 91, 9, 8] to construct structure-preserving schemes for
isotropic surface diffusion, we apply the semi-implicit Euler method in time. This yields the following
semi-implicit structure-preserving scheme for anisotropic surface diffusion (2.8):

Let the initial approximation Γ0(·) ∈ [Kℎ
𝑝 ]2 be given by 𝑿 0(𝜌 𝑗) = 𝑿0(𝜌 𝑗), ∀0 ≤ 𝑗 ≤ 𝑁 . For

𝑚 = 0, 1, 2, . . ., find (𝑿𝑚+1(·) = (𝑥𝑚+1(·), 𝑦𝑚+1(·))𝑇 , 𝜇𝑚+1(·)) ∈ [Kℎ
𝑝 ]2 ×Kℎ

𝑝 such that(
𝒏𝑚+ 1

2 · 𝑿
𝑚+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(
𝜕𝑠𝜇

𝑚+1 , 𝜕𝑠𝜑
ℎ
) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ Kℎ
𝑝 ,(2.52a) (

𝜇𝑚+1𝒏𝑚+ 1
2 ,𝝎ℎ

) ℎ
Γ𝑚

−
(
𝑮̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠𝝎

ℎ
) ℎ
Γ𝑚

= 0, ∀𝝎ℎ ∈ [Kℎ
𝑝 ]2 ,(2.52b)

where

(2.53) 𝑮̂𝑘(𝜃𝑚) =
(

𝛾̂(𝜃𝑚) −𝛾̂′(𝜃𝑚)
𝛾̂′(𝜃𝑚) 𝛾̂(𝜃𝑚)

)
+ 𝑘(𝜃𝑚)

(
sin2 𝜃𝑚 − cos𝜃𝑚 sin𝜃𝑚

− cos𝜃𝑚 sin𝜃𝑚 cos2 𝜃𝑚

)
,

and

(2.54) 𝒏𝑚+ 1
2 := −1

2
1

|𝜕𝜌𝑿𝑚| (𝜕𝜌𝑿
𝑚 + 𝜕𝜌𝑿𝑚+1)⊥.

Remark 2.4. The scheme is weakly implicit: the integration domain is given explicitly, and each
equation contains only one nonlinear term. This term is at most quadratic in the components of
𝑿𝑚+1 and 𝜇𝑚+1, so the scheme can be solved efficiently and accurately by Newton iteration; see
Appendix A.1.2 or [19].

Remark 2.5. The choice of 𝒏𝑚+ 1
2 is essential for area conservation. Replacing it by 𝒏𝑚 gives a

semi-implicit scheme that preserves only energy dissipation.
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2.3.4. Structure preservation. The enclosed area 𝐴𝑚 and total energy 𝑊𝑚 of the polygonal
curve Γ𝑚 are given by

𝐴𝑚 =
1
2

𝑁∑
𝑗=1

(
𝑥𝑚(𝜌 𝑗) − 𝑥𝑚(𝜌 𝑗−1)

) (
𝑦𝑚(𝜌 𝑗) + 𝑦𝑚(𝜌 𝑗−1)

)
,(2.55a)

𝑊𝑚 =

𝑁∑
𝑗=1

|𝒉𝑚𝑗 |𝛾̂(𝜃𝑚𝑗 ).(2.55b)

In applications, 𝛾̂(𝜃) often has limited regularity. Throughout the following analysis, we assume
that 𝛾̂(𝜃) is globally 𝐶1 and piecewise 𝐶2 on 2𝜋T.

For convenience, we introduce the following energy stability condition:

Definition 2.1 (Energy stability condition). Suppose that 𝛾̂(𝜃) is globally 𝐶1 and piecewise 𝐶2. Its
energy stability condition is defined by

3𝛾̂(𝜃) ≥ 𝛾̂(𝜃 − 𝜋), ∀𝜃 ∈ 2𝜋T,(2.56a)
𝛾̂′(𝜃∗) = 0, whenever 3𝛾̂(𝜃∗) = 𝛾̂(𝜃∗ − 𝜋), 𝜃∗ ∈ 2𝜋T.(2.56b)

The main theorem of this chapter establishes the structure-preserving properties of (2.52):

Theorem 2.2 (Structure preservation). For any surface energy 𝛾̂(𝜃) satisfying (2.56), the scheme (2.52)
preserves area conservation and, for sufficiently large 𝑘(𝜃), unconditional energy dissipation, namely

(2.57) 𝐴𝑚+1 = 𝐴𝑚 = · · · = 𝐴0 , 𝑊𝑚+1 ≤ 𝑊𝑚 ≤ · · · ≤ 𝑊0 , ∀𝑚 ≥ 0.

We first prove area conservation. Energy dissipation is discussed in detail in the next section.

Proof. Let Γℎ(𝛼) = 𝑿 ℎ(𝜌, 𝛼) be the linear interpolation between 𝑿𝑚 and 𝑿𝑚+1:

(2.58) 𝑿 ℎ(𝜌, 𝛼) B (1 − 𝛼)𝑿𝑚(𝜌) + 𝛼𝑿𝑚+1(𝜌), 0 ≤ 𝛼, 𝜌 ≤ 1.
Let 𝒏ℎ be the outward unit normal to Γℎ(𝛼), and let 𝐴(𝛼) be the area enclosed by Γℎ(𝛼). Applying

the Reynolds transport theorem [123] to 𝐴(𝛼) gives

(2.59)

d
d𝛼𝐴(𝛼) =

ˆ
Γℎ(𝛼)

𝜕𝛼𝑿 ℎ · 𝒏ℎ d𝑠

=

ˆ
I

[
𝑿𝑚+1 − 𝑿𝑚

]
·
[
−(1 − 𝛼)𝜕𝜌𝑿𝑚 − 𝛼𝜕𝜌𝑿𝑚+1]⊥ d𝜌,

Here we have used (2.58) and the identities
(2.60) 𝜕𝛼𝑿 ℎ = 𝑿𝑚+1 − 𝑿𝑚 , 𝒏ℎ = −|𝜕𝜌𝑿 ℎ|−1(𝜕𝜌𝑿 ℎ)⊥.

Integrating (2.59) from 0 to 1 and using the definition of 𝒏𝑚+ 1
2 in (2.54), we obtain

(2.61)
𝐴(1) − 𝐴(0) =

ˆ
I

[
𝑿𝑚+1 − 𝑿𝑚

]
·
[
−1

2
(
𝜕𝜌𝑿𝑚 + 𝜕𝜌𝑿𝑚+1) ]⊥ d𝜌

=

(
(𝑿𝑚+1 − 𝑿𝑚) · 𝒏𝑚+ 1

2 , 1
) ℎ
Γ𝑚
.

Taking 𝜑ℎ ≡ 1 in (2.52a) gives 𝐴(1) = 𝐴(0), or equivalently 𝐴𝑚+1 = 𝐴𝑚 . This proves area conservation.
□

Remark 2.6. The scheme (2.52) is designed for a sharp-interface model. Stabilization techniques
for phase-field models, such as convex splitting [133, 76] and stabilized semi-implicit schemes [51,
41], therefore do not apply directly here. The scheme (2.52) preserves the original energy stability
without additional correction terms.

Remark 2.7. For the 𝑚-fold anisotropy 𝛾̂(𝜃) = 1+ 𝛽 cos𝑚𝜃, condition (2.56) holds for |𝛽| < 1 when
𝑚 is even and for |𝛽| ≤ 1

2 when 𝑚 is odd. Compared with the energy stability condition |𝛽| ≤ 1
𝑚2+1 in

[108], this substantially relaxes the restriction on the anisotropy strength.
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Remark 2.8. For the ellipsoidal anisotropy 𝛾̂(𝜃) =
√
𝑎 + 𝑏 cos2 𝜃, the energy stability condition in

[108] requires − 𝑎
2 ≤ 𝑏 ≤ 𝑎, whereas (2.56) holds for all 𝑎 > 0, 𝑎 + 𝑏 > 0.

Remark 2.9. For every symmetric anisotropy satisfying 𝛾̂(𝜃) = 𝛾̂(𝜃 − 𝜋), ∀𝜃 ∈ 2𝜋T, including
Riemannian metric anisotropy, condition (2.56) holds automatically. Thus the scheme (2.52) is
unconditionally energy stable.

2.4. Proof of unconditional energy stability

The key to proving energy dissipation for (2.52) is an estimate of the form

(2.62)
(
𝑮̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

≥ 𝑊𝑚+1 −𝑊𝑚 ,

which controls the energy difference between successive time levels. We first establish its local version
in the following lemma:

Lemma 2.2 (Local energy estimate). Let 𝒑, 𝒒 be two nonzero vectors in R2, written as 𝒑 =

|𝒑|(cos 𝜑, sin 𝜑)𝑇 , 𝒒 = |𝒒|(cos𝜃, sin𝜃)𝑇 . For sufficiently large 𝑘(𝜃), the following inequality holds:

(2.63) 1
|𝒒|

(
𝑮̂𝑘(𝜃)𝒑

)
· (𝒑 − 𝒒) ≥ |𝒑|𝛾̂(𝜑) − |𝒒|𝛾̂(𝜃).

Remark 2.10. Condition (2.56) is almost necessary for the local energy estimate. Taking 𝒑 = −𝒒
gives 𝜑 = 𝜃 − 𝜋, and (2.63) reduces to 2|𝒒|𝛾̂(𝜃) ≥ |𝒒|𝛾̂(𝜃 − 𝜋) − |𝒒|𝛾̂(𝜃). Thus condition (2.56) is
almost necessary for establishing this local estimate.

2.4.1. The minimal stabilizing function and its properties. To prove the local energy estimate
(2.63), we introduce two auxiliary functions:

𝑃𝛼(𝜙, 𝜃) := 2
√
𝛾̂2(𝜃) + 𝛼𝛾̂(𝜃) sin2 𝜙, ∀𝜙 ∈ 2𝜋T,(2.64a)

𝑄(𝜙, 𝜃) := 𝛾̂(𝜃 − 𝜙) + 𝛾̂(𝜃) cos 𝜙 + 𝛾̂′(𝜃) sin 𝜙, ∀𝜙 ∈ 2𝜋T.(2.64b)
Using the auxiliary functions 𝑃𝛼 , 𝑄, we define the minimal stabilizing function by

(2.65) 𝑘0(𝜃) := inf
{
𝛼 ≥ 0 | 𝑃𝛼(𝜙, 𝜃) −𝑄(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 2𝜋T

}
.

By definition, 𝑘0(𝜃) is determined by the surface energy 𝛾̂(𝜃) and is therefore independent of time.
The following theorem ensures the existence of 𝑘0(𝜃):
Theorem 2.3. Suppose that 𝛾̂(𝜃) satisfies (2.56). Then the minimal stabilizing function 𝑘0(𝜃) defined in

(2.65) is well-defined.

We defer the proof of Theorem 2.3 to Section 2.4.4.

A prescribed 𝛾̂(𝜃) determines the minimal stabilizing function 𝑘0(𝜃), inducing a mapping from
𝛾̂(𝜃) to 𝑘0(𝜃). This mapping is sublinear: it satisfies positive homogeneity and subadditivity.

Lemma 2.3 (Positive homogeneity and subadditivity). Let 𝛾̂𝑖(𝜃) (𝑖 = 1, 2, 3) be anisotropic surface
energies satisfying (2.56), and let 𝑘𝑖(𝜃) be the corresponding minimal stabilizing functions.

(i) If 𝛾̂2(𝜃) = 𝑐𝛾̂1(𝜃) for a prescribed positive real number 𝑐 > 0, then 𝑘2(𝜃) = 𝑐𝑘1(𝜃);
(ii) if 𝛾̂3(𝜃) = 𝛾̂1(𝜃) + 𝛾̂2(𝜃), then 𝑘3(𝜃) ≤ 𝑘1(𝜃) + 𝑘2(𝜃).

Proof. Denote the auxiliary functions associated with 𝛾̂𝑖(𝜃) by 𝑃𝛼,𝑖 , 𝑄𝑖 , respectively.
(i) If 𝛾̂2(𝜃) = 𝑐𝛾̂1(𝜃), then

(2.66)
𝑃𝑐𝑘1 ,2(𝜙, 𝜃) −𝑄2(𝜙, 𝜃) = 2

√
𝑐2𝛾̂2

1(𝜃) + 𝑐2𝑘1(𝜃)𝛾̂1(𝜃) sin2 𝜙

−
(
𝑐𝛾̂1(𝜃 − 𝜙) + 𝑐𝛾̂1(𝜃) cos 𝜙 + 𝑐𝛾̂′

1(𝜃) sin 𝜙
)

= 𝑐
(
𝑃𝑘1 ,1(𝜙, 𝜃) −𝑄1(𝜙, 𝜃)

)
≥ 0.

By the definition of the minimal stabilizing function, 𝑘2(𝜃) ≤ 𝑐𝑘1(𝜃). Since 𝛾̂1(𝜃) = 1
𝑐 𝛾̂2(𝜃),

the same argument gives 𝑘1(𝜃) ≤ 1
𝑐 𝑘2(𝜃). Hence 𝑘2(𝜃) = 𝑐𝑘1(𝜃).
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(ii) Suppose that 𝛾̂3(𝜃) = 𝛾̂1(𝜃) + 𝛾̂2(𝜃). We note that

(2.67)

𝑃2
𝑘1+𝑘2 ,3(𝜙, 𝜃) = 4 (𝛾̂1(𝜃) + 𝛾̂2(𝜃))2 + 4 (𝛾̂1(𝜃) + 𝛾̂2(𝜃)) (𝑘1(𝜃) + 𝑘2(𝜃)) sin2 𝜙

= 4
(
𝛾̂2

1(𝜃) + 𝛾̂2
2(𝜃) + 𝛾̂1(𝜃)𝑘1(𝜃) sin2 𝜙 + 𝛾̂2(𝜃)𝑘2(𝜃) sin2 𝜙

)
+ 4

[
𝛾̂1(𝜃)

(
𝛾̂2(𝜃) + 𝑘2(𝜃) sin2 𝜙

)
+ 𝛾̂2(𝜃)

(
𝛾̂1(𝜃) + 𝑘1(𝜃) sin2 𝜙

) ]
≥ 4

(
𝛾̂2

1(𝜃) + 𝛾̂1(𝜃)𝑘1(𝜃) sin2 𝜙 + 𝛾̂2
2(𝜃) + 𝛾̂2(𝜃)𝑘2(𝜃) sin2 𝜙

)
+ 8

√(
𝛾̂2

1(𝜃) + 𝛾̂1(𝜃)𝑘1(𝜃) sin2 𝜙
) (

𝛾̂2
2(𝜃) + 𝛾̂2(𝜃)𝑘2(𝜃) sin2 𝜙

)
=

(
𝑃𝑘1 ,1(𝜙, 𝜃) + 𝑃𝑘2 ,2(𝜙, 𝜃)

)2
,

Thus 𝑃𝑘1+𝑘2 ,3(𝜙, 𝜃) ≥ 𝑃𝑘1 ,1(𝜙, 𝜃) + 𝑃𝑘2 ,2(𝜙, 𝜃).
Together with 𝑄3(𝜙, 𝜃) = 𝑄1(𝜙, 𝜃) +𝑄2(𝜙, 𝜃), this gives

(2.68)
𝑃𝑘1+𝑘2 ,3(𝜙, 𝜃) −𝑄3(𝜙, 𝜃) ≥ 𝑃𝑘1 ,1(𝜙, 𝜃) −𝑄1(𝜙, 𝜃) + 𝑃𝑘2 ,2(𝜙, 𝜃) −𝑄2(𝜙, 𝜃)

≥ 0,

The definition of the minimal stabilizing function therefore gives 𝑘3(𝜃) ≤ 𝑘1(𝜃) + 𝑘2(𝜃).
□

2.4.2. The local energy estimate. In this subsection, we prove the local energy estimate (2.63)
assuming Theorem 2.3.

Proof. From the definition of 𝑮̂𝑘(𝜃) in (2.10), we note that

(2.69)
(

sin2 𝜃 − cos𝜃 sin𝜃
− cos𝜃 sin𝜃 cos2 𝜃

)
=

(
− sin𝜃
cos𝜃

)
(− sin𝜃, cos𝜃) = 𝒏𝒏𝑇 ,

where 𝒏 = −𝒒⊥/|𝒒| is the corresponding unit normal. Hence

(2.70)

1
|𝒒|

(
𝑮̂𝑘(𝜃)𝒑

)
· 𝒑 =

1
|𝒒|

[
𝛾̂(𝜃)𝐼2 + 𝛾̂′(𝜃)𝐽 + 𝑘(𝜃)𝒏𝒏𝑇

]
𝒑 · 𝒑

=
1
|𝒒| 𝛾̂(𝜃)|𝒑|

2 + 1
|𝒒| 𝛾̂

′(𝜃)𝐽𝒑 · 𝒑 + 1
|𝒒| 𝑘(𝜃)(𝒏 · 𝒑)2

=
1
|𝒒| 𝛾̂(𝜃)|𝒑|

2 + 1
|𝒒| 𝑘(𝜃)(𝒏 · 𝒑)2

=
1
|𝒒|

[
𝛾̂(𝜃) + 𝑘(𝜃) sin2(𝜃 − 𝜑)

]
|𝒑|2 ,

and

(2.71)

1
|𝒒|

(
𝑮̂𝑘(𝜃)𝒑

)
· 𝒒 =

1
|𝒒|

[
𝛾̂(𝜃)𝐼2 + 𝛾̂′(𝜃)𝐽 + 𝑘(𝜃)𝒏𝒏𝑇

]
𝒑 · 𝒒

=
1
|𝒒| 𝛾̂(𝜃)(𝒒 · 𝒑) + 1

|𝒒| 𝛾̂
′(𝜃)𝐽𝒑 · 𝒒 + 1

|𝒒| 𝑘(𝜃)𝒏𝒏
𝑇𝒑 · 𝒒

= |𝒑|𝛾̂(𝜃)
(

cos𝜃
sin𝜃

)
·
(

cos 𝜑
sin 𝜑

)
+ |𝒑|𝛾̂′(𝜃)

(
0 −1
1 0

) (
cos 𝜑
sin 𝜑

)
·
(

cos𝜃
sin𝜃

)
+ |𝒑|𝑘(𝜃)

(
sin2 𝜃 − cos𝜃 sin𝜃

− cos𝜃 sin𝜃 cos2 𝜃

) (
cos 𝜑
sin 𝜑

)
·
(

cos𝜃
sin𝜃

)
= |𝒑|𝛾̂(𝜃) cos(𝜃 − 𝜑) + |𝒑|𝛾̂′(𝜃)(− sin 𝜑, cos 𝜑) · (cos𝜃, sin𝜃)
= |𝒑|

[
𝛾̂(𝜃) cos(𝜃 − 𝜑) + 𝛾̂′(𝜃) sin(𝜃 − 𝜑)

]
.
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Recalling the definition of 𝑃𝛼(𝜙, 𝜃), 𝑄(𝜙, 𝜃) in (2.64), we obtain

1
|𝒒|

(
𝑮̂𝑘(𝜃)𝒑

)
· 𝒑 =

|𝒑|2
4|𝒒|𝛾̂(𝜃)𝑃

2
𝑘(𝜃)(𝜙, 𝜃),(2.72a)

1
|𝒒|

(
𝑮̂𝑘(𝜃)𝒑

)
· 𝒒 = |𝒑|(𝑄(𝜙, 𝜃) − 𝛾̂(𝜃 − 𝜙)),(2.72b)

where 𝜙 = 𝜃 − 𝜑.
Substituting (2.72a) and (2.72b) into the local energy estimate (2.63) gives

(2.73)

1
|𝒒|

(
𝑮̂𝑘(𝜃)𝒑

)
· (𝒑 − 𝒒) −

(
|𝒑|𝛾̂(𝜑) − |𝒒|𝛾̂(𝜃)

)
=

|𝒑|2
4|𝒒|𝛾̂(𝜃)𝑃

2
𝑘(𝜃)(𝜙, 𝜃) − |𝒑|(𝑄(𝜙, 𝜃) − 𝛾̂(𝜃 − 𝜙))

− |𝒑|𝛾̂(𝜃 − 𝜙) + |𝒒|𝛾̂(𝜃)

=
1

4|𝒒|𝛾̂(𝜃)
[
|𝒑|2𝑃2

𝑘(𝜃)(𝜙, 𝜃) − 4|𝒑||𝒒|𝛾̂(𝜃)𝑄(𝜙, 𝜃) + 4|𝒒|2𝛾̂2(𝜃)
]
,

Thus the local energy estimate (2.63) is equivalent to

(2.74) |𝒑|2𝑃2
𝑘(𝜃)(𝜙, 𝜃) − 4|𝒑||𝒒|𝛾̂(𝜃)𝑄(𝜙, 𝜃) + 4|𝒒|2𝛾̂2(𝜃) ≥ 0,

or, equivalently,

(2.75)
(
|𝒑|𝑃𝑘(𝜃) − 2|𝒒|𝛾̂(𝜃)

)2 + 4|𝒑||𝒒|𝛾̂(𝜃)
(
𝑃𝑘(𝜃)(𝜙, 𝜃) −𝑄(𝜙, 𝜃)

)
≥ 0

By (2.65), we have 𝑃𝑘(𝜃)(𝜙, 𝜃) −𝑄(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 2𝜋T for every 𝑘(𝜃) ≥ 𝑘0(𝜃), which proves (2.75).
Theorem 2.3 ensures that the minimal stabilizing function 𝑘0(𝜃) < +∞ is well-defined. We may
therefore choose 𝑘(𝜃) ≥ 𝑘0(𝜃) sufficiently large to obtain the desired inequality (2.63). □

2.4.3. Unconditional energy stability. The local energy estimate (2.63) in Lemma 2.2 allows us
to prove the energy dissipation statement in Theorem 2.2.

Proof. Choose 𝑘(𝜃) sufficiently large that 𝑘(𝜃) ≥ 𝑘0(𝜃). Taking 𝒒 = 𝒉𝑚
𝑗
, 𝒑 = 𝒉𝑚+1

𝑗
in the local

energy estimate (2.63) gives

(2.76) 1
|𝒉𝑚
𝑗
|
(
𝑮̂𝑘(𝜃𝑚𝑗 )𝒉𝑚+1

𝑗

)
· (𝒉𝑚+1

𝑗 − 𝒉𝑚𝑗 ) ≥ |𝒉𝑚+1
𝑗 |𝛾̂(𝜃𝑚+1

𝑗 ) − |𝒉𝑚𝑗 |𝛾̂(𝜃𝑚𝑗 ).

Consequently, for every 𝑚 ≥ 0,

(2.77)

(
𝑮̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

=

𝑁∑
𝑗=1

[
|𝒉𝑚𝑗 |

(
𝑮̂𝑘(𝜃𝑚𝑗 )

𝒉𝑚+1
𝑗

|𝒉𝑚
𝑗
|

)
·
𝒉𝑚+1
𝑗

− 𝒉𝑚
𝑗

|𝒉𝑚
𝑗
|

]
=

𝑁∑
𝑗=1

[
1

|𝒉𝑚
𝑗
|
(
𝑮̂𝑘(𝜃𝑚𝑗 )𝒉𝑚+1

𝑗

)
· (𝒉𝑚+1

𝑗 − 𝒉𝑚𝑗 )
]

≥
𝑁∑
𝑗=1

[
|𝒉𝑚+1
𝑗 |𝛾̂(𝜃𝑚+1

𝑗 ) − |𝒉𝑚𝑗 |𝛾̂(𝜃𝑚𝑗 )
]

=

𝑁∑
𝑗=1

|𝒉𝑚+1
𝑗 |𝛾̂(𝜃𝑚+1

𝑗 ) −
𝑁∑
𝑗=1

|𝒉𝑚𝑗 |𝛾̂(𝜃𝑚𝑗 )

=𝑊𝑚+1 −𝑊𝑚 .
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Taking 𝜑ℎ = 𝜇𝑚+1 ,𝝎ℎ = 𝑿𝑚+1 − 𝑿𝑚 in (2.52) gives

(2.78)

(
𝑮̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

=

(
𝜇𝑚+1𝒏𝑚+ 1

2 ,𝑿𝑚+1 − 𝑿𝑚
) ℎ
Γ𝑚

= −𝜏
(
𝜕𝑠𝜇

𝑚+1 , 𝜕𝑠𝜇
𝑚+1

) ℎ
Γ𝑚
.

Combining this with (2.77), we obtain

(2.79)
𝑊𝑚+1 −𝑊𝑚 ≤

(
𝑮̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

≤ −𝜏
(
𝜕𝑠𝜇

𝑚+1 , 𝜕𝑠𝜇
𝑚+1) ℎ

Γ𝑚

≤ 0, ∀𝑚 ≥ 0.
□

2.4.4. Existence of the minimal stabilizing function. In this subsection, we prove the existence
of 𝑘0(𝜃) under condition (2.56).

Recalling the definition of 𝑃𝛼 , 𝑄 in (2.64), we set

(2.80)

𝐹𝛼(𝜙, 𝜃) := 𝑃2
𝛼(𝜙, 𝜃) −𝑄2(𝜙, 𝜃)

= 4𝛾̂(𝜃)
(
𝛾̂(𝜃) + 𝛼 sin2 𝜙

)
−

(
𝛾̂(𝜃 − 𝜙) + 𝛾̂(𝜃) cos 𝜙 + 𝛾̂′(𝜃) sin 𝜙

)2
.

Let 𝐶 > 0 be a constant such that 1
𝐶 ≤ 𝛾̂(𝜃) ≤ 𝐶 and |𝛾̂′(𝜃)|, |𝛾̂′′(𝜃)| ≤ 𝐶, ∀𝜃 ∈ 2𝜋T.

Lemma 2.4. For a globally 𝐶1 and piecewise 𝐶2 function 𝛾̂(𝜃), there exist an open neighborhood𝑈0 of 0
and a positive constant 𝑘𝑈0 > 0 such that 𝐹𝛼(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 𝑈0 for every 𝛼 > 𝑘𝑈0 .

Proof. The regularity assumption implies that there exists 0 < 𝜀 < 𝜋
2 such that 𝛾̂(𝜃) is 2 times

continuously differentiable on both [𝜃 − 𝜀, 𝜃] and [𝜃, 𝜃 + 𝜀].
Applying the mean value theorem on [𝜃 − 𝜀, 𝜃] and [𝜃, 𝜃 + 𝜀] separately, we find that for

𝜙 ∈ 𝑈0 :=
{
𝜙 | |𝜙| < 𝜀

}
there exists 𝜉 between 𝜃, 𝜃 − 𝜙 such that

(2.81) 𝛾̂(𝜃 − 𝜙) = 𝛾̂(𝜃) − 𝛾̂′(𝜃)𝜙 + 𝛾̂′′(𝜉)
2 𝜙2.

There also exists 𝜉1 , 𝜉2 between 0, 𝜙 such that

cos 𝜙 = 1 − 1
2𝜙

2 + sin 𝜉1
6 𝜙3(2.82a)

sin 𝜙 = 𝜙 − cos 𝜉2
6 𝜙3.(2.82b)

Substituting (2.81) and (2.82) into 2𝛾̂(𝜃) −𝑄(𝜙, 𝜃) gives

(2.83)

2𝛾̂(𝜃) −𝑄(𝜙, 𝜃) = 2𝛾̂(𝜃) − 𝛾̂(𝜃) + 𝛾̂′(𝜃)𝜙 − 1
2 𝛾̂

′′(𝜉)𝜙2

− 𝛾̂(𝜃) + 1
2 𝛾̂(𝜃)𝜙

2 − 1
6 𝛾̂(𝜃) sin 𝜉1𝜙

3

− 𝛾̂′(𝜃)𝜙 + 1
6 𝛾̂

′(𝜃) cos 𝜉2𝜙
3

=
1
2 (𝛾̂(𝜃) − 𝛾̂′′(𝜉))𝜙2 − 1

6 (𝛾̂(𝜃) sin 𝜉1 − 𝛾̂′(𝜃) cos 𝜉2)𝜙3.

Hence

(2.84)

|2𝛾̂(𝜃) −𝑄(𝜙, 𝜃)| ≤ 1
2 (|𝛾̂(𝜃)| + |𝛾̂′′(𝜉)|) |𝜙|2

+ 1
6 (|𝛾̂(𝜃) sin 𝜉1| + |𝛾̂′(𝜃) cos 𝜉2|) |𝜙|3

≤ 𝐶|𝜙|2 + 𝐶

3 |𝜙|3.
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Since |2𝛾̂(𝜃) +𝑄(𝜙, 𝜃)| ≤ 2|𝛾̂(𝜃)| + |𝑄(𝜙, 𝜃)| ≤ 5𝐶, for every 𝜙 ∈ 𝑈0 we have

(2.85)

|4𝛾̂2(𝜃) −𝑄2(𝜙, 𝜃)| ≤ |2𝛾̂(𝜃) +𝑄(𝜙, 𝜃)||2𝛾̂(𝜃) −𝑄(𝜙, 𝜃)|

≤ 5𝐶
(
𝐶|𝜙|2 + 𝐶

3 |𝜙|3
)
=

5𝐶2

3
(
3 + |𝜙|

)
|𝜙|2

≤ 5(6 + 𝜋)𝐶2

6 |𝜙|2.

For every 𝜙 ∈ 𝑈0, the inequality | sin 𝜙| ≥ 2
𝜋 |𝜙| holds. Therefore,

(2.86)

𝐹𝛼(𝜙, 𝜃) = 4𝛾̂(𝜃)𝛼 sin2 𝜙 + 4𝛾̂2(𝜃) −𝑄2(𝜙, 𝜃)

≥ 16
𝐶𝜋2 𝛼|𝜙|

2 − 5(6 + 𝜋)𝐶2

6 |𝜙|2

≥
[

16
𝐶𝜋2 𝛼 − 5(6 + 𝜋)𝐶2

6

]
|𝜙|2 , ∀𝜙 ∈ 𝑈0.

Choosing 𝑘𝑈0 := 5𝜋2(6+𝜋)𝐶3

96 gives 𝐹𝛼(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 𝑈0 for every 𝛼 > 𝑘𝑈0 . □

Lemma 2.5. Fix 𝜃 ∈ 2𝜋T and assume (2.56). There exist an open neighborhood 𝑈𝜋 of 𝜋 and a positive
constant 𝑘𝑈𝜋 > 0, both allowed to depend on 𝜃, such that 𝐹𝛼(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 𝑈𝜋 for every 𝛼 > 𝑘𝑈𝜋 .

Proof. (i) If 3𝛾̂(𝜃) > 𝛾̂(𝜃 − 𝜋), then
(2.87) 𝐹𝛼(𝜋, 𝜃) = (3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋)) (𝛾̂(𝜃) + 𝛾̂(𝜃 − 𝜋)) > 0.

By the continuity of 𝐹𝛼(𝜙, 𝜃), there exists an open neighborhood𝑈𝜋 of 𝜋 such that 𝐹𝛼(𝜙, 𝜃) ≥
0, ∀𝜙 ∈ 𝑈𝜋.

(ii) Otherwise set 𝜃∗ = 𝜃. The assumptions give 3𝛾̂(𝜃∗) = 𝛾̂(𝜃∗ − 𝜋) and 𝛾̂′(𝜃∗) = 0. Since
𝛾̂(𝜃 − 𝜋)/𝛾̂(𝜃) ≤ 3, this function attains its maximum at 𝜃∗, and hence

(2.88)

(
𝛾̂(𝜃 − 𝜋)
𝛾̂(𝜃)

) ′����
𝜃=𝜃∗

=
𝛾̂′(𝜃∗ − 𝜋)𝛾̂(𝜃∗) − 𝛾̂(𝜃∗ − 𝜋)𝛾̂′(𝜃∗)

𝛾̂2(𝜃∗)

=
𝛾̂′(𝜃∗ − 𝜋) − 3𝛾̂′(𝜃∗)

𝛾̂(𝜃∗)

=
𝛾̂′(𝜃∗ − 𝜋)

𝛾̂(𝜃∗) = 0,

Thus 𝛾̂′(𝜃∗ − 𝜋) = 0.
As in the derivation of (2.81), the mean value theorem gives a positive constant 0 < 𝜀 < 𝜋

2
and an open neighborhood𝑈𝜋 = {𝜙 | |𝜙 −𝜋| < 𝜀} such that, for every 𝜙 ∈ 𝑈𝜋, there exists a
constant 𝜉 between 𝜃∗ − 𝜙, 𝜃∗ − 𝜋 satisfying

(2.89)
𝛾̂(𝜃∗ − 𝜙) = 𝛾̂(𝜃∗ − 𝜋) − 𝛾̂′(𝜃∗ − 𝜋)(𝜙 − 𝜋) + 𝛾̂′′(𝜉)

2 (𝜙 − 𝜋)2

= 𝛾̂(𝜃∗ − 𝜋) + 𝛾̂′′(𝜉)
2 (𝜙 − 𝜋)2.

There also exists a constant 𝜉1 between 𝜋, 𝜙 satisfying

(2.90) cos 𝜙 = −1 − cos 𝜉1
2 (𝜙 − 𝜋)2.

Substituting (2.89) and (2.90) into 2𝛾̂(𝜃∗) −𝑄(𝜙, 𝜃∗) gives

(2.91)

2𝛾̂(𝜃∗) −𝑄(𝜙, 𝜃∗) = 2𝛾̂(𝜃∗) − 𝛾̂(𝜃∗ − 𝜋) − 𝛾̂′′(𝜉)
2 (𝜙 − 𝜋)2

+ 𝛾̂(𝜃∗) + cos 𝜉1
2 𝛾̂(𝜃∗)(𝜙 − 𝜋)2 − 𝛾̂′(𝜃∗) sin 𝜙

=
1
2 (𝛾̂(𝜃∗) cos 𝜉1 − 𝛾̂′′(𝜉)) (𝜙 − 𝜋)2.
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Hence

(2.92)
|2𝛾̂(𝜃∗) −𝑄(𝜙, 𝜃∗)| ≤ 1

2 (|𝛾̂(𝜃∗) cos 𝜉1| + |𝛾̂′′(𝜉)|) |𝜙 − 𝜋|2

≤ 𝐶|𝜙 − 𝜋|2.
Since |2𝛾̂(𝜃∗) +𝑄(𝜙, 𝜃∗)| ≤ 5𝐶, we obtain

(2.93)
|4𝛾̂2(𝜃∗) −𝑄2(𝜙, 𝜃∗)| ≤ |2𝛾̂(𝜃∗) +𝑄(𝜙, 𝜃∗)||2𝛾̂(𝜃∗) −𝑄(𝜙, 𝜃∗)|

≤ 5𝐶2|𝜙 − 𝜋|2.

Noting that | sin 𝜙| ≥ 2
𝜋 |𝜙 − 𝜋|, ∀𝜙 ∈ 𝑈𝜋, we have

(2.94)

𝐹𝛼(𝜙, 𝜃∗) = 4𝛾̂(𝜃∗)𝛼 sin2 𝜙 + 4𝛾̂2(𝜃∗) −𝑄2(𝜙, 𝜃∗)

≥ 16
𝐶𝜋2 𝛼|𝜙 − 𝜋|2 − 5𝐶2|𝜙 − 𝜋|2

≥
[

16
𝐶𝜋2 𝛼 − 5𝐶2

]
|𝜙 − 𝜋|2 , ∀𝜙 ∈ 𝑈𝜋.

Therefore, there exists a positive constant 𝑘𝑈𝜋 := 5𝜋2𝐶3

16 such that 𝐹𝛼(𝜙, 𝜃∗) ≥ 0, ∀𝜙 ∈ 𝑈𝜋 for
every 𝛼 > 𝑘𝑈𝜋 .

□

Using these lemmas, we now prove Theorem 2.3:

Proof. (Existence of the minimal stabilizing function) Fix 𝜃 ∈ 2𝜋T.
(i) For 𝜙0 ≠ 0,𝜋, there exists an open neighborhood𝑈𝜙0 on which sin2 𝜙 has a strictly positive

lower bound: there is a constant 𝑐 > 0 such that sin2 𝜙 ≥ 𝑐 > 0, ∀𝜙 ∈ 𝑈𝜙0 . Thus, on this
neighborhood,

(2.95)
𝐹𝛼(𝜙, 𝜃) = 4𝛾̂(𝜃)𝛼 sin2 𝜙 + 𝑂(1)

≥ 4𝑐𝛾̂(𝜃)𝛼 + 𝑂(1).
There exists a constant 𝑘𝑈𝜙0

< +∞ such that 𝐹𝛼(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 𝑈𝜙0 for every 𝛼 > 𝑘𝑈𝜙0
.

(ii) For 𝜙0 = 0 or 𝜋, Lemmas 2.4 and 2.5 provide a neighborhood 𝑈𝜙0 of 𝜙0 and a constant
𝑘𝑈𝜙0

< +∞ such that 𝐹𝛼(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 𝑈𝜙0 for every 𝛼 > 𝑘𝑈𝜙0
.

Since 2𝜋T is compact and {𝑈𝜙0 : 𝜙0 ∈ 2𝜋T} is an open cover, the finite subcover theorem gives a
finite subcover {𝑈𝑖}𝑀𝑖=1 ⊂ {𝑈𝜙0 : 𝜙0 ∈ 2𝜋T}. Consequently, for every 𝛼 > max

1≤𝑖≤𝑀
𝑘𝑈𝑖

,

(2.96) 𝐹𝛼(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 2𝜋T.

This shows that 𝑘0(𝜃) = inf
{
𝛼 ≥ 0 | 𝑃𝛼(𝜙, 𝜃) −𝑄(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 2𝜋T

}
< +∞ and completes the

proof. □

2.5. Numerical experiments

In this section, we present numerical results for the scheme (2.52). Extensive tests examine its
efficiency, accuracy, area conservation, and unconditional energy stability.

We mainly consider the following two anisotropic surface energies:
• Case I: 𝛾̂(𝜃) = 1 + 𝛽 cos 3𝜃, where |𝛽| < 1. This energy is weakly anisotropic when |𝛽| < 1

8
and strongly anisotropic otherwise.

• Case II: 𝛾̂(𝜃) =
√

1 + 𝑏 cos2 𝜃, where 𝑏 > −1.
To compute the minimal stabilizing function 𝑘0(𝜃), we take 20 uniformly distributed nodes

𝜃𝑗 = −𝜋+ 𝑗𝜋
10 , ∀1 ≤ 𝑗 ≤ 20 in [−𝜋,𝜋] and solve the optimization problem (2.65) at each node to obtain

𝑘0(𝜃𝑗). Values between neighboring nodes in (𝜃𝑗 , 𝜃𝑗+1) are obtained by linear interpolation, namely
𝑘0(𝜃) = (1 − 𝜆)𝑘0(𝜃𝑗) + 𝜆𝑘0(𝜃𝑗+1), where 𝜆 = 10

𝜋 (𝜃 − 𝜃𝑗), with periodic continuation at the endpoints.
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We introduce the manifold distance [151, 108]

(2.97) 𝑀(Γ1 , Γ2) := 2|Ω1 ∪Ω2| − |Ω1| − |Ω2|,
to measure the distance between two closed curves Γ1 , Γ2, where Ω𝑖 (𝑖 = 1, 2) is the region enclosed
by Γ𝑖 and |Ω𝑖| denotes its area. Let Γ𝑚 be a numerical approximation to Γℎ(𝑡 = 𝑡𝑚 := 𝑚𝜏). We define
the numerical error by

(2.98) 𝑒 ℎ(𝑡)
���
𝑡=𝑡𝑚

:= 𝑀(Γ𝑚 , Γ(𝑡 = 𝑡𝑚)).

To examine mesh quality, area conservation, and energy stability numerically, we introduce the
following quantities: the weighted mesh ratio

(2.99) 𝑅ℎ𝛾(𝑡) :=
max

1≤ 𝑗≤𝑁
𝛾̂(𝜃𝑗)|𝒉 𝑗|

min
1≤ 𝑗≤𝑁

𝛾̂(𝜃𝑗)|𝒉 𝑗|
,

and the normalized area loss and normalized energy

(2.100) Δ𝐴ℎ(𝑡)
𝐴ℎ(0)

����
𝑡=𝑡𝑚

:= 𝐴𝑚 − 𝐴0

𝐴0 ,
𝑊 ℎ(𝑡)
𝑊 ℎ(0)

����
𝑡=𝑡𝑚

:= 𝑊𝑚

𝑊0 , ∀𝑚 ≥ 0.

The scheme (2.52) is formally second-order accurate in space and first-order accurate in time.
Unless otherwise stated, the time step 𝜏 is therefore set to 𝜏 = 𝑂(ℎ2); in this chapter, we use 𝜏 = 16ℎ2.
The tolerance for Newton iteration is tol = 10−12.

2.5.1. Convergence rates and structure preservation. In the following tests, the initial curve
is an ellipse with major axis 4 and minor axis 1. Since an analytic exact solution is unavailable,
we approximate Γ(𝑡 = 𝑡𝑚) numerically on the fine mesh ℎ = ℎ𝑒 , 𝜏 = 𝜏𝑒 . In this chapter, (ℎ𝑒 , 𝜏𝑒) =
(2−8 , 2−12).

Figure 2.1. Convergence rates of the SPFEM (2.52) with 𝑘(𝜃) = 𝑘0(𝜃) for (a) anisotropy in
Case I at 𝑡 = 0.5 with different 𝛽; (b) anisotropy in Case II with 𝑏 = −0.8 at different times

𝑡 = 0.125, 0.25, 0.5.

Figure 2.1 shows the convergence rates of (2.52) for (a) the 3-fold anisotropy 𝛾̂(𝜃) = 1+𝛽 cos 3𝜃 with
different strengths 𝛽 at the fixed time 𝑡 = 0.5, and (b) the ellipsoidal anisotropy 𝛾̂(𝜃) =

√
1 − 0.8 cos2 𝜃

at different times. The scheme achieves second-order spatial convergence for all anisotropies and
times considered, demonstrating its robustness.

Figure 2.2 shows the convergence rates of (2.52) for Case I with 𝛾̂(𝜃) = 1 + 𝛽 cos 3𝜃 and different
𝑘(𝜃): (a) 𝛽 = 0; (b) 𝛽 = 1/9. The stabilizing function 𝑘(𝜃) is independent of time, and its choice does
not affect convergence.
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Figure 2.2. Convergence rates of the SPFEM (2.52) for Case I at 𝑡 = 0.5 with different 𝑘(𝜃): (a)
𝛽 = 0; (b) 𝛽 = 1/9.

Figure 2.3. Weighted mesh ratio of the SPFEM (2.52) with 𝑘(𝜃) = 𝑘0(𝜃) for (a) anisotropy in
Case I with 𝛽 = 1

9 ; (b) anisotropy in Case II with 𝑏 = −0.8.

Figure 2.4. Normalized area loss (blue dashed line) and number of Newton iterations (red
line) of the SPFEM (2.52) with 𝑘(𝜃) = 𝑘0(𝜃) and ℎ = 2−7 , 𝜏 = 2−10 for (a) anisotropy in Case I

with 𝛽 = 1
2 ; (b) anisotropy in Case II with 𝑏 = −0.8.
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Figure 2.3 shows that the weighted mesh ratio 𝑅ℎ𝛾 converges to a constant as 𝑡 → +∞. This
indicates that (2.52) produces an asymptotically quasi-uniform mesh distribution.

Figure 2.4 shows the time evolution of the normalized area loss Δ𝐴ℎ(𝑡)/𝐴ℎ(0) and the number of
Newton iterations with (ℎ, 𝜏) = (2−7 , 2−10). The time evolution of the normalized energy𝑊 ℎ(𝑡)/𝑊 ℎ(𝑡)
for different mesh sizes ℎ is shown in Figure 2.5.

Figure 2.5. Normalized energy for (a) anisotropy in Case I with 𝛽 = 1
2 ; (b) anisotropy in Case

II with 𝑏 = −0.8.

The results in Figures 2.4–2.5 show that:
(1) The normalized area loss is of order 10−16, close to round-off error; see Figure 2.4. This

verifies area conservation to machine precision.
(2) The number of Newton iterations starts at 3 or 4 and quickly decreases to 2; see Figure 2.4.

Thus (2.52) can be solved efficiently in only a few iterations.
(3) When the surface energy 𝛾̂(𝜃) satisfies (2.56), the normalized energy is monotonically

decreasing; see Figure 2.5. Figure 2.5(a) shows that (2.52) remains energy stable when the
anisotropy strength 𝛽 reaches the maximum value 1/2 allowed by Remark 2.7. Figure 2.5(b)
also shows that, unlike the energy-stable parametric finite element method in [108], the scheme
(2.52) is unconditionally energy stable for 𝑏 < −1/2, as stated in Remark 2.8.

2.5.2. Morphological evolution under two-dimensional surface diffusion. We apply (2.52)
to simulate the morphological evolution of closed curves under anisotropic surface diffusion.
Figures 2.6–2.7 show the evolution from the initial shapes to numerical equilibria.

Figure 2.6 shows the morphological evolution of an ellipse with major axis 4 and minor axis 1
under surface diffusion with four different surface energies: (a) Case I with 𝛽 = 1/2, reaching the
maximum value in Remark 2.7; (b) Case II with 𝑏 = −0.8; (c) the 4-fold anisotropy 𝛾̂(𝜃) = 1+ 1

16 cos 4𝜃

[11]; and (d) 𝛾̂(𝜃) =
√( 5

2 + 3
2sgn(𝑛1)

)
𝑛2

1 + 𝑛2
2 , where 𝒏 = (𝑛1 , 𝑛2)𝑇 = (− sin𝜃, cos𝜃)𝑇 [44].

The results in Figure 2.6(a)–(c) show that (2.52) performs well over a broader parameter range
than the energy-stable parametric finite element method in [108]. Figure 2.6(d) shows that (2.52) also
applies to anisotropies with limited regularity, namely those that are globally 𝐶1 and piecewise 𝐶2.

Figure 2.7 also shows the morphological evolution of the four-fold star-shaped curve

(2.101)
{
𝑥 = (1 + 0.5 cos 4𝜃) cos𝜃,
𝑦 = (1 + 0.5 cos 4𝜃) sin𝜃,

𝜃 ∈ 2𝜋T,

and an ellipse rotated counterclockwise by 𝜋
10 under the same four surface energies.

2.6. Chapter summary

In this chapter, we have proposed a structure-preserving stabilized parametric finite element method
for anisotropic surface diffusion. The method requires only the mild condition (2.56) on 𝛾̂(𝜃) and
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Figure 2.6. Morphological evolution of an ellipse with major axis 4 and minor axis 1 under
anisotropic surface diffusion with different surface energies: (a) anisotropy in Case I with

𝛽 = 1
2 ; (b) anisotropy in Case II with 𝑏 = −0.8; (c) 𝛾̂(𝜃) = 1 + 1

16 cos 4𝜃; (d)

𝛾̂(𝜃) =
√( 5

2 + 3
2sgn(𝑛1)

)
𝑛2

1 + 𝑛2
2 with 𝒏 = (𝑛1 , 𝑛2)𝑇 = (− sin𝜃, cos𝜃)𝑇 . The red and blue lines

represent the initial shape and the numerical equilibrium, respectively. The black dashed
lines represent the intermediate curves. The mesh size and the time step are taken as

ℎ = 2−7 , 𝜏 = 2−10.

applies effectively to anisotropic evolution of closed curves. Introducing a new stabilized surface
energy matrix gives a conservative form and a weak formulation for anisotropic surface diffusion.
Combining parametric finite element discretization in space with the semi-implicit Euler method
in time yields a new stabilized scheme. To analyze unconditional energy stability, we extend the
framework of Bao and Li to the 𝛾̂(𝜃) formulation. We define the minimal stabilizing function,
prove its existence, derive a local energy estimate, and establish unconditional energy stability. The
mild requirements on 𝛾̂(𝜃) include the critical case and allow simulations for a broader range of
anisotropies. The scheme also applies to globally 𝐶1 and piecewise 𝐶2 anisotropies, a capability not
available in the other parametric finite element methods considered here.
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Figure 2.7. Morphological evolution of a four-fold star-shaped curve and a rotated ellipse
under anisotropic surface diffusion with different surface energies: (a) anisotropy in Case I

with 𝛽 = 1
2 ; (b) anisotropy in Case II with 𝑏 = −0.8; (c) 𝛾̂(𝜃) = 1 + 1

16 cos 4𝜃; (d)

𝛾̂(𝜃) =
√( 5

2 + 3
2sgn(𝑛1)

)
𝑛2

1 + 𝑛2
2 with 𝒏 = (𝑛1 , 𝑛2)𝑇 = (− sin𝜃, cos𝜃)𝑇 . The red and blue lines

represent the initial shape and the numerical equilibrium, respectively. The black dashed
lines represent the intermediate curves. The mesh size and the time step are taken as

ℎ = 2−7 , 𝜏 = 2−10.



CHAPTER 3

A structure-preserving parametric finite element method with an optimal
energy stability condition

An important advance in structure-preserving methods for anisotropic geometric flows is the
introduction of a stabilizing function 𝑘(𝜃) into the surface energy matrix. Building on this idea, [13]
established a unified analytical framework in which energy stability follows from a local energy
estimate, provided that the stabilizing function 𝑘(𝜃) exceeds a bounded minimal stabilizing function
𝑘0(𝜃). The energy stability proofs for all existing structure-preserving or energy-stable parametric finite
element methods [14, 149, 108, 18, 107], including the method in Chapter 2, can be recast within this
framework. Thus the energy stability conditions on 𝛾̂(𝜃) depend on the chosen surface energy matrix
and the analytical techniques used to establish the local energy estimate.

For example, the symmetrized structure-preserving parametric finite element method [9, 12] uses a
symmetric surface energy matrix 𝒁𝑘 . Applying the Cauchy inequality yields the stability condition
𝛾̂(𝜃) = 𝛾̂(𝜃 − 𝜋), and estimates of the minimal stabilizing function 𝑘0(𝜃) are available for several
surface energies 𝛾̂(𝜃). Subsequently, the works in [13, 14, 18, 107] introduced a nonsymmetric surface
energy matrix 𝑮𝑘 and refined the analysis to obtain the condition 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) > 0. In Chapter 2,
we further relaxed the condition to 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 0, with the additional requirement 𝛾̂′(𝜃∗) = 0
whenever 3𝛾̂(𝜃∗) − 𝛾̂(𝜃∗ − 𝜋) = 0. However, an explicit characterization of the minimal stabilizing
function 𝑘0(𝜃) remained unavailable.

On the other hand, the analysis of the surface energy matrix 𝑮𝑘 in [14] first established that

(3.1) 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 0, ∀𝜃 ∈ 2𝜋T

is a necessary condition for the local energy estimate. Inspired by that proof, we show in Remark 3.5
that this condition is independent of the particular construction of 𝑮𝑘 or 𝒁𝑘 . Hence the energy
stability condition in Chapter 2 is almost optimal, apart from the additional requirement 𝛾̂′(𝜃∗) = 0.
This leads to three questions:

(i) Is this necessary condition also sufficient for energy stability?
(ii) If so, which surface energy matrix and analytical techniques yield this optimal condition?

(iii) How can we obtain an explicit estimate of the minimal stabilizing function 𝑘0(𝜃)?

In this chapter, we propose and analyze a structure-preserving parametric finite element method
(SP-PFEM) for two-dimensional anisotropic surface diffusion. Under the energy stability condition
(3.1), it preserves area conservation and unconditional energy stability without any additional
constraints. We thereby prove that the necessary condition (3.1) is also sufficient, establishing its
optimality within the framework of local energy estimates.

The chapter is organized as follows. Section 3.1 introduces a conservative form using the
symmetric surface energy matrix 𝒁̂𝑘(𝜃) and derives a weak formulation for anisotropic surface
diffusion. Section 3.2 presents a fully discrete parametric finite element scheme and states its
structure-preserving properties. In Section 3.3, we define the minimal stabilizing function 𝑘0(𝜃) and,
assuming its existence, establish a local energy estimate and prove energy stability. Section 3.3.3
proves the existence of 𝑘0(𝜃) and derives a global upper bound for 𝑘0(𝜃) using a sharp estimate
lemma. Finally, Section 3.4 presents numerical experiments examining accuracy, efficiency, and
structure preservation.

3.1. A symmetric surface energy matrix and a symmetrized conservative form

We introduce the following symmetric surface energy matrix:
35
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Definition 3.1 (Symmetric surface energy matrix).

(3.2)

𝒁̂𝑘(𝜃) B
(
𝛾̂(𝜃) − 𝛾̂′(𝜃) sin 2𝜃 𝛾̂′(𝜃) cos 2𝜃

𝛾̂′(𝜃) cos 2𝜃 𝛾̂(𝜃) + 𝛾̂′(𝜃) sin 2𝜃

)
+ 𝑘(𝜃)

(
sin2 𝜃 − cos𝜃 sin𝜃

− cos𝜃 sin𝜃 cos2 𝜃

)
, ∀𝜃 ∈ 2𝜋T.

Here 𝑘 : 2𝜋T → R≥0 is a prescribed stabilizing function.

Theorem 3.1. The surface energy matrix (3.2) satisfies the geometric identity

(3.3) 𝜇𝒏 + 𝜕𝑠
(
𝒁̂𝑘(𝜃)𝜕𝑠𝑿

)
= 0.

Proof. We note that 𝒏 = (− sin𝜃, cos𝜃)𝑇 and 𝝉 B 𝜕𝑠𝑿 = (cos𝜃, sin𝜃)𝑇 . An argument analogous
to (2.17) gives

(3.4) 𝜇𝒏 = −𝜕𝑠
(
𝛾̂(𝜃)𝜕𝑠𝑿 + 𝛾̂′(𝜃)𝒏

)
.

Since 𝒏𝑇𝜕𝑠𝑿 = 𝒏 · 𝝉 ≡ 0, the term 𝜕𝑠
(
𝑘(𝜃)𝒏𝒏𝑇𝜕𝑠𝑿

)
vanishes identically. We may therefore rewrite

(3.4) as

(3.5) 𝜇𝒏 = −𝜕𝑠
(
𝛾̂(𝜃)𝜕𝑠𝑿 + 𝛾̂′(𝜃)𝒏 + 𝑘(𝜃)𝒏𝒏𝑇𝜕𝑠𝑿

)
.

Set

(3.6) 𝐿𝜃 B

(
− sin 2𝜃 cos 2𝜃
cos 2𝜃 sin 2𝜃

)
,

Applying this matrix to the tangent vector 𝜕𝑠𝑿 = 𝝉 gives

(3.7) 𝐿𝜃𝜕𝑠𝑿 =

(
− sin 2𝜃 cos 2𝜃
cos 2𝜃 sin 2𝜃

) (
cos𝜃
sin𝜃

)
=

(
− sin𝜃

cos𝜃

)
= 𝒏.

Hence

(3.8)
𝒁̂𝑘(𝜃)𝜕𝑠𝑿 =

(
𝛾̂(𝜃)𝐼2 + 𝛾̂′(𝜃)𝐿𝜃 + 𝑘(𝜃)𝒏𝒏𝑇

)
𝜕𝑠𝑿

= 𝛾̂(𝜃)𝜕𝑠𝑿 + 𝛾̂′(𝜃)𝒏 + 𝑘(𝜃)𝒏𝒏𝑇𝜕𝑠𝑿 ,

Substitution of (3.8) into (3.5) proves the desired identity. □

Using the geometric identity (3.3), we rewrite the two-dimensional anisotropic surface diffusion
equations (2.8) in the following symmetrized conservative form:

𝜕𝑡𝑿 · 𝒏 − 𝜕𝑠𝑠𝜇 = 0, 0 < 𝑠 < 𝐿(𝑡), 𝑡 > 0,(3.9a)

𝜇𝒏 + 𝜕𝑠
(
𝒁̂𝑘(𝜃)𝜕𝑠𝑿

)
= 0,(3.9b)

where 𝐿(𝑡) =
´
Γ(𝑡) d𝑠 is the length of Γ(𝑡).

3.2. A symmetrized structure-preserving parametric finite element scheme

In this section, we introduce a parametric finite element scheme based on the conservative form
(3.9) and describe its structure-preserving properties.



Chapter 3. Optimal energy stability 37

3.2.1. Weak formulation. As in the derivation of (2.27), multiplying (3.9) by the test functions
𝜑 ∈ 𝐻1

𝑝(I),𝝎 ∈ [𝐻1
𝑝(I)]2 and integrating by parts yields the following weak formulation of (3.9):

given an initial closed curve Γ(0) = 𝑿 (·, 0) = 𝑿0 ∈ [𝐻1
𝑝(I)]2, find

(
𝑿 (·, 𝑡), 𝜇(·, 𝑡)

)
∈ [𝐻1

𝑝(I)]2 × 𝐻1
𝑝(I)

satisfying (
𝒏 · 𝜕𝑡𝑿 , 𝜑

)
Γ(𝑡)

+
(
𝜕𝑠𝜇, 𝜕𝑠𝜑

)
Γ(𝑡)

= 0, ∀𝜑 ∈ 𝐻1
𝑝(I),(3.10a) (

𝜇𝒏 ,𝝎
)
Γ(𝑡)

−
(
𝒁̂𝑘(𝜃)𝜕𝑠𝑿 , 𝜕𝑠𝝎

)
Γ(𝑡)

= 0, ∀𝝎 ∈ [𝐻1
𝑝(I)]2.(3.10b)

Remark 3.1. Under the one-to-one correspondence 𝒏 B 𝒏(𝜃) = (− sin𝜃, cos𝜃)𝑇 , the surface energy
matrix 𝒁̂𝑘(𝜃) becomes the matrix 𝒁𝑘(𝒏) in [9].

Proposition 3.1 (Area conservation and energy dissipation). Let Γ(𝑡) be determined by a solution
(𝑿 (·, 𝑡), 𝜇(·, 𝑡)) of (3.10). Its enclosed area 𝐴(𝑡) is conserved, and its total free energy 𝑊(𝑡) is dissipated,
namely

(3.11) 𝐴(𝑡) ≡ 𝐴(0), 𝑊(𝑡) ≤ 𝑊(𝑡1) ≤ 𝑊(0), ∀𝑡 ≥ 𝑡1 ≥ 0.

The quantities 𝐴(𝑡),𝑊(𝑡) are defined in (2.28).

The proof of Proposition 3.1 is analogous to that of Proposition 2.1, so we omit the details.

3.2.2. Fully discrete scheme. Let 𝜏 be a uniform time step, and let Γ𝑚 = 𝑿𝑚(·) approximate
Γ(𝑡𝑚 = 𝑚𝜏). Based on the weak formulation (3.10), the symmetrized fully discrete structure-preserving
parametric finite element scheme for (2.8) reads as follows: given an initial curve Γ0 = 𝑿 0(·) ∈ [Kℎ

𝑝 ]2, find(
𝑿𝑚+1(·), 𝜇𝑚+1(·)

)
∈ [Kℎ

𝑝 ]2 ×Kℎ
𝑝 , 𝑚 = 0, 1, 2, . . . such that(

𝒏𝑚+ 1
2 · 𝑿

𝑚+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(
𝜕𝑠𝜇

𝑚+1 , 𝜕𝑠𝜑
ℎ
) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ Kℎ
𝑝 ,(3.12a) (

𝜇𝑚+1𝒏𝑚+ 1
2 ,𝝎ℎ

) ℎ
Γ𝑚

−
(
𝒁̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠𝝎

ℎ
) ℎ
Γ𝑚

= 0, ∀𝝎ℎ ∈ [Kℎ
𝑝 ]2 ,(3.12b)

where

(3.13) 𝒏𝑚+ 1
2 = −1

2
(
𝜕𝑠𝑿𝑚 + 𝜕𝑠𝑿𝑚+1)⊥ = − 1

2|𝜕𝜌𝑿𝑚|
(
𝜕𝜌𝑿𝑚 + 𝜕𝜌𝑿𝑚+1)⊥ .

The discrete geometric quantities and operators are defined in (2.43)–(2.47).

Remark 3.2. The spatial semidiscretization of (3.9) is analogous to (2.48), with only the surface
energy matrix replaced. It also preserves area conservation and energy dissipation.

3.2.3. Structure preservation. Let 𝐴𝑚 ,𝑊𝑚 denote the enclosed area and total free energy of the
discrete curve Γ𝑚 , respectively, as defined in (2.55).

Theorem 3.2 (Structure preservation). Suppose that 𝛾̂ ∈ 𝐶2(2𝜋T) is strictly positive and satisfies the
optimal energy stability condition (3.1). The scheme (3.12) preserves area conservation and, for sufficiently
large 𝑘(𝜃), unconditional energy dissipation, namely

(3.14) 𝐴𝑚+1 = 𝐴𝑚 = · · · = 𝐴0 , 𝑊𝑚+1 ≤ 𝑊𝑚 ≤ · · · ≤ 𝑊0 , ∀𝑚 ≥ 0.

Area conservation is proved as in Theorem 2.2. The detailed proof of energy dissipation is given
in the next section.

Remark 3.3. In the 𝛾(𝒏) formulation, the scheme (3.12) becomes the structure-preserving parametric
finite element method in [9]. Theorem 3.2 substantially improves the energy stability condition
𝛾(𝒏) = 𝛾(−𝒏), or equivalently 𝛾̂(𝜃) = 𝛾̂(𝜃 − 𝜋), in [9]. The analysis in the 𝛾̂(𝜃) formulation shows
that the symmetry condition 𝛾̂(𝜃) = 𝛾̂(𝜃 − 𝜋) for the symmetrized structure-preserving scheme can
be relaxed to the optimal condition (3.1) without additional assumptions.
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3.3. Proof of unconditional energy stability

We introduce the auxiliary functions

𝑃𝛼(𝜙, 𝜃) B 𝛾̂(𝜃) − 𝛾̂′(𝜃) sin 2𝜙 + 𝛼 sin2 𝜙,(3.15a)
𝑄(𝜙, 𝜃) B 𝛾̂(𝜃 − 𝜙) + 𝛾̂(𝜃) cos 𝜙 − 𝛾̂′(𝜃) sin 𝜙,(3.15b)

and define the minimal stabilizing function by

(3.16) 𝑘0(𝜃) B inf
{
𝛼 ≥ 0 | 4𝛾̂(𝜃)𝑃𝛼(𝜙, 𝜃) ≥ 𝑄2(𝜙, 𝜃), ∀𝜙 ∈ 2𝜋T

}
.

The following theorem ensures the existence of 𝑘0(𝜃) and provides a global upper bound:

Theorem 3.3. Suppose that 𝛾̂ ∈ 𝐶2(2𝜋T) is strictly positive and satisfies (3.1). Then the minimal stabilizing
function 𝑘0(𝜃) defined in (3.16) is well-defined. Moreover,

(3.17) 𝑘0(𝜃) ≤
1

4𝛾̂(𝜃)
[
𝐴2(𝜃) + 4𝛾̂(𝜃)𝐴(𝜃) + 4|𝛾̂′(𝜃)|2

]
< ∞,

where

(3.18) 𝐴(𝜃) B 𝜋2

8

(
5 sup

2𝜋T
|𝛾̂′′| + 5|𝛾̂′(𝜃)| + 𝛾̂(𝜃)

)
.

The proof of Theorem 3.3 is given in Section 3.3.3.

Remark 3.4. Earlier existence proofs for the minimal stabilizing function relied on the finite
subcover theorem [13, 14, 149] and did not provide a global estimate. Numerical computations
therefore typically required solving an optimization problem to approximate 𝑘0(𝜃). Theorem 3.3
provides the first global estimate of 𝑘0(𝜃), eliminating the need for this preliminary computation in
applications.

3.3.1. The local energy estimate revisited.

Lemma 3.1 (Local energy estimate). For any 𝒑, 𝒒 ∈ R2\{0}, write 𝒑 = |𝒑|(cos 𝜑, sin 𝜑)𝑇 , 𝒒 =

|𝒒|(cos𝜃, sin𝜃)𝑇 . For sufficiently large 𝑘(𝜃),

(3.19) 1
|𝒒|

(
𝒁̂𝑘(𝜃)𝒑

)
· (𝒑 − 𝒒) ≥ 𝛾̂(𝜑)|𝒑| − 𝛾̂(𝜃)|𝒒|.

Proof. Recalling the definition of 𝒁̂𝑘(𝜃) in (3.2), we have

(3.20)

1
|𝒒|

(
𝒁̂𝑘(𝜃)𝒑

)
· 𝒑 =

|𝒑|2
|𝒒| 𝒁̂𝑘(𝜃)

(
cos 𝜑
sin 𝜑

)
·
(

cos 𝜑
sin 𝜑

)
=

|𝒑|2
|𝒒|

(
𝛾̂(𝜃) − 𝛾̂′(𝜃) sin 2(𝜃 − 𝜑) + 𝑘(𝜃) sin2(𝜃 − 𝜑)

)
=

|𝒑|2
|𝒒| 𝑃𝑘(𝜃 − 𝜑, 𝜃).

and

(3.21)

1
|𝒒|

(
𝒁̂𝑘(𝜃)𝒑

)
· 𝒒 = |𝒑|𝒁̂𝑘(𝜃)

(
cos 𝜑
sin 𝜑

)
·
(

cos𝜃
sin𝜃

)
= |𝒑|

(
𝛾̂(𝜃) cos(𝜃 − 𝜑) − 𝛾̂′(𝜃) sin(𝜃 − 𝜑)

)
= |𝒑|

(
𝑄(𝜃 − 𝜑, 𝜃) − 𝛾̂(𝜑)

)
.

Theorem 3.3 gives 4𝛾̂(𝜃)𝑃𝑘(𝜃 − 𝜑, 𝜃) ≥ 𝑄2(𝜃 − 𝜑, 𝜃) for every 𝑘(𝜃) ≥ 𝑘0(𝜃). Hence

(3.22)
1
|𝒒|

(
𝒁̂𝑘(𝜃)𝒑

)
· (𝒑 − 𝒒) ≥ |𝒑|2

4𝛾̂(𝜃)|𝒒|𝑄
2(𝜃 − 𝜑, 𝜃) − |𝒑|𝑄(𝜃 − 𝜑, 𝜃) + |𝒑|𝛾̂(𝜑)

≥ |𝒑|𝛾̂(𝜑) − |𝒒|𝛾̂(𝜃).
The last inequality follows from 1

4𝑎 𝑡
2 − 𝑡 ≥ −𝑎, ∀𝑡 ∈ R, 𝑎 > 0. □
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Remark 3.5. Taking 𝒑 = −𝒒 in (3.19) gives 𝜃 = 𝜑+𝜋, |𝒑| = |𝒒|. The local energy estimate (3.19) then
yields 2𝛾̂(𝜃) ≥ 𝛾̂(𝜃−𝜋)− 𝛾̂(𝜃), which is precisely (3.1). This conclusion extends to any surface energy

matrix 𝒁̂(𝜃) satisfying
(
cos𝜃 sin𝜃

)
𝒁̂(𝜃)

(
cos𝜃
sin𝜃

)
= 𝛾̂(𝜃), including 𝑮̂𝑘(𝜃) as stated in Remark 2.10.

Thus, within the framework of local energy estimates, the energy stability condition (3.1) is optimal
and cannot be further relaxed.

3.3.2. Unconditional energy stability.

Proof. Choose 𝑘(𝜃) sufficiently large that 𝑘(𝜃) ≥ 𝑘0(𝜃).
For every 𝑚 ≥ 0, we have

(3.23)

(
𝒁̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

=

𝑁∑
𝑗=1

[
|𝒉𝑚𝑗 |

(
𝒁̂𝑘(𝜃𝑚𝑗 )

𝒉𝑚+1
𝑗

|𝒉𝑚
𝑗
|

)
·
𝒉𝑚+1
𝑗

− 𝒉𝑚
𝑗

|𝒉𝑚
𝑗
|

]
=

𝑁∑
𝑗=1

[
1

|𝒉𝑚
𝑗
|
(
𝒁̂𝑘(𝜃𝑚𝑗 )𝒉𝑚+1

𝑗

)
· (𝒉𝑚+1

𝑗 − 𝒉𝑚𝑗 )
]
.

Combining the local energy estimate (3.19) with (3.23) gives

(3.24)

(
𝒁̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

≥
𝑁∑
𝑗=1

[
|𝒉𝑚+1
𝑗 |𝛾̂(𝜃𝑚+1

𝑗 ) − |𝒉𝑚𝑗 |𝛾̂(𝜃𝑚𝑗 )
]

=

𝑁∑
𝑗=1

|𝒉𝑚+1
𝑗 |𝛾̂(𝜃𝑚+1

𝑗 ) −
𝑁∑
𝑗=1

|𝒉𝑚𝑗 |𝛾̂(𝜃𝑚𝑗 ) =𝑊𝑚+1 −𝑊𝑚 .

Taking 𝜑ℎ = 𝜇𝑚+1 ,𝝎ℎ = 𝑿𝑚+1 − 𝑿𝑚 in (3.12) gives

(3.25)

(
𝒁̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

=

(
𝜇𝑚+1𝒏𝑚+ 1

2 ,𝑿𝑚+1 − 𝑿𝑚
) ℎ
Γ𝑚

= −𝜏
(
𝜕𝑠𝜇

𝑚+1 , 𝜕𝑠𝜇
𝑚+1

) ℎ
Γ𝑚
.

Combining this with (3.24) yields

(3.26) 𝑊𝑚+1 −𝑊𝑚 ≤ −𝜏
(
𝜕𝑠𝜇

𝑚+1 , 𝜕𝑠𝜇
𝑚+1

) ℎ
Γ𝑚

≤ 0, ∀𝑚 ≥ 0.

This completes the proof. □

3.3.3. A global estimate for the minimal stabilizing function. To prove the existence of 𝑘0(𝜃)
under the optimal condition (3.1), we need a sharp estimate of 𝑄(𝜙, 𝜃). Unlike the estimates in [13,
149], this estimate explicitly uses both 𝑃𝛼(𝜙, 𝜃) and 𝛾̂(𝜃). Lemma 3.2 provides the estimate that is
central to the existence proof.

Remark 3.6. In [149] and Section 2.4.4, 𝑄(𝜙, 𝜃) is controlled only by 𝛾̂(𝜃). In [13], the authors
couple 𝑃𝛼(𝜙, 𝜃) separately with 𝑄(𝜙, 𝜃), 𝛾̂(𝜃) to obtain the required estimates. These estimates are
therefore less precise. Here we explicitly combine 𝑃𝛼(𝜙, 𝜃), 𝛾̂(𝜃) with 𝑄(𝜙, 𝜃) to obtain a sharper
bound.

Lemma 3.2. Let 𝑓 be a nonnegative 𝐶2 function on 2𝜋T. For every positive constant 𝐶 ≥ sup
2𝜋T

| 𝑓 ′′|,

(3.27) | 𝑓 ′(𝑥)𝑦| ≤ 𝑓 (𝑥) + 1
2 sup

2𝜋T
| 𝑓 ′′| 𝑦2 ≤ 𝑓 (𝑥) + 𝐶

2 𝑦
2 , ∀𝑥, 𝑦 ∈ 2𝜋T.
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Proof. The mean value theorem and the nonnegativity of 𝑓 give, for every 𝐶 ≥ sup
2𝜋T

| 𝑓 ′′|,

(3.28) 0 ≤ 𝑓 (𝑥 + 𝑦) ≤ 𝑓 (𝑥) + 𝑓 ′(𝑥)𝑦 + 𝐶

2 𝑦
2 , ∀𝑥, 𝑦 ∈ 2𝜋T,

That is, − 𝑓 ′(𝑥)𝑦 ≤ 𝑓 (𝑥)+ 𝐶
2 𝑦

2. Replacing 𝑦 by−𝑦 gives 𝑓 ′(𝑥)𝑦 ≤ 𝑓 (𝑥)+ 𝐶
2 𝑦

2 by the same argument. □

Remark 3.7. Lemma 3.2 is essential for controlling 𝑄(𝜙, 𝜃) and analyzing the critical case 𝜙 = 𝜋.
An analogous inequality is difficult to obtain in the 𝛾(𝒏) formulation.

Remark 3.8. Establishing an analogue of Lemma 3.2 in the 𝛾(𝒏) formulation presents several
difficulties. Expanding 𝛾(𝒏) at a point 𝒏0 introduces the Hessian 𝑯𝛾, which is undefined at 0. If the
line joining 𝒏 , 𝒏0 passes through the origin, 𝑯𝛾 becomes unbounded, preventing effective control of
the gradient ∇𝛾(𝒏). Even if a comparable estimate could be obtained, its coefficient would depend on
𝒏0, whereas the 𝛾̂(𝜃) formulation permits an absolute constant.

Lemma 3.3 (Estimate of 𝑄(𝜙, 𝜃)). Suppose that the optimal energy stability condition (3.1) holds. Then
𝑄(𝜙, 𝜃), defined in (3.15b), satisfies

(3.29) |𝑄(𝜙, 𝜃)| ≤ |𝑃𝐴(𝜃)(𝜙, 𝜃) + 𝛾̂(𝜃)|, ∀𝜙 ∈ 2𝜋T,

The quantity 𝐴(𝜃) is defined in (3.18).

Proof. We first obtain a lower bound for 𝑄(𝜙, 𝜃) as follows:

𝑄(𝜙, 𝜃) + 𝑃0(𝜙, 𝜃) + 𝛾̂(𝜃) = 𝛾̂(𝜃 − 𝜙) + 𝛾̂(𝜃)(2 + cos 𝜙) − 𝛾̂′(𝜃)(sin 𝜙 + sin 2𝜙)
≥ 𝛾̂(𝜃 − 𝜙) + 𝛾̂(𝜃) − 𝛾̂′(𝜃)(1 + 2 cos 𝜙) sin 𝜙

≥ 𝛾̂(𝜃) − 3|𝛾̂′(𝜃)|| sin 𝜙|

≥ −9
2 sup

2𝜋T
|𝛾̂′′| sin2 𝜙,

The last inequality follows from (3.28). Moreover, using 𝐴(𝜃) ≥ 9
2 sup

2𝜋T
|𝛾̂′′| and 𝑃𝐴(𝜃)(𝜙, 𝜃) =

𝑃0(𝜙, 𝜃) + 𝐴(𝜃) sin2 𝜙 gives

(3.30) 𝑄(𝜙, 𝜃) ≥ −𝑃𝐴(𝜃)(𝜙, 𝜃) − 𝛾̂(𝜃), ∀𝜙 ∈ 2𝜋T.

For the opposite inequality, we first note that 𝑄(0, 𝜃) −𝑃0(0, 𝜃) − 𝛾̂(𝜃) = 0 and 𝑄(𝜋, 𝜃) −𝑃0(𝜋, 𝜃) −
𝛾̂(𝜃) = − (3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋)) ≤ 0. We consider two cases.

Case 1: |𝜙| ≤ 𝜋
2 . Applying the mean value theorem to 𝑄(·, 𝜃) − 𝑃0(·, 𝜃) − 𝛾̂(𝜃) on [𝜙, 0] gives

𝜉 ∈ [𝜙, 0], |𝜉| ≤ 𝜋
2 such that

(3.31)

𝑄(𝜙, 𝜃) − 𝑃0(𝜙, 𝜃) − 𝛾̂(𝜃)

=
1
2 (𝛾̂′′(𝜃 − 𝜉) − 𝛾̂(𝜃) cos 𝜉 + 𝛾̂′(𝜃) sin 𝜉 − 4𝛾̂′(𝜃) sin 2𝜉)𝜙2

≤ 1
2

(
sup
2𝜋T

|𝛾̂′′| + 5|𝛾̂′(𝜃)| + 𝛾̂(𝜃)
) (

𝜋2

4 sin2 𝜙

)
≤ 𝐴(𝜃) sin2 𝜙.

Case 2: |𝜙 − 𝜋| < 𝜋
2 . By (3.1), 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) is a nonnegative 𝐶2 function. Applying Lemma 3.2

gives

(3.32)

��(3𝛾̂′(𝜃) − 𝛾̂′(𝜃 − 𝜋)) (𝜙 − 𝜋)
��

≤ (3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋)) +
sup
𝜃∈2𝜋T

|3𝛾̂′′(𝜃) − 𝛾̂′′(𝜃 − 𝜋)|

2 (𝜙 − 𝜋)2

≤ (3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋)) + 2 sup
2𝜋T

|𝛾̂′′|(𝜙 − 𝜋)2 , ∀|𝜙 − 𝜋| < 𝜋
2 .
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Applying the mean value theorem to 𝑄(·, 𝜃) − 𝑃0(·, 𝜃) − 𝛾̂(𝜃) on [𝜙,𝜋] gives 𝜉 ∈ [𝜙,𝜋], |𝜉 − 𝜋| < 𝜋
2

such that
𝑄(𝜙, 𝜃) − 𝑃0(𝜙, 𝜃) − 𝛾̂(𝜃)
= − (3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋)) + (3𝛾̂′(𝜃) − 𝛾̂′(𝜃 − 𝜋)) (𝜙 − 𝜋)

+ 1
2 (𝛾̂′′(𝜃 − 𝜉) − 𝛾̂(𝜃) cos 𝜉 + 𝛾̂′(𝜃) sin 𝜉 − 4𝛾̂′(𝜃) sin 2𝜉) (𝜙 − 𝜋)2

≤ − (3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋)) + (3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋))

+ 1
2

(
sup
2𝜋T

|𝛾̂′′| + 5|𝛾̂′(𝜃)| + 𝛾̂(𝜃) + 4 sup
2𝜋T

|𝛾̂′′|
)
(𝜙 − 𝜋)2

≤ 𝜋2

8

(
5 sup

2𝜋T
|𝛾̂′′| + 5|𝛾̂′(𝜃)| + 𝛾̂(𝜃)

)
sin2 (

𝜙 − 𝜋
)
= 𝐴(𝜃) sin2 𝜙.

Combining (3.31) and (3.33) yields

(3.33) 𝑄(𝜙, 𝜃) ≤ 𝑃0(𝜙, 𝜃) + 𝛾̂(𝜃) + 𝐴(𝜃) sin2 𝜙 = 𝑃𝐴(𝜃)(𝜙, 𝜃) + 𝛾̂(𝜃), ∀𝜙 ∈ 2𝜋T.

This completes the proof. □

We now use the sharp estimate in Lemma 3.3 to prove Theorem 3.3.

Proof. (Existence of the minimal stabilizing function)
By Lemma 3.3,

(3.34) 𝑄2(𝜙, 𝜃) ≤
(
𝑃𝐴(𝜃)(𝜙, 𝜃) + 𝛾̂(𝜃)

)2
.

Recalling the definition of 𝑃𝛼(𝜙, 𝜃) in (3.15a), we have 𝑃𝛼(𝜙, 𝜃) = 𝑃0(𝜙, 𝜃) + 𝛼 sin2 𝜙, and hence

(3.35)

4𝛾̂(𝜃)𝑃𝛼(𝜙, 𝜃) −𝑄2(𝜙, 𝜃)
≥ 4𝛾̂(𝜃)𝑃𝐴(𝜃)(𝜙, 𝜃) −

(
𝑃𝐴(𝜃)(𝜙, 𝜃) + 𝛾̂(𝜃)

)2 + 4𝛾̂(𝜃) (𝛼 − 𝐴(𝜃)) sin2 𝜙

= −
(
𝑃𝐴(𝜃)(𝜙, 𝜃) − 𝛾̂(𝜃)

)2 + 4𝛾̂(𝜃) (𝛼 − 𝐴(𝜃)) sin2 𝜙

=

(
−

(
−2𝛾̂′(𝜃) cos 𝜙 + 𝐴(𝜃) sin 𝜙

)2 + 4𝛾̂(𝜃) (𝛼 − 𝐴(𝜃))
)

sin2 𝜙

≥
[
4𝛾̂(𝜃)𝛼 − 𝐴2(𝜃) − 4|𝛾̂′(𝜃)|2 − 4𝛾̂(𝜃)𝐴(𝜃)

]
sin2 𝜙.

The last inequality follows from |𝑎 cos 𝜙 + 𝑏 sin 𝜙| ≤
√
𝑎2 + 𝑏2.

Therefore, for every 𝛼 ≥ 1
4𝛾̂(𝜃)

[
𝐴2(𝜃) + 4𝛾̂(𝜃)𝐴(𝜃) + 4|𝛾̂′(𝜃)|2

]
, we have

(3.36) 4𝛾̂(𝜃)𝑃𝛼(𝜙, 𝜃) −𝑄2(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 2𝜋T.

Consequently,

(3.37) 𝑘0(𝜃) ≤
1

4𝛾̂(𝜃)
[
𝐴2(𝜃) + 4𝛾̂(𝜃)𝐴(𝜃) + 4|𝛾̂′(𝜃)|2

]
< ∞.

□

3.4. Numerical experiments

In this section, we present numerical experiments for (3.12). We first examine efficiency and
accuracy through convergence tests, then verify its structure-preserving properties: area conservation
and unconditional energy stability.

We mainly consider the following two anisotropic surface energies:
• Case I: 𝛾̂(𝜃) = 1 + 𝛽 cos 3𝜃, where |𝛽| < 1. This energy is weakly anisotropic when |𝛽| < 1

8
and strongly anisotropic otherwise.

• Case II: 𝛾̂(𝜃) =
√( 5

2 + 3
2 sgn(𝑛1)

)
𝑛2

1 + 𝑛2
2 , where 𝒏 = (𝑛1 , 𝑛2)𝑇 = (− sin𝜃, cos𝜃)𝑇 .
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The scheme (3.12) is formally second-order accurate in space and first-order accurate in time.
Unless otherwise stated, we therefore use the time step 𝜏 = ℎ2. The definitions of the numerical error
𝑒 ℎ , weighted mesh ratio 𝑅ℎ𝛾, and normalized area loss and energy are given in (2.97)–(2.100). Since
an analytic exact solution is unavailable, we approximate Γ(𝑡 = 𝑡𝑚) using (3.12) on the fine mesh
ℎ𝑒 = 2−8 , 𝜏𝑒 = 2−16.

We solve the nonlinear scheme (3.12) by a Newton method analogous to that in Appendix A, with
tolerance tol = 10−12.

We first verify the upper bound for 𝑘0(𝜃) in Theorem 3.3; see Figure 3.1. Here 𝐾(𝜃) denotes the
bound given in (3.17).

Figure 3.1. Minimal stabilizing function 𝑘0(𝜃) and upper bound 𝐾(𝜃) in (3.17) for Case I with
𝛽 = 1

2 .

Figure 3.2. Convergence rates of the SP-PFEM (3.12) for Case I with 𝛽 = 1/9 (a) at different
times with 𝑘(𝜃) = 𝑘0(𝜃), and (b) at 𝑡 = 0.5 with different 𝑘(𝜃); and for Case II (c) at different

times with 𝑘(𝜃) = 𝑘0(𝜃), and (d) at 𝑡 = 0.5 with different 𝑘(𝜃).
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Figure 3.3. Normalized area loss (blue dashed line) and number of Newton iterations (red
line) of the SP-PFEM (3.12) with 𝑘(𝜃) = 𝑘0(𝜃) and ℎ = 2−6 , 𝜏 = 2−12 for (a) Case I with 𝛽 = 1/2;

(b) Case II.

Figure 3.4. Normalized energy of the SP-PFEM (3.12) with 𝑘(𝜃) = 𝑘0(𝜃) for (a) Case I with
𝛽 = 1/2; (b) Case II.

3.4.1. Convergence rates and structure preservation. Figures 3.2–3.5 show the following results:
• The scheme (3.12) is second-order accurate in space and first-order accurate in time; see

Figure 3.2.
• The normalized area loss is approximately 10−15, on the order of round-off error; see

Figure 3.3. Thus the enclosed area is preserved to machine precision.
• The number of Newton iterations quickly decreases to 2 and eventually to 1. Thus this

semi-implicit scheme can be solved efficiently; see Figure 3.3.
• When 𝛾̂(𝜃) satisfies (3.1), the normalized energy is monotonically decreasing; see Figure 3.4.

For Case I, (3.1) requires 0 < 𝛽 ≤ 1
2 . Figure 3.4(a) shows that (3.12) still dissipates energy

when 𝛽 takes its maximum value, confirming Theorem 3.2. Unlike the method in [9], the
scheme (3.12) is also unconditionally energy stable for asymmetric surface energies.

• The weighted mesh ratio 𝑅ℎ𝛾(𝑡) approaches a constant as 𝑡 → +∞, indicating an asymptoti-
cally quasi-uniform mesh distribution for (3.12); see Figure 3.5.

3.4.2. Morphological evolution under two-dimensional surface diffusion. We now apply (3.12)
to simulate the morphological evolution of closed curves under anisotropic surface diffusion, using
the mesh size ℎ = 2−6 and time step 𝜏 = ℎ2.
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Figure 3.5. Weighted mesh ratio of the SP-PFEM (3.12) for Case I with 𝛽 = 1/9 is illustrated in
(a) for 𝑘(𝜃) = 𝑘0(𝜃) with different ℎ, and in (b) for different 𝑘(𝜃) with ℎ = 2−6; and for Case II
is presented in (c) for 𝑘(𝜃) = 𝑘0(𝜃) with different ℎ, and in (d) for different 𝑘(𝜃) with ℎ = 2−6.

Figure 3.6 shows the evolution of an ellipse with major axis 4 and minor axis 1 under anisotropic
surface diffusion with four surface energies:

(a) three-fold symmetric anisotropy [11]: 𝛾̂(𝜃) = 1 + 1
2 cos 3𝜃;

(b) piecewise ellipsoidal anisotropy [44]: 𝛾̂(𝜃) =

√( 5
2 + 3

2 sgn(𝑛1)
)
𝑛2

1 + 𝑛2
2, where 𝒏 =

(𝑛1 , 𝑛2)𝑇 B (− sin𝜃, cos𝜃)𝑇 ;
(c) four-fold symmetric anisotropy [11, 147]: 𝛾̂(𝜃) = 1 + 1

10 cos 4𝜃;

(d) regularized crystalline anisotropy [119]: 𝛾̂(𝜃) = 1 +
√
𝜀2 + (1 − 𝜀2) sin2 𝑚

2 𝜃, where 𝜀 =

0.1, 𝑚 = 7.
Among these surface energies, anisotropy (c) is symmetric, whereas the others are asymmetric.

Figure 3.6 shows that, compared with the symmetrized structure-preserving parametric finite element
method in [9], the scheme (3.12) applies to both symmetric and asymmetric surface energies.
Figure 3.6(b) also shows that the method works for 𝛾̂(𝜃) with limited regularity, namely globally 𝐶1

and piecewise 𝐶2 anisotropies. This extends its applicability to a broader class of surface energies.

3.5. Chapter summary

We have proposed a structure-preserving parametric finite element method for two-dimensional
anisotropic surface diffusion with the optimal energy stability condition 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 0.
Introducing the symmetric surface energy matrix 𝒁̂𝑘(𝜃) gives a conservative weak formulation of
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Figure 3.6. Morphological evolution of an ellipse with major axis 4 and minor axis 1 under
anisotropic surface diffusion with different surface energies: (a) Case I with 𝛽 = 1/2; (b) Case

II; (c) the 4-fold anisotropy 𝛾̂(𝜃) = 1 + 1
10 cos 4𝜃; (d) the regularized crystalline anisotropy

𝛾̂(𝜃) = 1 +
√
𝜀2 + (1 − 𝜀2) sin2 𝑚

2 𝜃, with 𝜀 = 0.1, 𝑚 = 7. The red and blue lines represent the
initial shape and the numerical equilibrium, respectively. The black dashed lines represent

the intermediate curves.

anisotropic surface diffusion. We discretize this formulation using a parametric finite element method
with piecewise linear functions in space and the semi-implicit Euler method in time. The scheme is
second-order accurate in space and first-order accurate in time, and it preserves area conservation
at the fully discrete level. A sharp estimate lemma provides a global upper bound for the minimal
stabilizing function 𝑘0(𝜃) under condition 3𝛾̂(𝜃) − 𝛾̂(𝜃 −𝜋) ≥ 0, explicitly characterizing and proving
the existence of 𝑘0(𝜃) without additional assumptions. We then establish the required local energy
estimate and prove unconditional energy stability for sufficiently large 𝑘(𝜃) ≥ 𝑘0(𝜃). Since this
condition is also necessary for the local energy estimate, it is optimal within this framework. Numerical
experiments verify the efficiency, accuracy, and structure-preserving properties of the method. In the
𝛾(𝒏) formulation, the method becomes the symmetrized parametric finite element scheme in [9, 103].
Our analysis further relaxes the symmetry condition in [9, 103] to 3𝛾(𝒏) − 𝛾(−𝒏) ≥ 0.





CHAPTER 4

Applications: two-dimensional crystalline film evolution and solid-state
dewetting

This chapter studies the morphological evolution of two-dimensional crystalline films and islands
in the solid state. We use a sharp-interface model in which the film boundary is represented by a
moving curve. Interface motion is driven by a reduction in interfacial energy, and mass transport
occurs primarily through diffusion along the free surface. Crystalline surface energies are typically
anisotropic, leading to phenomena such as faceting and pinch-off. The conservative mass transport
of surface diffusion also produces substantial geometric rearrangements and topological changes as
the energy decreases.

In Section 4.1, we use the preceding methods to simulate crystalline film evolution under anisotropic
surface diffusion. We study film stability, pinch-off, and island formation, and examine how geometric
scales and anisotropy strength affect topological changes. In Section 4.2, we extend the structure-
preserving parametric finite element method to open curves in solid-state dewetting and discuss the
evolution toward multiple equilibria under strong anisotropy.

4.1. Two-dimensional crystalline film evolution

The morphological evolution of crystalline films driven by anisotropic surface diffusion has long
attracted attention in materials science and solid-state physics [136]. Theoretical and experimental
studies have advanced the understanding of interface dynamics, with applications to heterogeneous
catalysis [122], quantum dot fabrication [64], and solid-state dewetting [143, 136]. Previous studies
[49, 90] show that an island becomes unstable when its aspect ratio exceeds a critical value. It then
undergoes pinch-off and separates into several smaller islands.

In this section, we apply the scheme (3.12) to simulate pinch-off of long thin films under anisotropic
surface diffusion and examine the evolution and associated topological changes.

Figure 4.1. Normalized area and energy of a long thin film (aspect ratio of 50) governed by
anisotropic surface diffusion with the 4-fold anisotropy 𝛾̂(𝜃) = 1 + 1

16 cos 4𝜃.

47
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We first simulate a long thin film with aspect ratio 50 under the four-fold symmetric anisotropy
𝛾̂(𝜃) = 1 + 1

16 cos 4𝜃. Figure 4.1 shows the evolution of the normalized area and energy. Pinch-off
occurs at 𝑡 = 140.5, accompanied by a sudden decrease in energy, while the area remains conserved.

Figure 4.2. The number of islands formed from the pinch-off of a 2𝐿 × 1 long thin film as a
function of 𝐿 and anisotropy strength 𝛽 for: (left) the 2-fold anisotropy 𝛾̂(𝜃) = 1 + 𝛽 cos 2𝜃;

(right) the 3-fold anisotropy 𝛾̂(𝜃) = 1 + 𝛽 cos 3𝜃. The solid curves separate regions producing
one and two islands, and regions producing two and three islands.

Figure 4.3. The number of islands formed from the pinch-off of a 2𝐿 × 1 long thin film as a
function of 𝐿 and anisotropy strength 𝛽 for: (left) the 4-fold anisotropy 𝛾̂(𝜃) = 1 + 𝛽 cos 4𝜃;

(right) the 6-fold anisotropy 𝛾̂(𝜃) = 1 + 𝛽 cos 6𝜃. The solid curves separate regions producing
one and two islands, and regions producing two and three islands.

Both the film aspect ratio and the anisotropy strength influence island formation. To examine
their effects, we perform numerical experiments with different aspect ratios and anisotropy strengths.
Figures 4.2–4.3 summarize the results for the common 𝑚-fold symmetric anisotropy 𝛾̂(𝜃) = 1 +
𝛽 cos𝑚𝜃, 𝑚 = 2, 3, 4, 6.

For symmetric anisotropy 𝛾̂(𝜃) = 1 + 𝛽 cos𝑚𝜃, 𝑚 = 2, 4, 6, the boundaries between regions
producing one and two islands, and between those producing two and three islands, are approximated
by the following linear fits 𝐿 = 𝑝(𝑚)𝛽 + 𝑞(𝑚):
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• Boundary between one and two islands: 𝑝(𝑚) = −12.23𝑚2 + 8.04𝑚 − 7.86, 𝑞(𝑚) = 0.36𝑚 +
31.31;

• boundary between two and three islands: 𝑝(𝑚) = −35.07𝑚2 − 165.40𝑚 + 279.82, 𝑞(𝑚) =
0.18𝑚 + 83.06.

These results indicate that, at a fixed aspect ratio, increasing the strength of a symmetric anisotropy
promotes the formation of more islands.

For asymmetric anisotropy 𝛾̂(𝜃) = 1+𝛽 cos 3𝜃, we use a quadratic fit 𝐿 = 3285.70𝛽2−33.57𝛽+29.11
for the boundary between one and two islands, and a linear fit 𝐿 = −51.43𝛽 + 83.21 for the boundary
between two and three islands. At small aspect ratios, increasing the anisotropy strength instead
favors fewer islands. This behavior can be attributed to the asymmetry of the surface energy. The
two sets of simulations show that symmetric and asymmetric anisotropies can produce markedly
different morphological evolution of long thin films.

Finally, Figures 4.4 and 4.5 show the evolution of very thin films. In Figure 4.4, the asymmetry of
the surface energy produces different behavior on the upper and lower surfaces: pronounced peaks
and valleys form on the upper surface, whereas the lower surface remains relatively smooth and
nearly flat. Figure 4.5 shows that, at the same aspect ratio, a symmetric anisotropy favors more
islands than the isotropic surface energy.

Figure 4.4. Snapshots of the evolution of a 140 × 1 thin film under anisotropic surface
diffusion with 3-fold anisotropy 𝛾̂(𝜃) = 1 + 1

9 cos 3𝜃.

4.2. Two-dimensional solid-state dewetting

When a solid film is heated above a critical temperature that remains below its melting point, it
may undergo complex morphological changes. This phenomenon is called solid-state dewetting [136,
92, 139]. It has applications in thin film technology, including catalysts for semiconductor nanowire
growth [125] and optical and magnetic devices [4, 112]. In two dimensions, solid-state dewetting
can be viewed as open curve evolution governed by surface diffusion and moving contact lines; see
Figure 4.6. In this section, we extend the conservative formulation (2.20) and the structure-preserving
parametric finite element scheme (2.52) for closed curves to two-dimensional solid-state dewetting
[11, 92, 139].

4.2.1. The sharp-interface model and a stabilized formulation. As illustrated in Figure 4.6,
two-dimensional solid-state dewetting describes the evolution of an open curve

(4.1) Γ(𝑡) B 𝑿 (𝑠, 𝑡) = (𝑥(𝑠, 𝑡), 𝑦(𝑠, 𝑡))𝑇 , 0 ≤ 𝑠 ≤ 𝐿,

under anisotropic surface diffusion and contact line migration. Here 𝑠 and 𝑡 denote arc length and time,
respectively, and 𝐿 B 𝐿(𝑡) = |Γ(𝑡)| is the total length of Γ(𝑡). As derived in [11, 92, 139], the dewetting
of a film with a weakly anisotropic surface energy is described by the following dimensionless
sharp-interface model:

The open curve 𝑿 (𝑠, 𝑡) satisfies the anisotropic surface diffusion equations (2.6)–(2.7) with the
boundary conditions:

(i) Contact point condition

(4.2) 𝑦(0, 𝑡) = 0, 𝑦(𝐿, 𝑡) = 0, 𝑡 ≥ 0;
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Figure 4.5. Morphological evolution of a thin film with aspect ratio 80 under surface
diffusion: (left) isotropic; (right) 6-fold anisotropy 𝛾̂(𝜃) = 1 + 1

35.1 cos 6𝜃.

(ii) Relaxed contact angle condition

(4.3)
d𝑥 𝑙𝑐(𝑡)

d𝑡 = 𝜂 𝑓 (𝜃𝑙
𝑑
; 𝜎), d𝑥𝑟𝑐(𝑡)

d𝑡 = −𝜂 𝑓 (𝜃𝑟
𝑑
; 𝜎), 𝑡 ≥ 0;

(iii) Zero mass flux condition

(4.4) 𝜕𝑠𝜇(0, 𝑡) = 0, 𝜕𝑠𝜇(𝐿, 𝑡) = 0, 𝑡 ≥ 0;

Here 𝑥 𝑙𝑐(𝑡) = 𝑥(0, 𝑡) ≤ 𝑥𝑟𝑐(𝑡) = 𝑥(𝐿, 𝑡) denote the left and right contact points, respectively, and
𝜃𝑙
𝑑
B 𝜃𝑙

𝑑
(𝑡), 𝜃𝑟

𝑑
B 𝜃𝑟

𝑑
(𝑡) are the corresponding contact angles. The function 𝑓 (𝜃; 𝜎) is defined by

(4.5) 𝑓 (𝜃; 𝜎) B 𝛾̂(𝜃) cos𝜃 − 𝛾̂′(𝜃) sin𝜃 − 𝜎, 𝜃 ∈ 2𝜋T.

where 𝜎 B cos𝜃𝑌 =
𝛾𝑉𝑆−𝛾𝐹𝑆

𝛾𝐹𝑉
, 𝜃𝑌 is the isotropic Young contact angle, and 0 < 𝜂 < +∞ is the contact

line mobility [11, 92, 139].
As in (2.20), we derive the stabilized conservative form for solid-state dewetting:

𝒏 · 𝜕𝑡𝑿 − 𝜕𝑠𝑠𝜇 = 0, 0 < 𝑠 < 𝐿(𝑡), 𝑡 > 0,(4.6a)

𝜇𝒏 + 𝜕𝑠
(
𝑮̂𝑘(𝜃)𝜕𝑠𝑿

)
= 0,(4.6b)

with boundary conditions (4.2)–(4.4), where 𝑮̂𝑘(𝜃) is the stabilized surface energy matrix defined in
(2.10).
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Figure 4.6. An illustration of solid-state dewetting of a thin film on a flat rigid substrate in 2D,
where 𝛾𝐹𝑉 = 𝛾̂(𝜃), 𝛾𝑉𝑆 , 𝛾𝐹𝑆 denote the surface energy densities of the film/vapor,

vapor/substrate, and film/substrate interfaces, respectively, and 𝑥 𝑙𝑐 , 𝑥𝑟𝑐 are the left and right
contact points.

4.2.2. Weak formulation. Let Γ(𝑡) be parameterized by a time-independent parameter 𝜌 on the
fixed interval 𝜌 ∈ I = [0, 1], namely

(4.7) Γ(𝑡) B 𝑿 (𝜌, 𝑡) = (𝑥(𝜌, 𝑡), 𝑦(𝜌, 𝑡))𝑇 : I × R+ → R2 ,

The arc length parameter 𝑠 is then given by 𝑠 =
´ 𝜌

0 |𝜕𝑞𝑿 (𝑞, 𝑡)|d𝑞. Again, we use 𝑿 (𝑠, 𝑡) and 𝑿 (𝜌, 𝑡)
interchangeably.

We introduce the function space

(4.8) 𝐻1
0 (I) B

{
𝑢 ∈ 𝐻1(I) | 𝑢(0) = 𝑢(1) = 0

}
, X B 𝐻1(I) × 𝐻1

0 (I).
Following the derivation in Section 2.3, the weak formulation of (4.6) with boundary conditions
(4.2)–(4.4) reads as follows: given an initial open curve Γ(0) = 𝑿 (·, 0) = 𝑿0 ∈ X, find (𝑿 (·, 𝑡), 𝜇(·, 𝑡)) ∈
X × 𝐻1(I) such that(

𝒏 · 𝜕𝑡𝑿 , 𝜑
)
Γ(𝑡)

+
(
𝜕𝑠𝜇, 𝜕𝑠𝜑

)
Γ(𝑡)

= 0, ∀𝜑 ∈ 𝐻1(I),(4.9a) (
𝜇𝒏 ,𝝎

)
Γ(𝑡)

−
(
𝑮̂𝑘(𝜃)𝜕𝑠𝑿 , 𝜕𝑠𝝎

)
Γ(𝑡)

− 1
𝜂

[
d𝑥 𝑙𝑐(𝑡)

d𝑡 𝜔1(0) +
d𝑥𝑟𝑐(𝑡)

d𝑡 𝜔1(1)
]

+ 𝜎 [𝜔1(1) − 𝜔1(0)] = 0, ∀𝝎 = (𝜔1 , 𝜔2)𝑇 ∈ X.

(4.9b)

The area 𝐴𝑜(𝑡) enclosed by Γ(𝑡) and the substrate, and its total energy𝑊𝑜(𝑡), are defined by

(4.10) 𝐴𝑜(𝑡) B
ˆ
Γ(𝑡)

𝑦(𝑠, 𝑡)𝜕𝑠𝑥(𝑠, 𝑡)d𝑠, 𝑊𝑜(𝑡) B
ˆ
Γ(𝑡)

𝛾̂(𝜃)d𝑠 − 𝜎
(
𝑥𝑟𝑐(𝑡) − 𝑥 𝑙𝑐(𝑡)

)
.

As in the closed curve case, the weak formulation (4.9) preserves area conservation and energy
dissipation.

Proposition 4.1 (Area conservation and energy dissipation). Let Γ(𝑡) be determined by a solution
(𝑿 (·, 𝑡), 𝜇(·, 𝑡)) of the weak formulation (4.9). Then

(4.11) 𝐴𝑜(𝑡) ≡ 𝐴𝑜(0), 𝑊𝑜(𝑡) ≤ 𝑊𝑜(𝑡1) ≤ 𝑊𝑜(0), ∀𝑡 ≥ 𝑡1 ≥ 0.

More precisely,

(4.12) d
d𝑡 𝐴𝑜(𝑡) = 0, d

d𝑡𝑊𝑜(𝑡) = −
ˆ
Γ(𝑡)

|𝜕𝑠𝜇|2 d𝑠 − 1
𝜂

[(
d𝑥𝑟𝑐
d𝑡

)2

+
(
d𝑥 𝑙𝑐
d𝑡

)2]
≤ 0, 𝑡 ≥ 0.

The proof is analogous to that of Proposition 2.1, so we omit the details.
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4.2.3. A stabilized parametric finite element scheme and its properties. We introduce the finite
element space

(4.13) Kℎ
0 B

{
𝑢ℎ ∈ Kℎ | 𝑢ℎ(0) = 𝑢ℎ(1) = 0

}
, Xℎ B Kℎ ×Kℎ

0 .

The spatial semidiscretization of (4.9) and the proofs of its area conservation and energy dissipation
follow the same arguments as in Section 2.3; we omit the details.

Let 𝜏 be a uniform time step, and approximate Γ(𝑡) = 𝑿 (·, 𝑡) at 𝑡𝑚 = 𝑚𝜏, 𝑚 = 0, 1, . . . by
Γ𝑚 = 𝑿𝑚(·) = ∪𝑁

𝑗=1𝒉
𝑚
𝑗

, where 𝒉𝑚
𝑗
B 𝑿𝑚(𝜌 𝑗) − 𝑿𝑚(𝜌 𝑗−1). The structure-preserving stabilized parametric

finite element scheme for solid-state dewetting (4.6) reads as follows: let the initial approximation
Γ0(·) ∈ Xℎ be given by 𝑿 0(𝜌 𝑗) = 𝑿0(𝜌 𝑗), ∀0 ≤ 𝑗 ≤ 𝑁 . For every 𝑚 = 0, 1, 2, . . ., find (𝑿𝑚+1(·) =

(𝑥𝑚+1(·), 𝑦𝑚+1(·))𝑇 , 𝜇𝑚+1(·)) ∈ Xℎ ×Kℎ such that(
𝒏𝑚+ 1

2 · 𝑿
𝑚+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(
𝜕𝑠𝜇

𝑚+1 , 𝜕𝑠𝜑
ℎ
) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ Kℎ ,(4.14a) (
𝜇𝑚+1𝒏𝑚+ 1

2 ,𝝎ℎ
) ℎ
Γ𝑚

−
(
𝑮̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠𝝎

ℎ
) ℎ
Γ𝑚

− 1
𝜂

[
𝑥𝑚+1
𝑙

− 𝑥𝑚
𝑙

𝜏
𝜔ℎ

1 (0) +
𝑥𝑚+1
𝑟 − 𝑥𝑚𝑟

𝜏
𝜔ℎ

1 (1)
]

+ 𝜎
[
𝜔ℎ

1 (1) − 𝜔ℎ
1 (0)

]
= 0, ∀𝝎ℎ = (𝜔ℎ

1 , 𝜔
ℎ
2 ) ∈ Xℎ ,

(4.14b)

with 𝑥𝑚+1
𝑙

= 𝑥𝑚+1(0) ≤ 𝑥𝑚+1
𝑟 = 𝑥𝑚+1(1). The matrix 𝑮̂𝑘(𝜃𝑚) is defined analogously to (2.54).

Let 𝐴𝑚𝑜 be the area enclosed by the open polygonal curve Γ𝑚 and the substrate, and let𝑊𝑚
𝑜 be the

total surface energy, defined by

𝐴𝑚𝑜 B
1
2

𝑁∑
𝑗=1

(
𝑥𝑚(𝜌 𝑗) − 𝑥𝑚(𝜌 𝑗−1)

) (
𝑦𝑚(𝜌 𝑗) + 𝑦𝑚(𝜌 𝑗−1)

)
,(4.15a)

𝑊𝑚
𝑜 B

𝑁∑
𝑗=1

|𝒉𝑚𝑗 |𝛾̂(𝜃𝑚𝑗 ) − 𝜎
(
𝑥𝑚𝑟 − 𝑥𝑚

𝑙

)
.(4.15b)

We then obtain the following structure-preserving properties of (4.14).

Theorem 4.1 (Structure preservation). For any 𝛾̂(𝜃) satisfying (2.56) and sufficiently large 𝑘(𝜃), the
scheme (4.14) preserves area conservation and unconditional energy dissipation, namely

(4.16) 𝐴𝑚+1
𝑜 = 𝐴𝑚𝑜 = · · · = 𝐴0

𝑜 , 𝑊𝑚+1
𝑜 ≤ 𝑊𝑚

𝑜 ≤ · · · ≤ 𝑊0
𝑜 , ∀𝑚 ≥ 0.

Proof. Area conservation follows by an argument analogous to that of Theorem 2.2; we omit the
details.

For energy dissipation, taking 𝜑ℎ = 𝜇𝑚+1 ,𝝎ℎ = 𝑿𝑚+1 − 𝑿𝑚 in (4.14) gives

(4.17)
𝜏
(
𝜕𝑠𝜇

𝑚+1 , 𝜕𝑠𝜇
𝑚+1) ℎ

Γ𝑚
+

(
𝑮̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

+ 1
𝜂

[
(𝑥𝑚+1
𝑙

− 𝑥𝑚
𝑙
)2

𝜏
+ (𝑥𝑚+1

𝑟 − 𝑥𝑚𝑟 )2
𝜏

]
− 𝜎

[
(𝑥𝑚+1
𝑟 − 𝑥𝑚𝑟 ) − (𝑥𝑚+1

𝑙
− 𝑥𝑚

𝑙
)
]
= 0.

When 𝛾̂(𝜃) satisfies (2.56), Lemma 2.2 also applies to open polygonal curves. Following the
derivation of (2.77), we obtain

(4.18)
(
𝑮̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

≥
𝑁∑
𝑗=1

|𝒉𝑚+1
𝑗 |𝛾̂(𝜃𝑚+1

𝑗 ) −
𝑁∑
𝑗=1

|𝒉𝑚𝑗 |𝛾̂(𝜃𝑚𝑗 ).
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Therefore, using (4.17) and (4.18), we have

(4.19)

𝑊𝑚+1
𝑜 −𝑊𝑚

𝑜 =

𝑁∑
𝑗=1

|𝒉𝑚+1
𝑗 |𝛾̂(𝜃𝑚+1

𝑗 ) −
𝑁∑
𝑗=1

|𝒉𝑚𝑗 |𝛾̂(𝜃𝑚𝑗 )

− 𝜎
[ (
𝑥𝑚+1
𝑟 − 𝑥𝑚𝑟

)
−

(
𝑥𝑚+1
𝑙

− 𝑥𝑚
𝑙

) ]
≤

(
𝑮̂𝑘(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

− 𝜎
[ (
𝑥𝑚+1
𝑟 − 𝑥𝑚𝑟

)
−

(
𝑥𝑚+1
𝑙

− 𝑥𝑚
𝑙

) ]
≤ −𝜏

(
𝜕𝑠𝜇

𝑚+1 , 𝜕𝑠𝜇
𝑚+1) ℎ

Γ𝑚

− 1
𝜂

[
(𝑥𝑚+1
𝑙

− 𝑥𝑚
𝑙
)2

𝜏
+ (𝑥𝑚+1

𝑟 − 𝑥𝑚𝑟 )2
𝜏

]
≤ 0, ∀𝑚 ≥ 0,

This proves the energy dissipation stated in (4.16). □

Remark 4.1. Since the local energy estimate (2.63) depends only on 𝛾̂(𝜃), the energy dissipation
results for the closed curve scheme (2.52) extend to the open curve scheme (4.14) for solid-state
dewetting, including the conclusions in Remarks 2.7–2.9.

Remark 4.2. The local energy estimate implies energy dissipation for the discrete scheme. Replacing
𝑮̂𝑘(𝜃) by the symmetric surface energy matrix 𝒁̂𝑘(𝜃) from Chapter 3 therefore relaxes the energy
stability condition to 3𝛾̂(𝜃) ≥ 𝛾̂(𝜃 − 𝜋) without additional requirements.

4.2.4. Convergence rates and structure preservation. In this subsection, we present numerical
results for the evolution of open curves in solid-state dewetting using (4.14).

We mainly consider the following two anisotropic surface energies:
• Case I: 𝛾̂(𝜃) = 1 + 𝛽 cos 3𝜃, where |𝛽| < 1. This energy is weakly anisotropic when |𝛽| < 1

8
and strongly anisotropic otherwise.

• Case II: 𝛾̂(𝜃) =
√

1 + 𝑏 cos2 𝜃, where 𝑏 > −1.
To examine mesh quality, area conservation, and energy stability, we introduce the weighted mesh
ratio

(4.20) 𝑅ℎ𝛾(𝑡) B
max

1≤ 𝑗≤𝑁
𝛾̂(𝜃𝑗)|𝒉 𝑗|

min
1≤ 𝑗≤𝑁

𝛾̂(𝜃𝑗)|𝒉 𝑗|
,

and the normalized area loss and energy

(4.21)
Δ𝐴ℎ𝑜 (𝑡)
𝐴ℎ𝑜 (0)

����
𝑡=𝑡𝑚

B
𝐴𝑚𝑜 − 𝐴0

𝑜

𝐴0
𝑜

,
𝑊 ℎ
𝑜 (𝑡)

𝑊 ℎ
𝑜 (0)

����
𝑡=𝑡𝑚

B
𝑊𝑚
𝑜

𝑊0
𝑜

.

The scheme (4.14) is formally second-order accurate in space and first-order accurate in time; we
therefore use 𝜏 = 16ℎ2. The Newton iteration tolerance is tol = 10−12. Unless otherwise stated, the
initial shape is a half-ellipse with major axis 4 and minor axis 1. We approximate the exact solution
Γ(𝑡) using (4.14) with 𝑘(𝜃) = 𝑘0(𝜃), the fine mesh ℎ𝑒 = 2−8, and the small time step 𝜏𝑒 = 2−12. The
contact line mobility is 𝜂 = 100 throughout.

Figure 4.7 shows the numerical errors of (4.14) for (a) the three-fold symmetric anisotropy
𝛾̂(𝜃) = 1 + 𝛽 cos 3𝜃 with different strengths 𝛽 at the fixed time 𝑡 = 0.5, and (b) the ellipsoidal
anisotropy 𝛾̂(𝜃) =

√
1 + 2 cos2 𝜃 at different times. The results confirm second-order convergence of

(4.14).
As shown in Figure 4.8, the weighted mesh ratio 𝑅ℎ𝛾 approaches a constant as 𝑡 → +∞, indicating

an asymptotically quasi-uniform mesh distribution for (4.14).
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Figure 4.7. Convergence rates of the SPFEM (4.14) with 𝑘(𝜃) = 𝑘0(𝜃) and 𝜎 = −
√

2
2 for (a)

anisotropy in Case I at 𝑡 = 0.5 with different 𝛽; (b) anisotropy in Case II with 𝑏 = 2 at different
times 𝑡 = 0.125, 0.25, 0.5.

Figure 4.8. Weighted mesh ratio of the SPFEM (4.14) with 𝑘(𝜃) = 𝑘0(𝜃) and 𝜎 = −
√

2
2 for (a)

anisotropy in Case I with 𝛽 = 1
9 ; (b) anisotropy in Case II with 𝑏 = 2.

Figure 4.9 shows the time evolution of the normalized area loss Δ𝐴ℎ𝑜 (𝑡)
𝐴ℎ𝑜 (0)

and the number of Newton

iterations with ℎ = 2−7 , 𝜏 = 2−10. The normalized energy 𝑊 ℎ
𝑜 (𝑡)

𝑊 ℎ
𝑜 (𝑡)

for different mesh sizes ℎ is shown in
Figure 4.10.

Figures 4.9–4.10 show that:
(1) The normalized area loss is approximately 10−16, on the order of round-off error; see Figure 4.9.

This verifies that area is conserved to machine precision.
(2) The number of Newton iterations starts at 3 and eventually decreases to 2; see Figure 4.9.

Thus the semi-implicit scheme (4.14) can be solved efficiently.
(3) When 𝛾̂(𝜃) satisfies (2.56), the normalized energy is monotonically decreasing; see Figure 4.10.

Unlike the energy-stable parametric finite element method in [108], the scheme (4.14) remains
energy stable for Case I with 𝛽 < 1

10 and Case II with 𝑏 > 1, consistent with Remarks 2.7 and
2.8.

4.2.5. Morphological evolution in two-dimensional solid-state dewetting. We now apply (4.14)
to simulate the morphological evolution in two-dimensional anisotropic solid-state dewetting.
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Figure 4.9. Normalized area loss (blue dashed line) and number of Newton iterations (red
line) of the SPFEM (4.14) with 𝑘(𝜃) = 𝑘0(𝜃), 𝜎 = −

√
2

2 and ℎ = 2−7 , 𝜏 = 2−10 for (a) anisotropy
in Case I with 𝛽 = 1

9 ; (b) anisotropy in Case II with 𝑏 = 2.

Figure 4.10. Normalized energy of the SPFEM (4.14) with 𝑘(𝜃) = 𝑘0(𝜃) and 𝜎 = −
√

2
2 for (a)

anisotropy in Case I with 𝛽 = 1
9 ; (b) anisotropy in Case II with 𝑏 = 2.

Figure 4.11 shows the evolution from the initial shape to the numerical equilibrium for an open
4 × 1 rectangular curve with four surface energies: (a) Case I with 𝛽 = 1

9 ; (b) Case II with 𝑏 = 2; (c)

four-fold symmetric anisotropy 𝛾̂(𝜃) = 1 + 1
16 cos 4𝜃; and (d) 𝛾̂(𝜃) =

√( 5
2 + 3

2sgn(𝑛1)
)
𝑛2

1 + 𝑛2
2 , where

𝒏 = (𝑛1 , 𝑛2)𝑇 = (− sin𝜃, cos𝜃)𝑇 .
As in the closed curve case, the scheme (4.14) extends the range of surface energies available for

solid-state dewetting simulations; see Figure 4.11(a)–Figure 4.11(c). Figure 4.11(d) also shows that
the method applies to 𝛾̂(𝜃) with limited regularity.

4.2.6. Multiple equilibria of open curves in solid-state dewetting. Following the derivations
in [108, 103, 149] and Section 4.2.3, the symmetrized scheme (3.12) also extends to the evolution of
open curves in solid-state dewetting. Its discrete formulation is analogous to (4.14), and we omit the
details. As in Theorem 3.2, the method preserves area conservation and is unconditionally energy
stable under (3.1).

As described in [10], stable equilibrium shapes in two-dimensional solid-state dewetting with
anisotropic surface energies can be predicted by the generalized Winterbottom construction. For
strongly anisotropic surface energies, multiple stable island shapes may exist.
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Figure 4.11. Morphological evolution of an open 4 × 1 rectangle under anisotropic surface
diffusion with different surface energies: (a) anisotropy in Case I with 𝛽 = 1

9 ; (b) anisotropy in

Case II with 𝑏 = 2; (c) 𝛾̂(𝜃) = 1 + 1
16 cos 4𝜃; (d) 𝛾̂(𝜃) =

√( 5
2 + 3

2sgn(𝑛1)
)
𝑛2

1 + 𝑛2
2 with

𝒏 = (𝑛1 , 𝑛2)𝑇 = (− sin𝜃, cos𝜃)𝑇 . The red and blue lines represent the initial shape and the
numerical equilibrium, respectively. The black dashed lines represent the intermediate curves.

The parameters are 𝜎 = −
√

2
2 , ℎ = 2−7 , 𝜏 = 2−10.

(i) Construct the Wulff envelope. For a given anisotropy 𝛾̂(𝜃), first plot its 𝛾-plot, shown as the
blue curve in Figure 4.12(a). Construct the Wulff envelope from the 𝛾-plot using [119, 10], as
shown by the black curve in Figure 4.12(a):

(4.22)
{
𝑥(𝜃) = −𝛾̂(𝜃) sin𝜃 − 𝛾̂′(𝜃) cos𝜃,
𝑦(𝜃) = 𝛾̂(𝜃) cos𝜃 − 𝛾̂′(𝜃) sin𝜃,

𝜃 ∈ 2𝜋T.

(ii) Remove unstable orientations. Remove orientations satisfying 𝛾̂(𝜃) + 𝛾̂′′(𝜃) < 0 from the Wulff
envelope; see the black dashed segments in Figure 4.12(b). The “ears” of the Wulff envelope
are unstable regions, as illustrated in Figure 4.12.

(iii) Truncate the Wulff envelope. Intersect the Wulff envelope with the flat substrate line 𝑦 = 𝜎,
shown as the red dashed line in Figure 4.12(b)–Figure 4.12(f). The regions enclosed by the
remaining Wulff envelope and the substrate are stable equilibrium shapes; see the green
shaded regions in Figure 4.12(c)–Figure 4.12(e) and the blue shaded region in Figure 4.12(f).

We apply the proposed method to simulate equilibrium shapes obtained from different initial
films in solid-state dewetting, using the 𝑚-fold symmetric anisotropy 𝛾̂(𝜃) = 1 + 𝛽 cos𝑚(𝜃 − 𝜃0). It is
strongly anisotropic when |𝛽| > 1

𝑚2−1 . The results are shown in Figures 4.13–4.17.
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Figure 4.12. Generalized Winterbottom construction for surface energy 𝛾̂(𝜃) = 1 + 0.4 cos 4𝜃
and 𝜎 = cos 5𝜋

6 . The green and blue shaded regions are stable equilibrium shapes.

In Figure 4.13, the parameters are 𝛽 = 0.4, 𝜃0 = 0 and 𝜎 = cos 5𝜋
6 . The simulations produce four

possible stable equilibria. The numerical shapes in Figure 4.13 agree closely with the generalized
Winterbottom construction in Figure 4.12, also shown by the black dashed curves in Figure 4.13.

Figures 4.14 and 4.16 compare the numerical equilibria for two anisotropies with the stable
shapes predicted by the generalized Winterbottom construction. Numerical equilibria are shown
as blue solid curves, initial curves as red solid curves, and the corresponding Wulff envelopes as
black dashed curves. The numerical and theoretical shapes agree closely. Unlike the symmetrized
structure-preserving parametric finite element method in [103], the proposed method applies stably to
both symmetric and asymmetric surface energies.
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Figure 4.13. Multiple equilibrium shapes for the 4-fold surface energy 𝛾̂(𝜃) = 1 + 𝛽 cos 4𝜃
starting with different initial curves (shown in red dash-dotted line). The corresponding Wulff

envelope is shown as a black dashed curve. The parameters are 𝛽 = 0.4, 𝜎 = cos 5𝜋
6 and

𝜂 = 100.

Figure 4.14. Illustration of the generalized Winterbottom construction (a) and numerical
equilibrium shapes (b)–(c) starting with different initial curves for the 4-fold surface energy

𝛾̂(𝜃) = 1 + 0.3 cos 4(𝜃 + 𝜋
6 ) and 𝜎 = 0.2.
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Figure 4.15. Morphological evolution of different initial shapes with the 4-fold anisotropy
𝛾̂(𝜃) = 1 + 0.3 cos 4

(
𝜃 + 𝜋

6
)
, 𝜎 = 0.2: (a) a unit square; (b) a right trapezoid. The red and blue

lines represent the initial shape and the numerical equilibrium, respectively. The black
dashed lines represent the intermediate curves.

Figure 4.16. Illustration of the generalized Winterbottom construction (a) and numerical
equilibrium shapes (b)–(c) starting with different initial curves for the 3-fold surface energy

𝛾̂(𝜃) = 1 + 0.3 cos 3(𝜃 + 𝜋
6 ) and 𝜎 = −0.2.

Figure 4.17. Morphological evolution of different initial shapes with the 3-fold anisotropy
𝛾̂(𝜃) = 1 + 0.3 cos 3

(
𝜃 + 𝜋

6
)
, 𝜎 = −0.2: (a) a unit square; (b) a right trapezoid. The red and

blue lines represent the initial shape and the numerical equilibrium, respectively. The black
dashed lines represent the intermediate curves.





CHAPTER 5

Structure-preserving parametric approximation via an 𝛼-surface energy
matrix: anisotropic curve evolution

The energy-stable parametric finite element method developed by Barrett, Garcke, and Nürnberg [22,
25], commonly called the BGN method, has attracted considerable attention in structure-preserving
numerical methods for geometric flows because of its unconditional energy stability and favorable
mesh quality. It has been successfully applied to many isotropic curvature-driven problems, including
mean curvature flow [25, 102], surface diffusion [21], multiphase flow [67, 69], the Stefan problem
[63], the Mullins–Sekerka problem [27], and the evolution of open curves and surfaces in solid-state
dewetting [151, 20]. These applications demonstrate the robustness and efficiency of the method.

A key feature of BGN methods is that they approximate the curvature vector 𝜅𝒏 through the
geometric identity

(5.1) 𝜅𝒏 = −𝜕𝑠𝑠𝑿 = −𝜕𝑠
(
𝑰𝑑𝜕𝑠𝑿

)
,

where 𝑰𝑑 denotes the 𝑑-dimensional identity matrix, instead of directly approximating the curvature 𝜅.
This approach provides a natural framework consistent with the geometric structure for establishing
energy stability in isotropic curvature-driven problems. For a detailed account of the theory and
numerical behavior of BGN methods, see the survey monograph by Barrett et al. [29].

Many studies have extended BGN methods to anisotropic problems. Their common feature
is to replace 𝑰𝑑 in (5.1) with a suitably constructed surface energy matrix, yielding an analogous
identity for the weighted curvature vector 𝜇𝒏. Barrett et al. first developed such an extension for
surface energies of the Riemannian metric form 𝛾̂(𝜃) = (𝒏(𝜃) · 𝐺𝒏(𝜃))1/2, by introducing the matrix

1
𝛾̂(𝜃)det(𝐺)𝐺−1 [24, 28]. In [108], a surface energy matrix 𝑮̂(𝜃) = 𝛾̂(𝜃)𝐼2 − 𝒏(𝜃)𝝃(𝜃)𝑇 + 𝝃(𝜃)𝒏(𝜃)𝑇 was
constructed using the Cahn–Hoffman 𝝃-vector. This gave the first extension of the framework to
general surface energies, although some restrictions on 𝛾̂(𝜃) remained necessary. Subsequently, a
stabilizing function 𝑘(𝜃) was introduced in [9] to construct the symmetric surface energy matrix
𝒁̂𝑘(𝜃) = 𝛾̂(𝜃)𝐼2 − 𝒏𝝃𝑇 − 𝝃𝒏𝑇 + 𝑘(𝜃)𝒏𝒏𝑇 . The resulting scheme was proved to be unconditionally
energy stable under the symmetry condition 𝛾̂(𝜃) = 𝛾̂(𝜃 − 𝜋).

In Chapters 2–3, refined analysis substantially improved the energy stability conditions for the
proposed methods and yielded optimal results within the local energy estimate framework. The
analytical techniques differed somewhat between schemes. These studies show that different surface
energy matrices require different analytical tools and lead to substantially different energy stability
conditions, motivating further refinement and a unified treatment.

The main objective of this chapter is to establish a unified framework for analyzing the energy
stability of structure-preserving parametric finite element schemes associated with the constant-𝛼 family
of surface energy matrices introduced below. Within the local energy estimate framework, we derive
optimal energy stability conditions and systematically compare the computational performance of
the resulting schemes. The main contributions are as follows.

• A unified construction of the surface energy matrix. We introduce a hyperparameter 𝛼 ∈ R
and construct the unified 𝛼-surface energy matrix

(5.2) 𝑮̂𝛼
𝑘
(𝜃) B 𝛾̂(𝜃)𝐼2 − 𝒏𝝃𝑇 + 𝛼𝝃𝒏𝑇 + 𝑘(𝜃)𝒏𝒏𝑇 ,

This construction includes all existing forms [14, 149, 9, 107] and those in Chapters 3–2
as special cases. It characterizes the normal-column modifications with the prescribed
tangential component and constant 𝛼; see Remark 5.3.

61
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• Optimal energy stability conditions within the local energy estimate framework. We
prove that the symmetric case 𝛼 = −1 is the unique member of this family that achieves
unconditional energy stability under the following necessary and sufficient condition for
the local energy estimate (see Remark 5.5):

(5.3) 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 0, ∀𝜃 ∈ 2𝜋T.

For other values of 𝛼, the stricter condition 3𝛾̂(𝜃) − 𝛾̂(𝜃−𝜋) > 0 is required unless additional
constraints, such as 𝛾̂′(𝜃∗) = 0, are imposed.

• A unified framework for discretizing velocity laws. We extend the structure-preserving
parametric finite element method to general anisotropic curvature-driven problems with normal
velocities of the form

(5.4) 𝑉𝑛 = 𝔉(𝜇),
where 𝔉 is a mapping that depends on the weighted curvature 𝜇. This formulation naturally
encompasses all velocity laws in (1.13) and provides a unified discretization framework that
ensures energy stability.

The chapter is organized as follows. Section 5.1 introduces the hyperparameter 𝛼 to construct a
unified representation of this family of surface energy matrices and derives a conservative variational
formulation for anisotropic curvature flow. Section 5.2 presents the corresponding fully discrete
structure-preserving parametric finite element scheme and states its structure-preserving properties.
Section 5.3 proves energy stability. Section 5.5 discusses extensions to other anisotropic curvature-
driven problems. Section 5.6 reports extensive numerical experiments that assess accuracy, efficiency,
structure preservation, and robustness.

5.1. A unified 𝛼-surface energy matrix

To study general anisotropic curvature-driven problems, we first turn from the anisotropic surface
diffusion considered in the preceding chapters to the simpler anisotropic curvature flow:

(5.5) 𝑉𝑛 = −𝜇,
where 𝜇 = [𝛾̂(𝜃) + 𝛾̂′′(𝜃)]𝜅 is the weighted curvature. Equivalently,

𝜕𝑡𝑿 = −𝜇𝒏 , 0 < 𝑠 < 𝐿(𝑡), 0 ≤ 𝑡 ≤ 𝑇,(5.6a)
𝜇 = [𝛾̂(𝜃) + 𝛾̂′′(𝜃)]𝜅.(5.6b)

Here 𝐿(𝑡) = |Γ(𝑡)| is the length of the curve Γ(𝑡) at time 𝑡, and 𝑇 is the maximal existence time of the
solution.

During curve evolution, tangential velocity affects only the parametrization and leaves the geometry
of the curve unchanged. Its geometric evolution is therefore determined by the normal velocity
𝑉𝑛 = 𝒏 · 𝜕𝑡𝑿 . Allowing suitable tangential motion, we can rewrite the anisotropic curvature flow
(5.6) equivalently as the geometric PDE

𝒏 · 𝜕𝑡𝑿 = −𝜇, 0 < 𝑠 < 𝐿(𝑡) 0 ≤ 𝑡 ≤ 𝑇,(5.7a)
𝜇 = [𝛾̂(𝜃) + 𝛾̂′′(𝜃)]𝜅.(5.7b)

as we did for surface diffusion in Chapters 2–3.
To derive a conservative formulation of the anisotropic curvature flow (5.7), we introduce the

unified 𝛼-surface energy matrix

(5.8) 𝑮̂𝛼
𝑘
(𝜃) B 𝛾̂(𝜃)𝐼2 − 𝒏(𝜃)𝝃(𝜃)𝑇 + 𝛼𝝃(𝜃)𝒏(𝜃)𝑇 + 𝑘(𝜃)𝒏(𝜃)𝒏(𝜃)𝑇 ,

where 𝝃(𝜃) = 𝛾̂(𝜃)𝒏(𝜃) − 𝛾̂′(𝜃)𝝉(𝜃) is the Cahn–Hoffman 𝝃-vector, 𝛼 ∈ R, and 𝑘 : 2𝜋T → R is a
prescribed stabilizing function.

Lemma 5.1. The weighted curvature 𝜇 defined in (5.7b) satisfies the geometric identity

(5.9) 𝜇𝒏 + 𝜕𝑠
(
𝑮̂𝛼
𝑘
(𝜃)𝜕𝑠𝑿

)
= 0, ∀𝛼 ∈ R.



Chapter 5. The 𝛼-matrix framework for curves 63

Proof. By [93] or (3.4),

(5.10) 𝜇𝒏 = −𝜕𝑠
(
𝛾̂(𝜃)𝜕𝑠𝑿 + 𝛾̂′(𝜃)𝒏

)
.

It therefore suffices to prove that

(5.11) 𝑮̂𝛼
𝑘
(𝜃)𝜕𝑠𝑿 = 𝛾̂(𝜃)𝜕𝑠𝑿 + 𝛾̂′(𝜃)𝒏.

Since 𝒏 = (− sin𝜃, cos𝜃)𝑇 , 𝝉 = (cos𝜃, sin𝜃)𝑇 , we have

(5.12) 𝑮̂𝛼
𝑘
(𝜃) = 𝛾̂(𝜃)𝐼2 + 𝛾̂′(𝜃)(𝒏𝝉𝑇 − 𝛼𝝉𝒏𝑇) + (𝑘(𝜃) + (𝛼 − 1)𝛾̂(𝜃)) 𝒏𝒏𝑇 .

Combining (5.12) with 𝜕𝑠𝑿 = 𝝉 and 𝒏𝑇𝜕𝑠𝑿 ≡ 0 gives

(5.13)
𝑮̂𝛼
𝑘
(𝜃)𝜕𝑠𝑿 = 𝛾̂(𝜃)𝜕𝑠𝑿 + 𝛾̂′(𝜃)𝒏 +

(
−𝛼𝛾̂′(𝜃)𝝉𝒏𝑇 + (𝑘(𝜃) + (𝛼 − 1)𝛾̂(𝜃)) 𝒏𝒏𝑇

)
𝜕𝑠𝑿

= 𝛾̂(𝜃)𝜕𝑠𝑿 + 𝛾̂′(𝜃)𝒏.
This proves the lemma. □

Using (5.9), we obtain the following strong formulation of the geometric PDE (5.7a)–(5.7b):
𝒏 · 𝜕𝑡𝑿 + 𝜇 = 0, 0 < 𝑠 < 𝐿(𝑡), ∀0 ≤ 𝑡 ≤ 𝑇,(5.14a)

𝜇𝒏 + 𝜕𝑠
(
𝑮̂𝛼
𝑘
(𝜃)𝜕𝑠𝑿

)
= 0,(5.14b)

where 𝐿(𝑡) is the length of the evolving curve Γ(𝑡).
Remark 5.1. When 𝛾̂(𝜃) ≡ 1, the weighted curvature 𝜇 reduces to the usual curvature 𝜅. Taking

𝑘(𝜃) ≡ 1 − 𝛼 then gives 𝑮̂𝛼
𝑘
(𝜃) ≡ 𝐼2. Thus (5.14) reduces to the standard BGN formulation of mean

curvature flow [22].

Remark 5.2. Different values of 𝛼 yield different representations of the weighted curvature vector
𝜇𝒏 in (5.14). For 𝛼 = −1, we recover the symmetrized formulations in [9, 107] and Chapter 3. The
choice 𝛼 = 0, 𝑘(𝜃) ≡ 0 gives the formulation proposed in [23]. For 𝛼 = 1, we recover the formulations
in [108, 13, 149] and Chapter 2.

Remark 5.3. The family (5.8) includes the cited symmetric and nonsymmetric surface energy
matrices as particular choices of the constant parameter 𝛼 and the function 𝑘. Its algebraic scope
can be stated precisely in terms of its action on the orthonormal basis (𝝉, 𝒏). Fix 𝛼 ∈ R and require
a matrix 𝑮̂(𝜃) to satisfy 𝑮̂(𝜃)𝝉 = 𝛾̂(𝜃)𝝉 + 𝛾̂′(𝜃)𝒏 and 𝝉𝑇𝑮̂(𝜃)𝒏 = −𝛼𝛾̂′(𝜃). Then 𝑮̂(𝜃) = 𝑮̂𝛼

𝑘
(𝜃) for a

scalar function 𝑘(𝜃).
Indeed, 𝐾(𝝉) B

{
𝑨 ∈ R2×2 | 𝑨𝝉 = 0

}
= {𝒃𝒏𝑇 | 𝒃 ∈ R2} has dimension 2. The prescribed tangential

action gives 𝑮̂ − 𝑮̂0
0 = 𝒃𝒏𝑇 ∈ 𝐾(𝝉). Since 𝑮̂0

0𝒏 = 0, the second prescribed action gives 𝝉 · 𝒃 = −𝛼𝛾̂′(𝜃).
Using 𝝃 = 𝛾̂𝒏 − 𝛾̂′𝝉, we obtain 𝒃 = 𝛼𝝃 + 𝑘𝒏 with 𝑘 = 𝒏 · 𝒃 − 𝛼𝛾̂. Hence 𝑮̂ = 𝑮̂0

0 + 𝛼𝝃𝒏𝑇 + 𝑘𝒏𝒏𝑇 , as
claimed. This argument remains valid when 𝛾̂′(𝜃) = 0. The characterization concerns the constant-𝛼
family with the two explicitly prescribed matrix actions.

5.2. Structure-preserving parametric finite element discretization via the 𝛼-surface energy matrix

5.2.1. Weak formulation. To derive the weak formulation from (5.14), we parametrize the
evolving curve Γ(𝑡) by a time-independent parameter 𝜌 on the fixed domain I B [0, 1]:
(5.15) Γ(𝑡) : 𝑿 (𝜌, 𝑡) = (𝑥(𝜌, 𝑡), 𝑦(𝜌, 𝑡))𝑇 , ∀𝜌 ∈ I, 𝑡 ∈ [0, 𝑇].
The arc length is then given by 𝑠(𝜌, 𝑡) =

´ 𝜌
0 |𝜕𝑟𝑿 (𝑟, 𝑡)|d𝑟 We do not distinguish between 𝑿 (𝑠, 𝑡) and

𝑿 (𝜌, 𝑡), and assume that the 𝜌-parametrization remains regular: there exists a constant 𝐶 > 1 such
that 1

𝐶 ≤ |𝜕𝑟 𝑠(𝜌, 𝑡)| ≤ 𝐶, ∀𝜌 ∈ I.
For the evolving curve Γ(𝑡), define the 𝐿2 space

(5.16) 𝐿2(I) B
{
𝑢 : I → R |

ˆ
Γ(𝑡)

|𝑢(𝑠)|2 d𝑠 =
ˆ
I
|𝑢(𝑠(𝜌, 𝑡))|2𝜕𝜌𝑠 d𝜌 < +∞

}
,
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with the inner product

(5.17)
(
𝑢, 𝑣

)
Γ(𝑡)
B

ˆ
Γ(𝑡)

𝑢(𝑠)𝑣(𝑠)d𝑠 =
ˆ
I
𝑢(𝑠(𝜌, 𝑡))𝑣(𝑠(𝜌, 𝑡))𝜕𝜌𝑠 d𝜌, ∀𝑢, 𝑣 ∈ 𝐿2(I).

The corresponding Sobolev spaces are

𝐻1(I) B
{
𝑢 ∈ 𝐿2(I) | 𝜕𝜌𝑢 ∈ 𝐿2(I)

}
, 𝐻1

𝑝(I) B
{
𝑢 ∈ 𝐻1(I) | 𝑢(0) = 𝑢(1)

}
.(5.18a)

As in the derivations of (3.10) and (2.27), we multiply (5.14a) by a test function 𝜑 ∈ 𝐻1
𝑝(I) and

(5.14b) by 𝝎 = (𝜔1 , 𝜔2)𝑇 ∈ [𝐻1
𝑝(I)]2, integrate over Γ(𝑡), and integrate by parts. The resulting weak

formulation of (5.14) is as follows. Given the initial closed curve Γ(0) B 𝑿 (·, 0) = (𝑥(·, 0), 𝑦(·, 0))𝑇 ∈
[𝐻1

𝑝(I)]2 and initial weighted curvature 𝜇(·, 0) B 𝜇0(·) ∈ 𝐻1
𝑝(I), find, for every 𝑡 > 0,

(
𝑿 (·, 𝑡), 𝜇(·, 𝑡)

)
∈

[𝐻1
𝑝(I)]2 × 𝐻1

𝑝(I) such that(
𝒏 · 𝜕𝑡𝑿 , 𝜑

)
Γ(𝑡)

+
(
𝜇, 𝜑

)
Γ(𝑡)

= 0, ∀𝜑 ∈ 𝐻1
𝑝(I),(5.19a) (

𝜇𝒏 ,𝝎
)
Γ(𝑡)

−
(
𝑮̂𝛼
𝑘
(𝜃)𝜕𝑠𝑿 , 𝜕𝑠𝝎

)
Γ(𝑡)

= 0, ∀𝝎 ∈ [𝐻1
𝑝(I)]2.(5.19b)

Let 𝐴(𝑡) be the total area enclosed by Γ(𝑡) and𝑊(𝑡) its total energy, as defined in (2.28).
To derive the area decay rate and energy dissipation, we need an identity for the time derivative

𝜕𝑡𝜃 of the inclination angle, together with the transport lemma (2.31).

Lemma 5.2. The time derivative of the inclination angle 𝜃 satisfies

(5.20) 𝜕𝑡𝜃 = 𝜕𝑠(𝜕𝑡𝑿 ) · 𝒏.

Proof. Differentiating |𝜕𝜌𝑿 | =
√
(𝜕𝜌𝑥)2 + (𝜕𝜌𝑦)2 with respect to time gives

𝜕𝑡 |𝜕𝜌𝑿 | =
𝜕𝜌𝑥𝜕𝑡(𝜕𝜌𝑥) + 𝜕𝜌𝑦𝜕𝑡(𝜕𝜌𝑦)√

(𝜕𝜌𝑥)2 + (𝜕𝜌𝑦)2
=

𝜕𝜌𝑿

|𝜕𝜌𝑿 | ·
𝜕𝜌(𝜕𝑡𝑿 )
|𝜕𝜌𝑿 | |𝜕𝜌𝑿 | = 𝜕𝑠𝑿 · 𝜕𝑠(𝜕𝑡𝑿 )|𝜕𝜌𝑿 |.(5.21)

Therefore, by (5.21),

𝜕𝑠(𝜕𝑡𝑿 ) = 1
|𝜕𝜌𝑿 |𝜕𝜌(𝜕𝑡𝑿 ) = 1

|𝜕𝜌𝑿 |𝜕𝑡
(
|𝜕𝜌𝑿 |(cos𝜃, sin𝜃)𝑇

)
= 𝜕𝑠𝑿 · 𝜕𝑠(𝜕𝑡𝑿 )(cos𝜃, sin𝜃)𝑇 + (− sin𝜃, cos𝜃)𝑇𝜕𝑡𝜃.(5.22)

The result follows from 𝒏 = (− sin𝜃, cos𝜃)𝑇 . □

Proposition 5.1 (Area decay rate and energy dissipation). Let (𝑿 (·, 𝑡), 𝜇(·, 𝑡)) solve the weak formulation
(5.19). Then the total area𝐴(𝑡) satisfies the following decay rate, and the total interfacial energy𝑊(𝑡) dissipates
over time:

(5.23) d𝐴
d𝑡 = −

(
𝜇, 1

)
Γ(𝑡)
, 𝑊(𝑡) ≤ 𝑊(𝑡′) ≤ 𝑊(0), ∀ 𝑡 ≥ 𝑡′ ≥ 0.

Proof. Let Ω(𝑡) be the region enclosed by Γ(𝑡). Reynolds’ transport theorem [123] and the choice
𝜑 = 1 in (5.19a) give

(5.24)

d
d𝑡 𝐴(𝑡) =

d
d𝑡

ˆ
Ω(𝑡)

d𝑥 d𝑦 =

ˆ
Γ(𝑡)

𝒏 · 𝜕𝑡𝑿 d𝑠

=

(
𝒏 · 𝜕𝑡𝑿 , 1

)
Γ(𝑡)

= −
(
𝜇, 1

)
Γ(𝑡)
.

For energy dissipation, differentiating𝑊(𝑡) with respect to 𝑡 using Lemma 2.1 gives

(5.25)
d
d𝑡𝑊(𝑡) =

ˆ
Γ(𝑡)

[
𝛾̂′(𝜃) 𝜕𝑡𝜃 + 𝛾̂(𝜃) 𝜕𝑠(𝜕𝑡𝑿 ) · 𝜕𝑠𝑿

]
d𝑠.
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Combining this with the geometric identity (5.20) for 𝜃, we obtain

(5.26)

d
d𝑡𝑊(𝑡) =

ˆ
Γ(𝑡)

[
𝛾̂(𝜃) 𝜕𝑠𝑿 + 𝛾̂′(𝜃) 𝒏

]
· 𝜕𝑠(𝜕𝑡𝑿 )d𝑠

=

ˆ
Γ(𝑡)

𝑮̂𝛼
𝑘
(𝜃) 𝜕𝑠𝑿 · 𝜕𝑠(𝜕𝑡𝑿 )d𝑠.

Taking 𝜑 = 𝜇 in (5.19a) and 𝝎 = 𝜕𝑡𝑿 in (5.19b), and using (5.26), gives

(5.27)

d
d𝑡𝑊(𝑡) =

(
𝑮̂𝛼
𝑘
(𝜃) 𝜕𝑠𝑿 , 𝜕𝑠(𝜕𝑡𝑿 )

)
Γ(𝑡)

=

(
𝜇 𝒏 , 𝜕𝑡𝑿

)
Γ(𝑡)

= −
(
𝜇, 𝜇

)
Γ(𝑡)

≤ 0.

□

5.2.2. Fully discrete scheme. Based on the weak formulation (5.19), we propose a fully discrete
parametric finite element scheme that preserves both the area decay rate and energy dissipation.

Let 𝑁 > 2 be a positive integer and ℎ = 1/𝑁 the mesh size. Consider the uniform partition
I = [0, 1] B ∪𝑁

𝑗=1𝐼 𝑗 , where 𝐼 𝑗 = [𝜌 𝑗−1 , 𝜌 𝑗], 𝜌 𝑗 B 𝑗ℎ, and 𝑗 = 0, 1, . . . , 𝑁 . Define the piecewise linear
finite element spaces

Kℎ B
{
𝑢ℎ ∈ 𝐶(I) | 𝑢ℎ|𝐼𝑗 ∈ 𝒫1(𝐼 𝑗), ∀𝑗 = 1, 2, . . . , 𝑁

}
⊆ 𝐻1(I),(5.28a)

Kℎ
𝑝 B

{
𝑢ℎ ∈ Kℎ | 𝑢ℎ(0) = 𝑢ℎ(1)

}
⊆ 𝐻1

𝑝(I),(5.28b)

where 𝒫1(𝐼 𝑗) is the space of polynomials of degree at most 1 on 𝐼 𝑗 . Let 0 = 𝑡0 < 𝑡1 < · · · < 𝑡𝑀 = 𝑇 be a
uniform partition of [0, 𝑇], with 𝑡𝑚 = 𝑚𝜏, 𝜏 B 𝑇/𝑀.

Let Γ𝑚 B 𝑿𝑚(·) ∈ [Kℎ
𝑝 ]2 approximate Γ(𝑡𝑚) = 𝑿 (·, 𝑡𝑚 = 𝑚𝜏) and satisfy the nondegeneracy

condition

(5.29) min
1≤ 𝑗≤𝑁

|𝒉𝑚𝑗 | > 0, ∀𝑚 = 0, 1, . . . , 𝑀,

where 𝒉𝑚
𝑗
B 𝑿𝑚(𝜌 𝑗) − 𝑿𝑚(𝜌 𝑗−1). Similarly, 𝜇𝑚 ∈ Kℎ

𝑝 approximates 𝜇(·, 𝑡𝑚). The mass-lumped inner
product (·, ·)ℎ

Γ𝑚
, discrete differential operator 𝜕𝑠 , and discrete geometric quantities are defined in

(2.43)–(2.47).
The structure-preserving parametric finite element approximation of anisotropic curvature flow (5.7a)–

(5.7b) is now stated as follows. Let Γ0 ∈ [Kℎ
𝑝 ]2 be the initial approximation obtained by interpolation,

𝑿 0(𝜌 𝑗) = 𝑿 (𝜌 𝑗 , 0),𝑗 = 1, 2, · · · , 𝑁 . For 𝑚 = 0, 1, · · · , 𝑀 − 1, find
(
𝑿𝑚+1(·), 𝜇𝑚+1(·)

)
∈ [Kℎ

𝑝 ]2 ×Kℎ
𝑝 such

that (
𝒏𝑚+ 1

2 · 𝑿
𝑚+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(
𝜇𝑚+1 , 𝜑ℎ

) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ Kℎ
𝑝 ,(5.30a) (

𝜇𝑚+1𝒏𝑚+ 1
2 ,𝝎ℎ

) ℎ
Γ𝑚

−
(
𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠𝝎

ℎ
) ℎ
Γ𝑚

= 0, ∀𝝎ℎ ∈ [Kℎ
𝑝 ]2 ,(5.30b)

where

(5.31) 𝒏𝑚+ 1
2 B −1

2
(
𝜕𝑠𝑿𝑚 + 𝜕𝑠𝑿𝑚+1)⊥ = − 1

2|𝜕𝜌𝑿𝑚|
(
𝜕𝜌𝑿𝑚 + 𝜕𝜌𝑿𝑚+1)⊥ .

Remark 5.4. The choice of 𝒏𝑚+ 1
2 is motivated by the area-preserving parametric finite element

method for surface diffusion proposed in [19], which was also used in Chapters 2 and 3. This
construction exactly represents the area difference between successive discrete time levels of the
evolving polygonal curve and is therefore essential for preserving the area decay rate.
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5.2.3. Structure preservation. Let 𝐴𝑚 denote the area enclosed by the polygonal curve Γ𝑚 and
𝑊𝑚 its total interfacial energy, as defined in (2.55). The main result of this chapter is as follows.

Theorem 5.1 (Structure preservation). The numerical scheme (5.30) preserves the area decay rate:

(5.32) 𝐴𝑚+1 − 𝐴𝑚
𝜏

= −
(
𝜇𝑚+1 , 1

) ℎ
Γ𝑚
, ∀0 ≤ 𝑚 ≤ 𝑀 − 1.

Moreover, if 𝛼 = −1 and 𝛾̂(𝜃) ∈ 𝐶2(2𝜋T) satisfies

(5.33) 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 0, ∀𝜃 ∈ 2𝜋T,

then, for sufficiently large 𝑘(𝜃), the numerical scheme (5.30) is unconditionally energy stable:

(5.34) 𝑊𝑚+1 ≤ 𝑊𝑚 ≤ · · · ≤ 𝑊0 , ∀0 ≤ 𝑚 ≤ 𝑀 − 1.

For 𝛼 ≠ −1, the energy stability condition (5.33) must instead be strengthened to

(5.35) 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) > 0, ∀𝜃 ∈ 2𝜋T.

We prove the preservation of the area decay rate here and defer the proof of energy dissipation to
the next section.

Proof. Following the argument in Theorem 2.2, we obtain

(5.36) 𝐴𝑚+1 − 𝐴𝑚 =

(
𝒏𝑚+ 1

2 · (𝑿𝑚+1 − 𝑿𝑚), 1
) ℎ
Γ𝑚
.

Taking 𝜑ℎ ≡ 1 in (5.30a) then gives

(5.37) 𝐴𝑚+1 − 𝐴𝑚 = −𝜏
(
𝜇𝑚+1 , 1

) ℎ
Γ𝑚
.

This proves the area decay rate formula. □

5.3. Proof of unconditional energy stability

To prove unconditional energy stability of the fully discrete scheme (5.30), we introduce the
minimal stabilizing function 𝑘𝛼min(𝜃), defined by

(5.38) 𝑘𝛼min(𝜃) B 𝑘𝛼0 (𝜃) − (𝛼 − 1)𝛾̂(𝜃), ∀𝜃 ∈ 2𝜋T,

where 𝑘𝛼0 (𝜃) is defined by

(5.39) 𝑘𝛼0 (𝜃) B inf
{
𝑎 ≥ 0 | 4𝛾̂(𝜃)𝑃𝛼,𝑎(𝜙, 𝜃) ≥ 𝑄2

𝛼(𝜙, 𝜃), ∀𝜙 ∈ 2𝜋T
}
.

Here 𝑃𝛼,𝑎 and 𝑄𝛼 are the auxiliary functions

𝑃𝛼,𝑎(𝜙, 𝜃) B 𝛾̂(𝜃) + 𝛼 − 1
2 𝛾̂′(𝜃) sin 2𝜙 + 𝑎 sin2 𝜙,(5.40a)

𝑄𝛼(𝜙, 𝜃) B 𝛾̂(𝜃 − 𝜙) + 𝛾̂(𝜃) cos 𝜙 + 𝛼𝛾̂′(𝜃) sin 𝜙.(5.40b)

Assumption 5.1. For a given 𝛾̂(𝜃) ∈ 𝐶2(2𝜋T) and 𝛼 ∈ R, assume that the minimal stabilizing
function 𝑘𝛼min(𝜃) exists, that is,

(5.41) 𝑘𝛼min(𝜃) < +∞, ∀𝜃 ∈ 2𝜋T.

Under Assumption 5.1, we establish the following local energy estimate.

Lemma 5.3 (Local energy estimate). Assume that (5.41) holds. For arbitrary 𝒑, 𝒒 ∈ R2\{0}, write
𝒑 = |𝒑|(cos 𝜑, sin 𝜑)𝑇 , 𝒒 = |𝒒|(cos𝜃, sin𝜃)𝑇 . Then, for sufficiently large 𝑘(𝜃),

(5.42) 1
|𝒒|

(
𝑮̂𝛼
𝑘
(𝜃)𝒑

)
· (𝒑 − 𝒒) ≥ 𝛾̂(𝜑)|𝒑| − 𝛾̂(𝜃)|𝒒|.
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Proof. Recalling the definition (5.8) of 𝑮̂𝛼
𝑘
(𝜃), we have

1
|𝒒|

(
𝑮̂𝛼
𝑘
(𝜃)𝒑

)
· 𝒑 =

|𝒑|2
|𝒒|

(
𝑮̂𝛼
𝑘
(𝜃)

(
cos 𝜑
sin 𝜑

))
·
(

cos 𝜑
sin 𝜑

)
=

|𝒑|2
|𝒒|

(
𝛾̂(𝜃) + (𝛼 − 1)𝛾̂′(𝜃) sin(𝜃 − 𝜑) cos(𝜃 − 𝜑) + (𝑘(𝜃) + (𝛼 − 1)𝛾̂(𝜃)) sin2(𝜃 − 𝜑)

)
=

|𝒑|2
|𝒒|

(
𝛾̂(𝜃) + 𝛼 − 1

2 𝛾̂′(𝜃) sin
(
2(𝜃 − 𝜑)

)
+ (𝑘(𝜃) + (𝛼 − 1)𝛾̂(𝜃)) sin2(𝜃 − 𝜑)

)
=

|𝒑|2
|𝒒| 𝑃𝛼,𝑘+(𝛼−1)𝛾̂(𝜃 − 𝜑, 𝜃),(5.43)

and
1
|𝒒|

(
𝑮̂𝛼
𝑘
(𝜃)𝒑

)
· 𝒒 = |𝒑|

(
𝑮̂𝛼
𝑘
(𝜃)

(
cos 𝜑
sin 𝜑

))
·
(

cos𝜃
sin𝜃

)
= |𝒑|

(
𝛾̂(𝜃) cos(𝜃 − 𝜑) + 𝛼𝛾̂′(𝜃) sin(𝜃 − 𝜑)

)
= |𝒑|

(
𝑄𝛼(𝜃 − 𝜑, 𝜃) − 𝛾̂(𝜑)

)
.(5.44)

Suppose that (5.41) holds. For sufficiently large 𝑘(𝜃) satisfying 𝑘(𝜃) ≥ 𝑘𝛼min(𝜃), we have 𝑘(𝜃) + (𝛼 −
1)𝛾̂(𝜃) ≥ 𝑘𝛼min(𝜃) + (𝛼 − 1)𝛾̂(𝜃) = 𝑘𝛼0 (𝜃). Thus, by (5.39),

4𝛾̂(𝜃)𝑃𝛼,𝑘+(𝛼−1)𝛾̂(𝜃 − 𝜑, 𝜃) = 4𝛾̂(𝜃)𝑃𝛼,𝑘𝛼0 (𝜃 − 𝜑, 𝜃) + 4𝛾̂(𝜃)
(
𝑘(𝜃) − 𝑘𝛼min(𝜃)

)
sin2(𝜃 − 𝜑)

≥ 4𝛾̂(𝜃)𝑃𝛼,𝑘𝛼0 (𝜃 − 𝜑, 𝜃) ≥ 𝑄2
𝛼(𝜃 − 𝜑, 𝜃), ∀𝜑 ∈ 2𝜋T.(5.45)

Combining this with 1
4𝑐 𝑥

2 − 𝑥 ≥ −𝑐, ∀𝑥 ∈ R, 𝑐 > 0, gives

1
|𝒒|

(
𝑮̂𝛼
𝑘
(𝜃)𝒑

)
· (𝒑 − 𝒒) = |𝒑|2

|𝒒| 𝑃𝛼,𝑘+(𝛼−1)𝛾̂(𝜃 − 𝜑, 𝜃) − |𝒑|
(
𝑄𝛼(𝜃 − 𝜑, 𝜃) − 𝛾̂(𝜑)

)
≥ 𝛾̂(𝜑)|𝒑| +

(
1

4𝛾̂(𝜃)|𝒒|
(
|𝒑|𝑄𝛼(𝜃 − 𝜑, 𝜃)

)2 − |𝒑|𝑄𝛼(𝜃 − 𝜑, 𝜃)
)

≥ 𝛾̂(𝜑)|𝒑| − 𝛾̂(𝜃)|𝒒|,(5.46)

This proves the desired estimate. □

Remark 5.5. Following the analysis in Remark 2.10 or Remark 3.5, we set 𝒑 = −𝒒, that is, 𝜑 = 𝜃 −𝜋,
in (5.42). This yields the necessary condition 3𝛾̂(𝜃) ≥ 𝛾̂(𝜃 − 𝜋) for the local energy estimate.
Comparing this condition with (5.33) for 𝛼 = −1 shows that (5.33) is both necessary and sufficient for
the local energy estimate when 𝛼 = −1. It is therefore optimal within this framework, as discussed in
Chapter 3.

Remark 5.6. In the isotropic case 𝛾̂(𝜃) ≡ 1, it is straightforward to verify that 𝑘𝛼0 (𝜃) ≡ 0 for every
𝛼 ∈ R. Thus the minimal stabilizing function is 𝑘𝛼min(𝜃) ≡ 1 − 𝛼.

Using the local energy estimate (5.42), we can prove unconditional energy stability of the fully
discrete scheme (5.30) under Assumption 5.1.

Proof. Let 𝑘(𝜃) be sufficiently large and satisfy 𝑘(𝜃) ≥ 𝑘𝛼min(𝜃). For each time step (∀0 ≤ 𝑚 ≤
𝑀 − 1), (

𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

=

𝑁∑
𝑗=1

[
|𝒉𝑚𝑗 |

(
𝑮̂𝛼
𝑘
(𝜃𝑚)

𝒉𝑚+1
𝑗

|𝒉𝑚
𝑗
|
)
·
𝒉𝑚+1
𝑗

− 𝒉𝑚
𝑗

|𝒉𝑚
𝑗
|

]
=

𝑁∑
𝑗=1

[
1

|𝒉𝑚
𝑗
|
(
𝑮̂𝛼
𝑘
(𝜃𝑚)𝒉𝑚+1

𝑗

)
· (𝒉𝑚+1

𝑗 − 𝒉𝑚𝑗 )
]
.(5.47)
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Taking 𝒑 = 𝒉𝑚+1
𝑗

= |𝒉𝑚+1
𝑗

|(cos𝜃𝑚+1
𝑗

, sin𝜃𝑚+1
𝑗

)𝑇 and 𝒒 = 𝒉𝑚
𝑗
= |𝒉𝑚

𝑗
|(cos𝜃𝑚

𝑗
, sin𝜃𝑚

𝑗
)𝑇 in (5.42) gives(

𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

≥
𝑁∑
𝑗=1

[
𝛾̂(𝜃𝑚+1

𝑗 )|𝒉𝑚+1
𝑗 | − 𝛾̂(𝜃𝑚𝑗 )|𝒉𝑚𝑗 |

]
=

𝑁∑
𝑗=1

𝛾̂(𝜃𝑚+1
𝑗 )|𝒉𝑚+1

𝑗 | −
𝑁∑
𝑗=1

𝛾̂(𝜃𝑚𝑗 )|𝒉𝑚𝑗 |

=𝑊𝑚+1 −𝑊𝑚 .(5.48)

Taking 𝜑ℎ = 𝜇𝑚+1 and 𝝎ℎ = 𝑿𝑚+1 − 𝑿𝑚 in (5.30), we obtain

𝑊𝑚+1 −𝑊𝑚 ≤
(
𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

=

(
𝜇𝑚+1𝒏𝑚+ 1

2 ,𝑿𝑚+1 − 𝑿𝑚
) ℎ
Γ𝑚

= −𝜏
(
𝜇𝑚+1 , 𝜇𝑚+1

) ℎ
Γ𝑚

≤ 0.(5.49)

This proves unconditional energy stability of the fully discrete scheme (5.30). □

5.4. Existence of the minimal stabilizing function

We now analyze the existence of the minimal stabilizing function 𝑘𝛼min(𝜃).
Suppose that 𝛾̂(𝜃) ∈ 𝐶2(2𝜋T) satisfies

(5.50) 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 0, ∀𝜃 ∈ 2𝜋T,

and let 𝑐 B inf
𝜃∈2𝜋T

[
3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋)

]
. Since 𝑘𝛼min(𝜃) = 𝑘𝛼0 (𝜃) − (𝛼 − 1)𝛾̂(𝜃), the existence of 𝑘𝛼min(𝜃) is

equivalent to the boundedness of 𝑘𝛼0 (𝜃). We therefore focus on the latter. For the critical case 𝑐 = 0,
we establish necessary and sufficient conditions for boundedness of 𝑘𝛼0 (𝜃). For 𝑐 > 0, we derive an
upper bound for 𝑘𝛼0 (𝜃).

5.4.1. Boundedness of 𝑘𝛼0 (𝜃).
Theorem 5.2. If 𝑐 = 0, then 𝑘𝛼0 (𝜃) exists if and only if at least one of the following conditions holds:

(1) 𝛼 = −1;
(2) Whenever 3𝛾̂(𝜃∗) = 𝛾̂(𝜃∗ − 𝜋), we have 𝛾̂′(𝜃∗) = 0.

Proof. (Sufficiency) The proofs under conditions (1) and (2) follow the arguments in Sections 3.3.3
and 2.4.4, respectively, and are omitted here.

(Necessity) Suppose that there exists 𝜃∗ ∈ 2𝜋T such that 3𝛾̂(𝜃∗) = 𝛾̂(𝜃∗ − 𝜋). The function
𝛾̂(𝜃 − 𝜋)/𝛾̂(𝜃) attains its maximum at 𝜃 = 𝜃∗, and hence

(5.51)

𝑑

𝑑𝜃

(
𝛾̂(𝜃 − 𝜋)
𝛾̂(𝜃)

)����
𝜃=𝜃∗

=
𝛾̂′(𝜃∗ − 𝜋)𝛾̂(𝜃∗) − 𝛾̂(𝜃∗ − 𝜋)𝛾̂′(𝜃∗)

𝛾̂2(𝜃∗)

=
𝛾̂′(𝜃∗ − 𝜋) − 3𝛾̂′(𝜃∗)

𝛾̂(𝜃∗) = 0.

Therefore,
(5.52) 3𝛾̂′(𝜃∗) = 𝛾̂′(𝜃∗ − 𝜋), whenever 3𝛾̂(𝜃∗) = 𝛾̂(𝜃∗ − 𝜋) .

Define 𝐹𝛼(𝜙, 𝜃) B 4𝛾̂(𝜃)𝑃𝛼,𝑘𝛼0 (𝜙, 𝜃) −𝑄
2
𝛼(𝜙, 𝜃). Then

(5.53) 𝐹𝛼(𝜙, 𝜃) ≥ 0, ∀𝜙, 𝜃 ∈ 2𝜋T.
Applying the mean value theorem to 𝐹𝛼(𝜙, 𝜃∗) at 𝜙 = 𝜋 gives

𝐹𝛼(𝜙, 𝜃∗) = (3𝛾̂(𝜃∗) − 𝛾̂(𝜃∗ − 𝜋)) (𝛾̂(𝜃∗) + 𝛾̂(𝜃∗ − 𝜋))
+ [4(𝛼 − 1)𝛾̂(𝜃∗)𝛾̂′(𝜃∗) + 2 (𝛾̂(𝜃∗ − 𝜋) − 𝛾̂(𝜃∗)) (𝛾̂′(𝜃∗ − 𝜋) + 𝛼𝛾̂′(𝜃∗))] (𝜙 − 𝜋)
+ 𝑂((𝜙 − 𝜋)2).(5.54)
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Substituting 3𝛾̂(𝜃∗) = 𝛾̂(𝜃∗ − 𝜋) and (5.52) into (5.54) yields

(5.55)

𝐹𝛼(𝜙, 𝜃∗) = [4(𝛼 − 1)𝛾̂(𝜃∗)𝛾̂′(𝜃∗) + 2 (3𝛾̂(𝜃∗) − 𝛾̂(𝜃∗)) (3𝛾̂′(𝜃∗) + 𝛼𝛾̂′(𝜃∗))] (𝜙 − 𝜋)
+ 𝑂((𝜙 − 𝜋)2)

= 8(𝛼 + 1)𝛾̂(𝜃∗)𝛾̂′(𝜃∗)(𝜙 − 𝜋) + 𝑂((𝜙 − 𝜋)2).
Consequently, (𝛼 + 1)𝛾̂′(𝜃∗) = 0, so either 𝛼 = −1 or 𝛾̂′(𝜃∗) = 0. □

Remark 5.7. Theorem 5.2 unifies the main results of Chapters 2 and 3 and identifies 𝛼 = −1 as
the optimal choice within the local energy estimate framework. Indeed, as stated in Remark 5.5,
condition (5.33), 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 0, is both necessary and sufficient for the local energy estimate
when 𝛼 = −1. For 𝛼 ≠ −1, ensuring energy stability under (5.33) requires an additional condition
such as 𝛾̂′(𝜃∗) = 0, or the stronger condition (5.35), 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) > 0.

5.4.2. A global upper bound for 𝑘𝛼0 (𝜃). We first establish several lemmas to derive a global upper
bound for 𝑘𝛼0 (𝜃).

Lemma 5.4. Let 𝑓 be a nonnegative 𝐶2 function on 2𝜋T. For any constant 𝐶 ≥ sup
2𝜋T

| 𝑓 ′′|, we have

(5.56) − 𝑓 (𝑥) ≤ 𝑓 ′(𝑥)𝑦 + 𝐶

2 𝑦
2 , ∀𝑥, 𝑦 ∈ 2𝜋T.

This is Lemma 3.2; its proof was given earlier.

Lemma 5.5 (Estimate for 𝑄𝛼(𝜙, 𝜃)). Suppose that 𝑐 > 0. For 𝑄𝛼(𝜙, 𝜃) defined in (5.40b), we have
(5.57) |𝑄𝛼(𝜙, 𝜃)| ≤ |𝑃𝛼,𝐴(𝜙, 𝜃) + 𝛾̂(𝜃)|, ∀𝜙 ∈ 2𝜋T,
where 𝐴(𝜃) is defined by

𝐴(𝜃) B 𝜋2

8

(
𝐶𝛼 sup

2𝜋T
|𝛾̂′′| + (3|𝛼| + 2)|𝛾̂′(𝜃)| + 𝛾̂(𝜃) + 𝐵(𝜃)

)
,(5.58a)

𝐵(𝜃) B 2
𝑐
(𝛼 + 1)2|𝛾̂′(𝜃)|2 , 𝐶𝛼 = max{5, 4

𝜋2 (2|𝛼| + 1)2}.(5.58b)

Proof. We first prove the lower bound for 𝑄𝛼(𝜙, 𝜃). Lemma 5.4 gives

(5.59)

𝑄𝛼(𝜙, 𝜃) + 𝑃𝛼,0(𝜙, 𝜃) + 𝛾̂(𝜃)

= 𝛾̂(𝜃 − 𝜙) + 𝛾̂(𝜃)(2 + cos 𝜙) + 𝛾̂′(𝜃)(𝛼 sin 𝜙 + 𝛼 − 1
2 sin 2𝜙)

≥ 𝛾̂(𝜃) + 𝛾̂′(𝜃)(𝛼 + (𝛼 − 1) cos 𝜙) sin 𝜙

≥ 𝛾̂(𝜃) − (2|𝛼| + 1)|𝛾̂′(𝜃)|| sin 𝜙|

≥ −(2|𝛼| + 1)2
2 sup

2𝜋T
|𝛾̂′′| sin2 𝜙.

Using 𝐴(𝜃) ≥ (2|𝛼|+1)2
2 sup

2𝜋T
|𝛾̂′′| and 𝑃𝛼,𝐴(𝜙, 𝜃) = 𝑃𝛼,0(𝜙, 𝜃) + 𝐴(𝜃) sin2 𝜙, we obtain

(5.60) 𝑄𝛼(𝜙, 𝜃) ≥ −𝑃𝛼,0(𝜙, 𝜃) − 𝛾̂(𝜃) − 𝐴(𝜃) sin2 𝜙 = −𝑃𝛼,𝐴(𝜙, 𝜃) − 𝛾̂(𝜃), ∀𝜙 ∈ 2𝜋T.
It remains to establish the upper bound for 𝑄𝛼(𝜙, 𝜃). We consider two cases.
Case 1: |𝜙| ≤ 𝜋

2 . Applying the mean value theorem to 𝑄𝛼(·, 𝜃) − 𝑃𝛼,0(·, 𝜃) − 𝛾̂(𝜃) on [0, 𝜙], we
obtain 𝜉 ∈ [0, 𝜙] such that

(5.61)

𝑄𝛼(𝜙, 𝜃) − 𝑃𝛼,0(𝜙, 𝜃) − 𝛾̂(𝜃)

=
1
2 (𝛾̂′′(𝜃 − 𝜉) − 𝛾̂(𝜃) cos 𝜉 − 𝛼𝛾̂′(𝜃) sin 𝜉 + 2(𝛼 − 1)𝛾̂′(𝜃) sin 2𝜉)𝜙2

≤ 1
2

(
sup
2𝜋T

|𝛾̂′′| + (3|𝛼| + 2)|𝛾̂′(𝜃)| + 𝛾̂(𝜃)
) (

𝜋2

4 sin2 𝜙

)
≤ 𝐴(𝜃) sin2 𝜙.
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The penultimate inequality follows from |𝜙| ≤ 𝜋
2 | sin 𝜙| whenever |𝜙| ≤ 𝜋

2 .
Case 2: |𝜙 − 𝜋| < 𝜋

2 . Similarly, applying the mean value theorem to 𝑄𝛼(·, 𝜃) − 𝑃𝛼,0(·, 𝜃) − 𝛾̂(𝜃) on
[𝜙,𝜋], we obtain 𝜉 ∈ [𝜙,𝜋] such that

(5.62)

𝑄𝛼(𝜙, 𝜃) − 𝑃𝛼,0(𝜙, 𝜃) − 𝛾̂(𝜃)
= (𝛾̂(𝜃 − 𝜋) − 3𝛾̂(𝜃)) − (𝛾̂′(𝜃 − 𝜋) + (2𝛼 − 1)𝛾̂′(𝜃)) (𝜙 − 𝜋)

+ 1
2 (𝛾̂′′(𝜃 − 𝜉) − 𝛾̂(𝜃) cos 𝜉 − 𝛼𝛾̂′(𝜃) sin 𝜉 + 2(𝛼 − 1)𝛾̂′(𝜃) sin 2𝜉) (𝜙 − 𝜋)2.

By the definition of 𝑐, we have 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 𝑐. Applying Lemma 5.4 to 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) − 𝑐
gives

(5.63)

𝛾̂(𝜃 − 𝜋) − 3𝛾̂(𝜃) = −𝑐 − (3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) − 𝑐)

≤ −𝑐 + (𝛾̂′(𝜃 − 𝜋) − 3𝛾̂′(𝜃)) (𝜙 − 𝜋) + 1
2 sup

2𝜋T
|3𝛾̂′′(𝜃) − 𝛾̂′′(𝜃 − 𝜋)|(𝜙 − 𝜋)2

≤ −𝑐 + (𝛾̂′(𝜃 − 𝜋) − 3𝛾̂′(𝜃)) (𝜙 − 𝜋) + 2 sup
2𝜋T

|𝛾̂′′|(𝜙 − 𝜋)2.

Therefore,

(5.64)

𝑄𝛼(𝜙, 𝜃) − 𝑃𝛼,0(𝜙, 𝜃) − 𝛾̂(𝜃)
≤ −𝑐 + (𝛾̂′(𝜃 − 𝜋) − 3𝛾̂′(𝜃)) (𝜙 − 𝜋) + 2 sup

2𝜋T
|𝛾̂′′|(𝜙 − 𝜋)2

− (𝛾̂′(𝜃 − 𝜋) + (2𝛼 − 1)𝛾̂′(𝜃)) (𝜙 − 𝜋)

+ 1
2 (𝛾̂′′(𝜃 − 𝜉) − 𝛾̂(𝜃) cos 𝜉 − 𝛼𝛾̂′(𝜃) sin 𝜉 + 2(𝛼 − 1)𝛾̂′(𝜃) sin 2𝜉) (𝜙 − 𝜋)2

≤ −𝑐 − 2(𝛼 + 1)𝛾̂′(𝜃)(𝜙 − 𝜋) + 1
2

(
5 sup

2𝜋T
|𝛾̂′′| + (3|𝛼| + 2)|𝛾̂′(𝜃)| + 𝛾̂(𝜃)

)
(𝜙 − 𝜋)2.

Since 𝑐 > 0, the lower-order terms on the right-hand side of (5.64) can be bounded by a quadratic
term:

(5.65) −𝑐 − 2(𝛼 + 1)𝛾̂′(𝜃)(𝜙 − 𝜋) ≤ 1
𝑐
(𝛼 + 1)2|𝛾̂′(𝜃)|2(𝜙 − 𝜋)2.

Using |𝜙 − 𝜋| ≤ 𝜋
2 | sin 𝜙| whenever |𝜙 − 𝜋| ≤ 𝜋

2 , we obtain the desired inequality

(5.66) 𝑄𝛼(𝜙, 𝜃) ≤ 𝑃𝛼,𝐴(𝜙, 𝜃) + 𝛾̂(𝜃), ∀𝜙 ∈ 2𝜋T.

□

Theorem 5.3. If 𝑐 > 0, then for any 𝛼 ∈ R, the function 𝑘𝛼0 (𝜃) defined in (5.39) satisfies the upper bound

(5.67) 𝑘𝛼0 (𝜃) ≤
1

4𝛾̂(𝜃)
[
𝐴2(𝜃) + 4𝛾̂(𝜃)𝐴(𝜃) + (𝛼 − 1)2|𝛾̂′(𝜃)|2

]
< +∞, ∀𝜃 ∈ 2𝜋T.

Proof. Lemma 5.5 gives

(5.68) 𝑄2
𝛼(𝜙, 𝜃) ≤

(
𝑃𝛼,𝐴(𝜙, 𝜃) + 𝛾̂(𝜃)

)2
, ∀𝜙 ∈ 2𝜋T.

Recalling the definition of 𝑃𝛼,𝑎(𝜙, 𝜃) in (5.40a), we have 𝑃𝛼,𝑎(𝜙, 𝜃) = 𝑃𝛼,0(𝜙, 𝜃)+ 𝑎(𝜃) sin2 𝜙. Hence

(5.69)

4𝛾̂(𝜃)𝑃𝛼,𝑎(𝜙, 𝜃) −𝑄2
𝛼(𝜙, 𝜃)

≥ 4𝛾̂(𝜃)(𝑎(𝜃) − 𝐴(𝜃)) sin2 𝜙 + 4𝛾̂(𝜃)𝑃𝛼,𝐴(𝜙, 𝜃) −
(
𝑃𝛼,𝐴(𝜙, 𝜃) + 𝛾̂(𝜃)

)2

= 4𝛾̂(𝜃)(𝑎(𝜃) − 𝐴(𝜃)) sin2 𝜙 −
(
𝑃𝛼,𝐴(𝜙, 𝜃) − 𝛾̂(𝜃)

)2

=
(
4𝛾̂(𝜃)(𝑎(𝜃) − 𝐴(𝜃)) − ((𝛼 − 1)𝛾̂′(𝜃) cos 𝜙 + 𝐴(𝜃) sin 𝜙)2

)
sin2 𝜙

≥
(
4𝛾̂(𝜃)𝑎(𝜃) − 𝐴2(𝜃) − (𝛼 − 1)2|𝛾̂′(𝜃)|2 − 4𝛾̂(𝜃)𝐴(𝜃)

)
sin2 𝜙.

The last inequality follows directly from |𝑎 cos 𝜙 + 𝑏 sin 𝜙| ≤
√
𝑎2 + 𝑏2 , ∀𝜙 ∈ 2𝜋T.
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Therefore, for any 𝑎(𝜃) satisfying

𝑎(𝜃) ≥ 1
4𝛾̂(𝜃)

[
𝐴2(𝜃) + 4𝛾̂(𝜃)𝐴(𝜃) + (𝛼 − 1)2|𝛾̂′(𝜃)|2

]
we have

(5.70) 4𝛾̂(𝜃)𝑃𝛼,𝑎(𝜙, 𝜃) −𝑄2
𝛼(𝜙, 𝜃) ≥ 0, ∀𝜙 ∈ 2𝜋T.

By the definition (5.39) of 𝑘𝛼0 (𝜃), this proves (5.67). □

5.5. Extensions to other geometric flows

We consider two specific geometric flows, area-preserving anisotropic curvature flow and anisotropic
surface diffusion, and construct their structure-preserving parametric finite element schemes. We then use
the preceding analytical framework to discuss the design of structure-preserving algorithms for
general normal velocity laws.

5.5.1. Area-preserving anisotropic curvature flow. As stated in (1.13), area-preserving anisotropic
curvature flow is governed by

(5.71) 𝑉𝑛 = −𝜇 + 𝜆,

where 𝜆 B
´
Γ
𝜇d𝑠/|Γ| is a Lagrange multiplier that ensures conservation of the area enclosed by Γ.

As in (5.14), we obtain the following conservative strong formulation of area-preserving anisotropic
curvature flow (5.71):

𝒏 · 𝜕𝑡𝑿 + 𝜇 − 𝜆(𝑡) = 0,(5.72a)

𝜇𝒏 + 𝜕𝑠
(
𝑮̂𝛼
𝑘
(𝜃)𝜕𝑠𝑿

)
= 0,(5.72b)

where 𝜆(𝑡) B
´
Γ(𝑡) 𝜇d𝑠/|Γ(𝑡)| is the Lagrange multiplier.

Given the initial closed curve Γ(0) = 𝑿 (·, 0) ∈ [𝐻1
𝑝(I)]2 and initial weighted curvature 𝜇(·, 0) =

𝜇0(·) ∈ 𝐻1
𝑝(I), the weak formulation of (5.72) is as follows: for every 𝑡 > 0, find

(
𝑿 (·, 𝑡), 𝜇(·, 𝑡)

)
∈

[𝐻1
𝑝(I)]2 × 𝐻1

𝑝(I) such that(
𝒏 · 𝜕𝑡𝑿 , 𝜑

)
Γ(𝑡)

+
(
𝜇 − 𝜆(𝑡), 𝜑

)
Γ(𝑡)

= 0, ∀𝜑 ∈ 𝐻1
𝑝(I),(5.73a) (

𝜇𝒏 ,𝝎
)
Γ(𝑡)

−
(
𝑮̂𝛼
𝑘
(𝜃)𝜕𝑠𝑿 , 𝜕𝑠𝝎

)
Γ(𝑡)

= 0, ∀𝝎 ∈ [𝐻1
𝑝(I)]2.(5.73b)

The structure-preserving parametric finite element method for area-preserving anisotropic curvature flow
(5.71) is then given as follows. Let the initial curve Γ0 be specified by𝑿 0(𝜌 𝑗) = 𝑿 (𝜌 𝑗 , 0), 𝑗 = 1, 2, · · · , 𝑁 .
For every 𝑚 ≥ 0, find

(
𝑿𝑚+1(·), 𝜇𝑚+1(·)

)
∈ [Kℎ

𝑝 ]2 ×Kℎ
𝑝 such that(

𝒏𝑚+ 1
2 · 𝑿

𝑚+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(
𝜇𝑚+1 − 𝜆𝑚,∗ , 𝜑ℎ

) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ Kℎ
𝑝 ,(5.74a) (

𝜇𝑚+1𝒏𝑚+ 1
2 ,𝝎ℎ

) ℎ
Γ𝑚

−
(
𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠𝝎

ℎ
) ℎ
Γ𝑚

= 0, ∀𝝎ℎ ∈ [Kℎ
𝑝 ]2 ,(5.74b)

where 𝜆𝑚,∗ B
(
𝜇𝑚+1 , 1

) ℎ
Γ𝑚

/|Γ𝑚|.
The scheme (5.74) has the following structure-preserving properties.

Theorem 5.4. Suppose that 𝛾̂(𝜃) satisfies (5.35), or (5.33) when 𝛼 = −1. Then, for sufficiently large 𝑘(𝜃),
the fully discrete scheme (5.74) is structure-preserving:

(5.75) 𝐴𝑚+1 = 𝐴𝑚 = · · · = 𝐴0 , 𝑊𝑚+1 ≤ 𝑊𝑚 ≤ · · · ≤ 𝑊0 , ∀𝑚 ≥ 0.

The proof follows [107], and its details are omitted for brevity.
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5.5.2. Anisotropic surface diffusion. Similarly, the evolution equation for anisotropic surface
diffusion is
(5.76) 𝑉𝑛 = 𝜕𝑠𝑠𝜇,

Its conservative strong formulation is
𝒏 · 𝜕𝑡𝑿 − 𝜕𝑠𝑠𝜇 = 0,(5.77a)

𝜇𝒏 + 𝜕𝑠
(
𝑮̂𝛼
𝑘
(𝜃)𝜕𝑠𝑿

)
= 0.(5.77b)

The corresponding weak formulation follows by the same procedure.
Let the initial closed curve Γ0 be specified by 𝑿 0(𝜌 𝑗) = 𝑿 (𝜌 𝑗 , 0), 𝑗 = 1, 2, · · · , 𝑁 . The structure-

preserving parametric finite element scheme for anisotropic surface diffusion (5.76) is as follows: for every
𝑚 ≥ 0, find

(
𝑿𝑚+1(·), 𝜇𝑚+1(·)

)
∈ [Kℎ

𝑝 ]2 ×Kℎ
𝑝 such that(

𝒏𝑚+ 1
2 · 𝑿

𝑚+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(
𝜕𝑠𝜇

𝑚+1 , 𝜕𝑠𝜑
ℎ
) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ Kℎ
𝑝 ,(5.78a) (

𝜇𝑚+1𝒏𝑚+ 1
2 ,𝝎ℎ

) ℎ
Γ𝑚

−
(
𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠𝝎

ℎ
) ℎ
Γ𝑚

= 0, ∀𝝎ℎ ∈ [Kℎ
𝑝 ]2.(5.78b)

The scheme (5.78) has the following structure-preserving properties.

Theorem 5.5. Suppose that 𝛾̂(𝜃) satisfies (5.35), or (5.33) when 𝛼 = −1. Then, for sufficiently large 𝑘(𝜃),
the scheme (5.78) is structure-preserving:

(5.79) 𝐴𝑚+1 = 𝐴𝑚 = · · · = 𝐴0 , 𝑊𝑚+1 ≤ 𝑊𝑚 ≤ · · · ≤ 𝑊0 , ∀𝑚 ≥ 0.

The proof is analogous to those of Theorems 2.2 and 5.1 and is omitted.

5.5.3. General normal velocity laws. The surface energy matrix allows us to treat anisotropic
problems using a framework and strategies analogous to those of Barrett–Garcke–Nürnberg methods for
isotropic problems [29, 27].

Consider an evolution equation of the form
(5.80) 𝑉𝑛 = 𝔉(𝜇), on Γ(𝑡),
where 𝔉(·) maps functions on the closed evolving curve Γ(𝑡) to functions on Γ(𝑡).

If 𝔉 satisfies

(5.81)
(
𝔉(𝜇), 𝜇

)
Γ(𝑡)

≤ 0,

then (5.80) satisfies the following area decay rate and energy dissipation identities:

(5.82) d
dt𝐴(𝑡) =

(
𝔉(𝜇), 1

)
Γ(𝑡)
,

d
d𝑡𝑊(𝑡) =

(
𝑉𝑛 , 𝜇

)
Γ(𝑡)

=

(
𝔉(𝜇), 𝜇

)
Γ(𝑡)

≤ 0.

The preceding evolution laws all fit within this framework. For example, integration by parts for
anisotropic surface diffusion 𝑉𝑛 = 𝜕𝑠𝑠𝜇 gives

(5.83)
(
𝔉(𝜇), 𝜇

)
Γ(𝑡)

=

(
𝜕𝑠𝑠𝜇, 𝜇

)
Γ(𝑡)

= −
(
𝜕𝑠𝜇, 𝜕𝑠𝜇

)
Γ(𝑡)

≤ 0.

As above, to construct a structure-preserving numerical scheme for (5.80), we formally consider the
strong formulation

𝒏 · 𝜕𝑡𝑿 − 𝔉(𝜇) = 0,(5.84a)

𝜇𝒏 + 𝜕𝑠
(
𝑮̂𝛼
𝑘
(𝜃)𝜕𝑠𝑿

)
= 0.(5.84b)

Although 𝔉(𝜇) is conventional notation, constructing a structure-preserving fully discrete scheme
requires careful treatment of its dependence on the underlying curve Γ(𝑡). To make this dependence
explicit, we write 𝔉(𝜇, Γ) = 𝔉(𝜇). This suggests a semi-implicit discretization that treats 𝜇 implicitly
at time level 𝑚+1 and Γ explicitly at time level 𝑚. The resulting framework yields structure-preserving
fully discrete schemes as follows.
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Given the initial data Γ0, find, for every 𝑚 ≥ 0,
(
𝑿𝑚+1(·), 𝜇𝑚+1(·)

)
∈ [Kℎ

𝑝 ]2 ×Kℎ
𝑝 such that(

𝒏𝑚+ 1
2 · 𝑿

𝑚+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

−
(
𝔉(𝜇𝑚+1 , Γ𝑚), 𝜑ℎ

) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ Kℎ
𝑝 ,(5.85a) (

𝜇𝑚+1𝒏𝑚+ 1
2 ,𝝎ℎ

) ℎ
Γ𝑚

−
(
𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠𝝎

ℎ
) ℎ
Γ𝑚

= 0, ∀𝝎ℎ ∈ [Kℎ
𝑝 ]2.(5.85b)

For the following result, assume that the chosen discrete realization of 𝔉 preserves the dissipation
property, that is,

(
𝔉(𝜇𝑚+1 , Γ𝑚), 𝜇𝑚+1) ℎ

Γ𝑚
≤ 0. The scheme (5.85) then has the following structure-

preserving properties.

Theorem 5.6. Suppose that 𝛾̂ ∈ 𝐶2(2𝜋T) is strictly positive and satisfies (5.35), or (5.33) when 𝛼 = −1.
Then, for sufficiently large 𝑘(𝜃), the scheme (5.85) is structure-preserving:

(5.86) 𝐴𝑚+1 − 𝐴𝑚
𝜏

=

(
𝔉(𝜇𝑚+1 , Γ𝑚), 1

) ℎ
Γ𝑚
, 𝑊𝑚+1 ≤ 𝑊𝑚 ≤ · · · ≤ 𝑊0 , ∀𝑚 ≥ 0.

Proof. For the area decay rate, following (5.36), we have

(5.87) 𝐴𝑚+1 − 𝐴𝑚 =

(
𝒏𝑚+ 1

2 · (𝑿𝑚+1 − 𝑿𝑚), 1
) ℎ
Γ𝑚

= 𝜏
(
𝔉(𝜇𝑚+1 , Γ𝑚), 1

) ℎ
Γ𝑚
.

For energy dissipation, (5.48) continues to hold, giving

(5.88)
𝑊𝑚+1 −𝑊𝑚 ≤

(
𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿𝑚+1 , 𝜕𝑠(𝑿𝑚+1 − 𝑿𝑚)

) ℎ
Γ𝑚

=

(
𝜇𝑚+1𝒏𝑚+ 1

2 ,𝑿𝑚+1 − 𝑿𝑚
) ℎ
Γ𝑚

= 𝜏
(
𝔉(𝜇𝑚+1 , Γ𝑚), 𝜇𝑚+1

) ℎ
Γ𝑚

≤ 0.

The final inequality follows from the discrete dissipation assumption corresponding to (5.81). □

We give three examples to illustrate this construction. Further examples and numerical discussions
can be found in the survey by Barrett et al. [29] and the references therein.

Example 5.1. Take 𝔉( 𝑓 , Γ) = − 𝑓 +
´
Γ
𝑓 d𝑠/|Γ|, where 𝑓 is a function on Γ. Then 𝔉(𝜇𝑚+1 , Γ𝑚) =

−𝜇𝑚+1 +
´
Γ𝑚

𝜇𝑚+1 d𝑠/|Γ𝑚|. This recovers the structure-preserving parametric finite element discretiza-
tion (5.74) of area-preserving anisotropic curvature flow.

Example 5.2. For surface diffusion, take 𝔉( 𝑓 , Γ) = 𝜕𝑠𝑠 𝑓 , where 𝜕𝑠 denotes differentiation with
respect to arc length along Γ. Integration by parts yields

(
𝔉(𝜇, Γ), 𝜇

)
Γ
= −(𝜕𝑠𝜇, 𝜕𝑠𝜇)Γ ≤ 0, recovering

the structure-preserving scheme (5.78) and Theorem 5.5 for anisotropic surface diffusion.

Example 5.3. An intermediate evolution law between area-preserving anisotropic curvature flow
and surface diffusion is

(5.89) 𝑉𝑛 = 𝜕𝑠𝑠𝜂, where
(
−1
𝜉
𝜕𝑠𝑠 +

1
𝜈

)
𝜂 = 𝜇,

where 𝜉, 𝜈 ∈ R+ are constants. We define the mapping 𝔉(·, Γ𝑚) by

(5.90)
(
𝔉( 𝑓 , Γ𝑚), 𝜑ℎ

) ℎ
Γ𝑚

= −
(
𝜕𝑠𝜂( 𝑓 ), 𝜕𝑠𝜑ℎ

) ℎ
Γ𝑚
, ∀𝜑ℎ ∈ Kℎ

𝑝 ,

where 𝜂( 𝑓 ) solves

(5.91) 1
𝜉

(
𝜕𝑠𝜂( 𝑓 ), 𝜕𝑠𝜓ℎ

) ℎ
Γ𝑚

+ 1
𝜈

(
𝜂( 𝑓 ),𝜓ℎ

) ℎ
Γ𝑚

=

(
𝑓 ,𝜓ℎ

) ℎ
Γ𝑚
, ∀𝜓ℎ ∈ Kℎ

𝑝 .

Taking 𝑓 = 𝜑ℎ = 𝜇𝑚+1 ,𝜓ℎ = 𝜇𝑚+1 − 1
𝜈𝜂(𝜇𝑚+1) gives

(5.92)
(
𝔉(𝜇𝑚+1 , Γ𝑚), 𝜇𝑚+1

) ℎ
Γ𝑚

= −1
𝜈

(
𝜕𝑠𝜂, 𝜕𝑠𝜂

) ℎ
Γ𝑚

− 𝜉
(
𝜇𝑚+1 − 1

𝜈
𝜂, 𝜇𝑚+1 − 1

𝜈
𝜂
) ℎ
Γ𝑚

≤ 0.

Thus we obtain a structure-preserving discretization of the intermediate flow (5.89) under (5.35)
or (5.33). For further discussion of this flow, see [135, 59, 60] for theoretical results and [7, 22] for
numerical methods.
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5.6. Numerical experiments

We report extensive numerical experiments to assess the performance of the proposed structure-
preserving parametric finite element schemes.

5.6.1. Numerical errors and convergence rates. To measure the distance between two closed
curves Γ1 and Γ2, we use the manifold distance 𝑀(Γ1 , Γ2) [151, 108], defined by

(5.93) 𝑀(Γ1 , Γ2) B |(Ω1\Ω2) ∪ (Ω2\Ω1)| = 2|Ω1 ∪Ω2| − |Ω1| − |Ω2|,
where Ω𝑖 (𝑖 = 1, 2) is the interior region enclosed by Γ𝑖 , and |Ω| denotes the area of Ω.

Define the intermediate curve Γℎ,𝜏(𝑡) between Γ𝑚 and Γ𝑚+1 by

(5.94) Γℎ,𝜏(𝑡) B
𝑡𝑚+1 − 𝑡

𝜏
Γ𝑚 + 𝑡 − 𝑡𝑚

𝜏
Γ𝑚+1 , 𝑡 ∈ [𝑡𝑚 , 𝑡𝑚+1], 𝑚 ≥ 0.

The numerical error 𝑒 ℎ(𝑡) is formally defined by

(5.95) 𝑒 ℎ(𝑡) B 𝑀(Γℎ,𝜏(𝑡), Γ(𝑡)).
We approximate the exact solution Γ(𝑡) by Γℎ𝑒 ,𝜏𝑒 (𝑡) computed on the fine grid ℎ𝑒 = 2−8 , 𝜏𝑒 = ℎ2

𝑒 .

𝛼 (ℎ, 𝜏) 𝑒 ℎ(𝑡 = 0.1) order 𝑒 ℎ(𝑡 = 0.2) order 𝑒 ℎ(𝑡 = 0.3) order

-1
(ℎ0 , 𝜏0) 1.30e-1 - 1.63e-1 - 1.84e-1 -
( ℎ0

2 ,
𝜏0
4 ) 3.12e-2 2.06 4.03e-2 2.01 4.64e-2 1.98

( ℎ0
22 ,

𝜏0
42 ) 8.02e-3 1.96 1.05e-2 1.94 1.21e-2 1.94

0
(ℎ0 , 𝜏0) 1.30e-1 - 1.56e-1 - 1.73e-1 -
( ℎ0

2 ,
𝜏0
4 ) 3.14e-2 2.05 4.04e-2 1.95 4.65e-2 1.90

( ℎ0
22 ,

𝜏0
42 ) 8.00e-3 1.97 1.04e-2 1.95 1.20e-2 1.94

1
(ℎ0 , 𝜏0) 1.31e-1 - 1.58e-1 - 1.76e-1 -
( ℎ0

2 ,
𝜏0
4 ) 3.15e-2 2.05 4.05e-2 1.97 4.66e-2 1.92

( ℎ0
22 ,

𝜏0
42 ) 7.98e-3 1.98 1.04e-2 1.97 1.20e-2 1.96

Table 5.1. Numerical errors 𝑒 ℎ(𝑡) and convergence rates for the fully discrete scheme (5.30)
with 𝛼 = 0,±1. The anisotropy is Case I with 𝛽 = 1/9. The remaining parameters are

ℎ0 = 2−4 , 𝜏0 = ℎ2
0.

We consider the following two surface energies in the convergence tests:
• Case I: 𝛾̂(𝜃) = 1 + 𝛽 cos 3𝜃, where |𝛽| < 1.
• Case II: 𝛾̂(𝜃) =

√( 5
2 + 3

2sgn(𝑛1)
)
𝑛2

1 + 𝑛2
2 , where 𝒏 = (𝑛1 , 𝑛2)𝑇 = (− sin𝜃, cos𝜃)𝑇 .

We compute the minimal stabilizing function 𝑘𝛼min(𝜃) as follows. For a given 𝛾̂(𝜃) and 𝛼 ∈ R,
solve the optimization problem (5.39) at the nodes 𝜃𝑗 = −𝜋 + 𝑗𝜋

10 , ∀0 ≤ 𝑗 ≤ 20 to obtain 𝑘𝛼0 (𝜃𝑗). Then
use linear interpolation to approximate 𝑘𝛼0 (𝜃) between nodes and obtain 𝑘𝛼min(𝜃) from (5.38). In the
following convergence tests, we take 𝑘(𝜃) = 𝑘𝛼min(𝜃) unless otherwise stated.

The scheme formally has second-order spatial accuracy and first-order temporal accuracy. We
therefore take 𝜏 = ℎ2 unless otherwise stated. The initial curve is an ellipse with major axis 4 and
minor axis 1, and the Newton iteration tolerance is tol = 10−11.

Table 5.1 and Figure 5.1 report the numerical errors. They show second-order spatial convergence
and first-order temporal convergence for (5.30).

Figure 5.2 compares the errors at 𝑡 = 0.25 for Cases I and II with several values of 𝛼. The tests
include the reference values 𝛼 = 0,±1, nearby values 𝛼 = ±0.9,±1.1, fractional values 𝛼 = ±0.5, and
values with larger magnitudes 𝛼 = ±3,±6,±10. The results demonstrate that the accuracy of (5.30) is
robust with respect to 𝛼: the relative differences between errors are less than 5% in most cases.
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Figure 5.1. Convergence rates for (5.30) at 𝑡 = 0.25 for different values of 𝛼: (A)–(B) Case I
with 𝛽 = 1/9; (C) Case II.

Figure 5.2. Error comparison for (5.30) at 𝑡 = 0.25: (A) Case I with 𝛽 = 1/7 and
𝛼 = 0,±0.5,±0.9,±1,±1.1; (B) Case II with 𝛼 = 0,±1,±3,±6,±10.

5.6.2. Iteration counts and CPU time. Table 5.2 lists the total iteration counts and average CPU
times for (5.30) at 𝑡 = 0.1 with different values of 𝛼. The CPU times are arithmetic averages over
five independent runs. All computations were performed on a laptop with an Apple M1 Pro chip
and 16 GB of memory running macOS Sequoia 15.3.2. The average number of Newton iterations
per time step is approximately 2, indicating that the scheme can be solved efficiently. The average
CPU time is approximately 18 seconds on the grid (ℎ, 𝜏) = (2−7 , 4−7) and 150 seconds on the finer
grid (ℎ𝑒 , 𝜏𝑒) = (2−8 , 4−8). These results indicate consistent computational efficiency across the tested
values of 𝛼.

5.6.3. Minimal stabilizing function and mesh quality.
5.6.3.1. Minimal stabilizing function. Figure 5.3 shows the minimal stabilizing functions for the

threefold anisotropy 𝛾̂(𝜃) = 1 + 𝛽 cos 3𝜃 and the ratios of their 𝐿∞ norms to the 𝐿∞ norm of 𝛾̂(𝜃)
as functions of 𝛼. The right panel plots 𝑘𝛼0 for 𝛼 = −1. The values of 𝑘𝛼min(𝜃) increase with the
anisotropy strength 𝛽. Moreover, 𝑘𝛼min(𝜃) remains bounded in the critical case 𝛽 = 1

2 associated with
(5.35) or (5.33), consistent with Theorem 5.2. The left panel shows that the supremum of 𝑘𝛼min grows
rapidly as |𝛼| increases. Growth is moderate for −1 ≤ 𝛼 ≤ 1, whereas for |𝛼| > 1, the stabilizing term
𝑘𝛼min(𝜃)𝒏(𝜃)𝒏(𝜃)𝑇 in 𝑮̂𝛼

𝑘
(𝜃) becomes substantially larger than the other components.

Figure 5.4 plots 𝑘𝛼min(𝜃) and 𝑘𝛼min(𝜃) + 𝛼 for different values of 𝛼. The left panel shows an
approximately linear dependence of 𝑘𝛼min(𝜃) on 𝛼 for small values of 𝛼. For large |𝛼|, we use 𝑘𝛼min + 𝛼
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(ℎ, 𝜏) = (2−7 , 4−7) (ℎ, 𝜏) = (2−8 , 4−8)
𝛼 Iteration count CPU time (s) Iteration count CPU time (s)

-10 3278 17.9999 15856 162.2915
-5 3278 18.0083 13265 148.6691
-1 3278 18.5907 13294 151.7395
0 3278 18.6436 13304 152.5232
1 3278 18.3653 13313 151.2127
5 3278 18.6596 13496 151.3283
10 3278 17.1996 18070 166.7016

Table 5.2. Total iteration counts and average CPU times for (5.30) at 𝑡 = 0.1 for Case I with
𝛽 = 1/7.

Figure 5.3. Minimal stabilizing functions in Case I and the ratios of their 𝐿∞ norms to the 𝐿∞
norm of the anisotropy.

to measure the magnitude of the regularizing term in 𝑮̂𝛼
𝑘
(𝜃). As shown in the right panel of Figure 5.4,

this term is substantially larger than 𝛾̂(𝜃), consistent with Figure 5.3.
5.6.3.2. Weighted mesh ratio. To assess mesh quality, we introduce the weighted mesh ratio 𝑅ℎ𝛾(𝑡),

(5.96) 𝑅ℎ𝛾(𝑡)
�����
𝑡=𝑡𝑚

B

max
1≤ 𝑗≤𝑁

𝛾̂(𝜃𝑗)|𝒉𝑚𝑗 |

min
1≤ 𝑗≤𝑁

𝛾̂(𝜃𝑗)|𝒉𝑚𝑗 |
, 𝑚 ≥ 0.

Since anisotropic curvature flow causes the curve to shrink and eventually develop a singularity, we
use anisotropic surface diffusion to examine mesh properties over long evolution times.

Figure 5.5 shows the weighted mesh ratio 𝑅ℎ𝛾(𝑡) for an ellipse with major axis 4 and minor axis
1 evolving by anisotropic surface diffusion under the fully discrete scheme (5.78), with 𝛾̂(𝜃) =

1 + 1
16 cos 4𝜃. As 𝑡 → ∞, the weighted mesh ratio 𝑅ℎ𝛾 approaches a constant, indicating an

asymptotically quasi-uniform mesh distribution. For small |𝛼|, the evolutions of 𝑅ℎ𝛾 are nearly
identical. For large |𝛼|, however, 𝑅ℎ𝛾 may increase substantially during the initial stage. Small values
of |𝛼| are therefore preferable for mesh quality in practice.

5.6.4. Area decay rate and energy dissipation. Figure 5.6 shows the area of an ellipse with major
axis 4 and minor axis 1 evolving by anisotropic curvature flow under (5.30). We consider two surface
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Figure 5.4. Minimal stabilizing functions for different values of 𝛼 in Case I with 𝛽 = 1/9.

Figure 5.5. Weighted mesh ratios for (5.78) with different values of 𝛼. The initial curve is an
ellipse with major axis 4 and minor axis 1, evolving by anisotropic surface diffusion with

𝛾̂(𝜃) = 1 + 1
16 cos 4𝜃. The mesh sizes are (ℎ, 𝜏) = (2−6 , 4−6).

Figure 5.6. Area and area decay rate of an ellipse with major axis 4 and minor axis 1 evolving
by anisotropic curvature flow under (5.30), with 𝛼 = 0.



78 Chapter 5. The 𝛼-matrix framework for curves

energy densities: (i) the isotropic energy 𝛾̂(𝜃) ≡ 1 and (ii) the energy in Case II. The area decreases
approximately linearly with time.

For a simple closed curve evolving by isotropic curvature flow, the area decay rate satisfies
d𝐴(𝑡)

d𝑡 = −
´
Γ
𝜅 d𝑠 = −2𝜋 and remains constant. For anisotropic surface energies, the area decay rate

approaches the constant −
´
Γ
𝜇d𝑠. Here Γ denotes the Wulff shape determined by 𝛾̂(𝜃) [118], rescaled

to enclose the same area as the initial curve. For the surface energy density in Case II, we have
−
´
Γ
𝜇d𝑠 ≈ −7.9858 [13].

Figure 5.7. Morphological evolution of an ellipse with major axis 4 and minor axis 1 under
anisotropic curvature flow computed with (5.30): (A) Case I with 𝛽 = 1/7; (B) Case II. Red

curves show the initial shapes, blue curves show the numerical solutions at (A) 𝑡 = 0.45 and
(B) 𝑡 = 0.35, and black dashed curves show intermediate stages. The parameters are

𝛼 = 0, (ℎ, 𝜏) = (2−7 , 4−7).

Figure 5.8. Normalized energy for (5.30): (A) Case I with 𝛽 = 1/7, 𝛼 = 0; (B) Case II with
different values of 𝛼. The mesh sizes in panel (B) are (ℎ, 𝜏) = (2−7 , 4−7).

Figures 5.7–5.8 show the morphological evolution and normalized energy of an ellipse with major
axis 4 and minor axis 1 evolving by anisotropic curvature flow under (5.30). The anisotropies are (A)
Case I with 𝛽 = 1/7 and (B) Case II. Figures 5.7–5.8 show that

• the normalized energy decreases monotonically when 𝛾̂(𝜃) satisfies the energy stability
condition (5.35);

• the energy decay curves for (5.30) are very similar for different values of 𝛼, indicating
robustness with respect to this parameter.

5.6.5. Morphological evolution under anisotropic curvature flow. We now use (5.30) to simulate
the morphological evolution of closed curves driven by anisotropic curvature flow. Unless otherwise
stated, the mesh sizes are (ℎ, 𝜏) = (2−7 , 4−7).

We first consider the following nonconvex initial curve with large curvature variations [127]:

(5.97)
{
𝑥 = cos(2𝜋𝜌), 𝜌 ∈ [0, 1],
𝑦 = 1

2 sin(2𝜋𝜌) + sin(cos(2𝜋𝜌)) + sin(2𝜋𝜌)
( 1

5 + sin(2𝜋𝜌) sin2(6𝜋𝜌)
)
,
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Figure 5.9. Morphological evolution of a nonconvex initial curve with large curvature
variations under anisotropic curvature flow computed with (5.30), with 𝛼 = 2. Red curves

show the initial shapes, blue curves show the numerical solutions at 𝑡 = 0.32, and black
dashed curves show intermediate stages.

Figure 5.10. Morphological evolution of an initial curve with 𝐶0 regularity under anisotropic
curvature flow computed with (5.30), with 𝛼 = −2. Red curves show the initial shapes, blue
curves show the numerical solutions at 𝑡 = 0.24, and black dashed curves show intermediate

stages.

We also consider an initial curve with only 𝐶0 regularity, containing corners and indentations. The
corresponding numerical results are shown in Figures 5.9 and 5.10, respectively.

The simulations in Figures 5.9–5.10 use two surface energy densities: (A) 𝛾̂(𝜃) = 1 + 1
7 cos 3𝜃 and

(B) 𝛾̂(𝜃) = 1 + 1
12 cos 4(𝜃 + 𝜋

6 ). The curves gradually shrink under anisotropic curvature flow, and
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different initial curves approach the same limiting shape for a given anisotropy, namely the Wulff
shape determined by 𝛾̂(𝜃) [118].

Figure 5.11. Anisotropic evolution of a self-intersecting initial curve at
𝑡 = 0, 0.028, 0.056, 0.084, 0.112, 0.2, 0.3, 0.4, 0.42. The surface energy density is the threefold
anisotropy 𝛾̂(𝜃) = 1 + 1

9 cos 3𝜃. The remaining parameters are 𝛼 = −1, ℎ = 2−7 , 𝜏 = 0.005.

Self-intersecting curves can develop singularities during curvature-driven evolution. The
complicated local geometry near these points presents substantial numerical challenges. Figure 5.11
shows the evolution under anisotropic curvature flow of an initial curve with a triple self-intersection
point. A similar isotropic example appears in Figure 7.2 of [55]. The numerical results demonstrate
that the method can capture the formation and development of cusp singularities in the anisotropic
setting.

5.6.6. Numerical results for other anisotropic geometric flows. We perform numerical experi-
ments for two area-preserving anisotropic geometric flows: area-preserving anisotropic curvature flow
and anisotropic surface diffusion. To assess area conservation numerically, we define the normalized
area loss

(5.98) Δ𝐴ℎ(𝑡)
𝐴ℎ(0)

����
𝑡=𝑡𝑚

B
𝐴𝑚 − 𝐴0

𝐴0 , ∀𝑚 ≥ 0.

5.6.6.1. Area-preserving anisotropic curvature flow. Figure 5.12 shows the morphological evolution of
an ellipse with major axis 8 and minor axis 1 under area-preserving anisotropic curvature flow. We use the
𝑙4-norm metric anisotropy 𝛾̂(𝜃) = 4

√
𝑛4

1 + 𝑛4
2 , where 𝒏 = (𝑛1 , 𝑛2)𝑇 = (− sin𝜃, cos𝜃)𝑇 [9]. Figure 5.13(A)

plots the normalized area loss and Newton iteration count. The area loss is of order 10−15, close to
roundoff error, demonstrating area conservation to machine precision. The Newton iteration count
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Figure 5.12. Morphological evolution of an ellipse with major axis 8 and minor axis 1 under
area-preserving anisotropic curvature flow computed with (5.74). The surface energy density

is the 𝑙4-norm metric anisotropy 𝛾̂(𝜃) = 4
√
𝑛4

1 + 𝑛4
2 , where 𝒏 = (𝑛1 , 𝑛2)𝑇 = (− sin𝜃, cos𝜃)𝑇 .

Red and blue curves show the initial shape and numerical equilibrium, respectively, and black
dashed curves show intermediate stages. The parameters are 𝛼 = 2.5, (ℎ, 𝜏) = (2−6 , 4−6).

Figure 5.13. Time evolution for the simulation in Figure 5.12: (A) normalized area loss (blue
dashed curve) and iteration count (red curve); (B) normalized energy. The scheme is (5.74).

quickly decreases from 4 to 3. Meanwhile, the normalized energy decreases monotonically, as shown
in Figure 5.13(B).

We also use (5.74) to simulate the morphological evolution of more complex initial curves under
area-preserving anisotropic curvature flow. Figures 5.14–5.15 show the results for the following two
curves:

• A bowtie-shaped curve:

(5.99)
{
𝑥 = cos(2𝜋𝜌),
𝑦 = 2 sin(2𝜋𝜌) − 1.9 sin3(2𝜋𝜌), 𝜌 ∈ [0, 1];

• A flower-shaped curve:

(5.100)
{
𝑥 =

(
2 + cos(12𝜋𝜌)

)
cos(2𝜋𝜌),

𝑦 =
(
2 + cos(12𝜋𝜌)

)
sin(2𝜋𝜌), 𝜌 ∈ [0, 1].

Both curves gradually approach the Wulff shape associated with the prescribed anisotropy, consistent
with the theoretical prediction [144].
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Figure 5.14. Morphological evolution of a bowtie-shaped initial curve under area-preserving
anisotropic curvature flow with (A) 𝛾̂(𝜃) = 1+ 1

28 cos 2𝜃 and (B) 𝛾̂(𝜃) = 1+ 1
30 cos 6𝜃. Red and

blue curves show the initial shapes and numerical equilibria, respectively, and black dashed
curves show intermediate stages. The remaining parameters are 𝛼 = 0.5, (ℎ, 𝜏) = (2−6 , 4−6).

Figure 5.15. Snapshots of a flower-shaped initial curve evolving by area-preserving
anisotropic curvature flow with the anisotropy in Case II, at 𝑡 = 0, 0.05, 0.15, 0.25, 0.4, 2.5. The

remaining parameters are 𝛼 = −0.5, ℎ = 2−7 , 𝜏 = 0.005.
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5.6.6.2. Anisotropic surface diffusion. Figures 5.16–5.17 show the evolution of an ellipse with
major-to-minor axis ratio 8 : 1 under anisotropic surface diffusion, together with the normalized area
loss, iteration count, and normalized energy. The surface energy density is Case I with 𝛽 = 1/9. The
results in Figure 5.17 verify area conservation and energy dissipation when (5.35) holds.

Figure 5.16. Morphological evolution of an ellipse with major axis 8 and minor axis 1 under
anisotropic surface diffusion with Case I and 𝛽 = 1/9. Red and blue curves show the initial
shape and numerical equilibrium, respectively, and black dashed curves show intermediate

stages. The mesh sizes are (ℎ, 𝜏) = (2−6 , 4−6).

Figure 5.17. Time evolution for the anisotropic surface diffusion simulation in Figure 5.16: (A)
normalized area loss (blue dashed curve) and iteration count (red curve); (B) normalized

energy. The scheme is (5.78).

Figure 5.18. Anisotropic surface diffusion of a quadrifolium with Case I at 𝑡 = 0, 0.15, 0.5, 0.9.
The parameters are 𝛼 = 0.5, 𝛽 = 1/5, ℎ = 2−7 , 𝜏 = 0.001.
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Figure 5.18 shows the evolution of a quadrifolium under surface diffusion. Escher et al. [61]
and Barrett et al. [21] studied this curve under isotropic surface diffusion and observed a limiting
shape consisting of a triply covered circle. Our results show qualitatively similar behavior under
anisotropic surface diffusion: for positive times, the winding number about the origin remains
unchanged, and the limiting curve approaches a triply covered Wulff shape associated with the
prescribed anisotropy; see Figure 5.18.

Figure 5.19. Anisotropic surface diffusion of an almost slit domain with the fourfold
anisotropy 𝛾̂(𝜃) = 1 + 1

16 cos 4𝜃, at
𝑡 = 0, 5 × 10−6 , 7 × 10−5 , 2.5 × 10−4 , 5 × 10−4 , 7.5 × 10−4 , 0.002, 0.02, 0.1. The parameters are

𝛼 = 1, ℎ = 1/288, 𝜏 = 1 × 10−6.

The initial curve in Figure 5.19 is obtained by removing a thin rectangular region (0.02 × 1.8) from
a square of side length 2. Bänsch [6] calls this an almost slit domain. Previous studies [6, 21] showed
that the evolving curve crosses itself and undergoes pinch-off under isotropic surface diffusion.
Our numerical results exhibit the same behavior under anisotropic surface diffusion. The proposed
algorithm also ensures exact area conservation throughout the evolution, improving on the methods
used in [6, 21].

We also simulate Bernoulli’s lemniscate, as shown in Figure 5.20. Its signed area is zero. Since
anisotropic surface diffusion preserves area while decreasing the total energy, or weighted perimeter, we
expect this curve to shrink to a point. The numerical results support this expectation: the enclosed
signed area remains of order 10−16 throughout the simulation and is therefore zero to machine
precision. Before the final collapse, the two lobes gradually approach Wulff shapes associated with
the prescribed anisotropy. The anisotropy also induces a slow overall rotation during evolution. This
differs from the isotropic case, in which the curve shrinks in place without changing its orientation;
see [61].
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Figure 5.20. Evolution of Bernoulli’s lemniscate under anisotropic surface diffusion with Case
I, at 𝑡 = 0, 0.008, 0.015, 0.025, 0.035, 0.04, 0.0425. The parameters are

𝛽 = 1/9, (ℎ, 𝜏) = (2−7 , 4−7).

5.7. Chapter summary

We have analyzed and compared structure-preserving parametric finite element methods for
anisotropic geometric flows. The hyperparameter 𝛼 gives a unified representation of this family of
surface energy matrices and places the associated schemes within a common analytical framework.
We proved that 3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) > 0 is a common energy stability condition for all these matrices.
For the symmetric surface energy matrix, this condition can be relaxed to 3𝛾̂(𝜃) − 𝛾̂(𝜃−𝜋) ≥ 0, which
is necessary and sufficient for the local energy estimate and thus optimal within that framework.
Apart from mesh quality, the methods exhibit consistent accuracy, computational efficiency, and
structure-preserving behavior across the tested values of 𝛼. The approach extends naturally to general
anisotropic geometric flows, including area-preserving anisotropic curvature flow and anisotropic
surface diffusion, and provides a framework for constructing structure-preserving numerical schemes
for general anisotropic curvature-driven problems.





CHAPTER 6

Structure-preserving parametric approximation based on the 𝛼-surface
energy matrix: anisotropic surface evolution

The main objective of this chapter is to extend the structure-preserving parametric finite element
scheme (5.30) based on the 𝛼-surface energy matrix for planar curve evolution to surface evolution in
three dimensions. As in the two-dimensional setting, we consider an anisotropic surface energy
density of the form 𝛾̂(𝜃, 𝜙), where (𝜃, 𝜙) are the spherical coordinates of the outward unit normal 𝒏.
We propose and analyze a structure-preserving parametric finite element method for anisotropic surface
diffusion. The method preserves volume and is unconditionally energy stable under mild conditions
on 𝛾̂(𝜃, 𝜙). Although extending 𝑮̂𝛼

𝑘
to three dimensions through the Cahn–Hoffman 𝝃-vector is

straightforward, several technical difficulties remain.
First, the arc-length derivative 𝜕𝑠 must be replaced by the surface gradient ∇Γ, whose mathematical

properties are more complex. Second, the conservative formulations of the weighted curvature
vector 𝜇𝒏 in the preceding chapters depend on 𝜕𝑠 , so an appropriate extension involving ∇Γ is
needed. Finally, and most importantly, the minimal stabilizing function in two dimensions can be
expressed in terms of the normal angle 𝜃. This representation is specific to two dimensions. We must
therefore extend its definition to three dimensions and establish its existence, which requires new
proof techniques.

This chapter is organized as follows. We first present the geometric evolution equations for
anisotropic surface diffusion in three dimensions. We then define the extended 𝛼-surface energy matrix
and use it to derive a conservative strong formulation of 𝜇𝒏. Based on this formulation, we develop
the corresponding weak formulation and fully discrete parametric finite element scheme, and
analyze its energy stability in detail. Finally, we present a range of numerical examples to demonstrate
the efficiency and structure-preserving properties of the method.

6.1. Geometric evolution equations

Let Γ(𝑡) be a closed, orientable, time-dependent 𝐶2-surface in R3, parameterized by the position
vector 𝑿 (𝝆, 𝑡) as follows:

(6.1)
𝑿 (·, 𝑡) : Γ0 → R3 , ∀𝑡 > 0,

𝝆 ↦→ 𝑿 (𝝆, 𝑡) B (𝑋1(𝝆, 𝑡), 𝑋2(𝝆, 𝑡), 𝑋3(𝝆, 𝑡))𝑇 ,

where 𝝆 ∈ Γ0 ⊂ R3 and Γ0 is the initial closed, orientable surface.
For a differentiable scalar function 𝑓 on Γ(𝑡), the surface gradient ∇Γ is defined by

(6.2) ∇Γ 𝑓 = ∇Γ(𝑡) 𝑓 B ∇ 𝑓 − (∇ 𝑓 · 𝒏)𝒏 ,

where 𝑓 is a smooth extension of 𝑓 to a neighborhood of Γ(𝑡) in R3, 𝒏 is the outward unit normal to
Γ(𝑡), and ∇ denotes the Euclidean gradient in R3 [29, 94].

For convenience, write ∇Γ 𝑓 = (𝐷1 𝑓 , 𝐷2 𝑓 , 𝐷3 𝑓 )𝑇 . For a differentiable vector field 𝒇 = ( 𝑓1 , 𝑓2 , 𝑓3)𝑇 ,
its surface Jacobian matrix and surface divergence are defined by

∇Γ 𝒇 = ∇Γ(𝑡) 𝒇 B


(∇Γ 𝑓1)𝑇
(∇Γ 𝑓2)𝑇
(∇Γ 𝑓3)𝑇

 =


𝐷1 𝑓1 𝐷2 𝑓1 𝐷3 𝑓1
𝐷1 𝑓2 𝐷2 𝑓2 𝐷3 𝑓2
𝐷1 𝑓3 𝐷2 𝑓3 𝐷3 𝑓3

 ,(6.3a)

∇Γ · 𝒇 = ∇Γ(𝑡) · 𝒇 B 𝐷1 𝑓1 + 𝐷2 𝑓2 + 𝐷3 𝑓3.(6.3b)

87
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Figure 6.1. Anisotropic surface diffusion of a closed, orientable surface Γ(𝑡) in R3 with
anisotropic surface energy 𝛾̂(𝜃, 𝜙) (left), and the spherical-coordinate representation of the

local orthonormal frame {𝒏 , 𝝉1 , 𝝉2} (right). Here 𝝃(𝜃, 𝜙) denotes the Cahn–Hoffman 𝝃-vector.

For a matrix field 𝑭 = (𝐹𝑖 𝑗), we take its surface divergence row by row, so that (∇Γ · 𝑭)𝑖 =
∑
𝑗 𝐷 𝑗𝐹𝑖 𝑗 .

For a scalar function 𝑓 on Γ(𝑡), the Laplace–Beltrami operator ΔΓ is defined by
(6.4) ΔΓ 𝑓 = ΔΓ(𝑡) 𝑓 B ∇Γ · (∇Γ 𝑓 ) = 𝐷1(𝐷1 𝑓 ) + 𝐷2(𝐷2 𝑓 ) + 𝐷3(𝐷3 𝑓 ).

As illustrated in Figure 6.1, we consider the evolution of Γ(𝑡) under anisotropic surface diffusion,
governed by
(6.5) 𝑉𝑛 = ΔΓ𝜇,

where 𝜇 is the weighted curvature. To characterize 𝜇, we introduce the Cahn–Hoffman 𝝃-vector
associated with the anisotropic surface energy density 𝛾̂(𝜃, 𝜙). For the analysis, assume that 𝛾̂
is the angular representation of a strictly positive 𝐶2 density on S2. We first define its positively
homogeneous extension of degree one:

(6.6) 𝛾(𝒑) B


|𝒑|𝛾̂(𝜃, 𝜙), ∀𝒑 ∈ R3\{0},

0, 𝒑 = 0,

where (|𝒑|, 𝜃, 𝜙) are the spherical coordinates of 𝒑. The Cahn–Hoffman 𝝃-vector is then defined by

(6.7) 𝝃 = (𝜉1 , 𝜉2 , 𝜉3)𝑇 = 𝝃(𝜃, 𝜙) B ∇𝛾(𝒑)
���
𝒑=𝒏(𝜃,𝜙)

, (𝜃, 𝜙) ∈ [0,𝜋] × 2𝜋T.

To obtain an explicit expression for 𝝃, we introduce the local orthonormal frame {𝒏 , 𝝉1 , 𝝉2} shown
in the right panel of Figure 6.1:

𝒏(𝜃, 𝜙) = (sin𝜃 cos 𝜙, sin𝜃 sin 𝜙, cos𝜃)𝑇 ,(6.8a)
𝝉1(𝜃, 𝜙) = (cos𝜃 cos 𝜙, cos𝜃 sin 𝜙,− sin𝜃)𝑇 ,(6.8b)
𝝉2(𝜃, 𝜙) = (− sin 𝜙, cos 𝜙, 0)𝑇 ,(6.8c)

where (𝜃, 𝜙) ∈ [0,𝜋] × 2𝜋T and {𝝉1 , 𝝉2} is an orthonormal basis of the tangent space. The angular
frame is nonunique at the poles 𝜃 = 0,𝜋; intrinsic quantities and formulas containing 1/sin𝜃 are
understood in a regular local chart or by continuous extension. At a pole, a condition of the form
∇𝛾̂ = 0 means that the intrinsic gradient of the density vanishes. In this frame, the Cahn–Hoffman
𝝃-vector has the decomposition [94]

(6.9) 𝝃(𝜃, 𝜙) B 𝛾̂(𝜃, 𝜙)𝒏(𝜃, 𝜙) +
𝜕𝛾̂(𝜃, 𝜙)

𝜕𝜃
𝝉1(𝜃, 𝜙) +

1
sin𝜃

𝜕𝛾̂(𝜃, 𝜙)
𝜕𝜙

𝝉2(𝜃, 𝜙).

According to [84], the weighted curvature 𝜇 can be expressed in terms of 𝝃 as
(6.10) 𝜇 = ∇Γ · 𝝃,
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where ∇Γ· denotes the surface divergence on Γ. Thus, the anisotropic surface diffusion equation (6.5)
can be rewritten as the geometric partial differential equations

𝒏 · 𝜕𝑡𝑿 = ΔΓ𝜇, ∀𝑡 > 0,(6.11a)
𝜇 = ∇Γ · 𝝃,(6.11b)

where 𝝃 is the Cahn–Hoffman 𝝃-vector given in (6.9).

6.2. The 𝛼-surface energy matrix and a conservative formulation

To derive a conservative formulation of anisotropic surface diffusion (6.11), we introduce the
following 𝛼-surface energy matrix:

(6.12) 𝑮̂𝛼
𝑘
(𝜃, 𝜙) = 𝛾̂(𝜃, 𝜙)𝐼3 − 𝒏(𝜃, 𝜙)𝝃(𝜃, 𝜙)𝑇 + 𝛼𝝃(𝜃, 𝜙)𝒏(𝜃, 𝜙)𝑇 + 𝑘(𝜃, 𝜙)𝒏(𝜃, 𝜙)𝒏(𝜃, 𝜙)𝑇 ,

where 𝛼 ∈ R, 𝑘(𝜃, 𝜙) : [0,𝜋] × 2𝜋T → R≥0 is a prescribed nonnegative stabilizing function, and
𝝃(𝜃, 𝜙) is the Cahn–Hoffman 𝝃-vector in (6.9).

Lemma 6.1 (Product rule, [29]). Let Γ ⊂ R𝑑 (𝑑 ≥ 2) be a closed, orientable 𝐶2-manifold of codimension
one. Let 𝒇 , 𝒈 : Γ → R𝑑 , 𝑭 : Γ → R𝑑×𝑑 be 𝐶1 functions. Then the following product rules hold:

∇Γ( 𝒇 · 𝒈) = (∇Γ 𝒇 )𝑇 𝒈 + (∇Γ𝒈)𝑇 𝒇 ,(6.13a)
∇Γ ·

(
𝑭𝑇 𝒈

)
= (∇Γ · 𝑭) · 𝒈 + 𝑭 : ∇Γ𝒈 .(6.13b)

Theorem 6.1. The weighted curvature 𝜇 satisfies the geometric identity

(6.14) 𝜇𝒏 = −∇Γ ·
(
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿

)
, ∀𝛼 ∈ R.

Proof. Combining the identity 𝛾̂(𝜃, 𝜙) = 𝝃 · 𝒏 with the geometric identity

(6.15) ∇Γ𝑿 = 𝐼3 − 𝒏𝒏𝑇 ,

we obtain

(6.16)
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 =

(
𝛾̂(𝜃, 𝜙)𝐼3 − 𝒏𝝃𝑇 + 𝛼𝝃𝒏𝑇 + 𝑘(𝜃, 𝜙)𝒏𝒏𝑇

) (
𝐼3 − 𝒏𝒏𝑇

)
= 𝛾̂(𝜃, 𝜙)𝐼3 − 𝒏𝝃𝑇 − 𝛾̂(𝜃, 𝜙)𝒏𝒏𝑇 + (𝝃 · 𝒏)𝒏𝒏𝑇

= 𝛾̂(𝜃, 𝜙)𝐼3 − 𝒏𝝃𝑇 .

It therefore suffices to prove

(6.17) 𝜇𝒏 = −∇Γ ·
(
𝛾̂(𝜃, 𝜙)𝐼3 − 𝒏𝝃𝑇

)
.

Applying the product rule (6.13) gives

(6.18)

∇Γ ·
(
𝛾̂(𝜃, 𝜙)𝐼3

)
= ∇Γ𝛾̂(𝜃, 𝜙) = ∇Γ(𝝃 · 𝒏)
= (∇Γ𝝃)𝑇𝒏 + (∇Γ𝒏)𝑇𝝃
= (∇Γ𝒏)𝑇𝝃

Consequently,

(6.19)
∇Γ ·

(
𝛾̂(𝜃, 𝜙)𝐼3 − 𝒏𝝃𝑇

)
= ∇Γ ·

(
𝛾̂(𝜃, 𝜙)𝐼3

)
− ∇Γ ·

(
𝒏𝝃𝑇

)
= (∇Γ𝒏)𝑇𝝃 − (∇Γ𝒏)𝝃 − (∇Γ · 𝝃)𝒏
= −𝜇𝒏.

The last equality follows from 𝜇 = ∇Γ · 𝝃 and the symmetry of ∇Γ𝒏. □

Using the geometric identity (6.14), we can express the geometric evolution equations (6.11) in the
following conservative strong formulation:

𝒏 · 𝜕𝑡𝑿 − ΔΓ𝜇 = 0, ∀𝑡 > 0,(6.20a)

𝜇𝒏 + ∇Γ ·
(
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿

)
= 0.(6.20b)
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Remark 6.1. In the isotropic case 𝛾̂(𝜃, 𝜙) ≡ 1, the weighted curvature 𝜇 reduces to the classical
mean curvature 𝐻, defined here as the sum of the principal curvatures. As in two dimensions, for
𝛼 ≤ 1, choosing 𝑘(𝜃, 𝜙) ≡ 1 − 𝛼 ≥ 0 gives 𝑮̂𝛼

𝑘
(𝜃, 𝜙) ≡ 𝐼3, recovering the classical BGN formulation of

surface diffusion [22].

Remark 6.2. In two dimensions, every surface energy matrix 𝑮 satisfying 𝜇𝒏 = −∇Γ · (𝑮∇Γ𝑿 ) can
be written in the form 𝑮𝛼

𝑘
(see Remark 5.3 in Chapter 5). This conclusion no longer holds in three

dimensions, so other formulations may be possible in addition to the one proposed above.

6.3. Structure-preserving parametric finite element discretization

6.3.1. The weak formulation and its properties. To derive a weak formulation of (6.20), we
introduce the following 𝐿2-space on the evolving surface Γ(𝑡):

(6.21) 𝐿2(Γ(𝑡)) B
{
𝑢 : Γ(𝑡) → R

����� ˆΓ(𝑡) |𝑢|2 d𝐴 < +∞
}
,

equipped with the inner product

(6.22)
(
𝑢, 𝑣

)
Γ(𝑡)
B

ˆ
Γ(𝑡)

𝑢𝑣 d𝐴, ∀𝑢, 𝑣 ∈ 𝐿2(Γ(𝑡)).

The extensions to vector-valued and matrix-valued functions in [𝐿2(Γ(𝑡))]3 and [𝐿2(Γ(𝑡))]3×3 are
straightforward. In particular, for matrix fields 𝑼 ,𝑽 ∈ [𝐿2(Γ(𝑡))]3×3, we define

(6.23)
〈
𝑼 ,𝑽

〉
Γ(𝑡)
B

ˆ
Γ(𝑡)

𝑼 : 𝑽 d𝐴,

where 𝑼 : 𝑽 = Tr(𝑽𝑇𝑼 ) is the Frobenius inner product. The Sobolev spaces on Γ(𝑡) are defined by

𝐻1(Γ(𝑡)) B
{
𝑢 ∈ 𝐿2(Γ(𝑡))

��� ∇Γ𝑢 ∈ [𝐿2(Γ(𝑡))]3
}
,(6.24a)

[𝐻1(Γ(𝑡))]3 B
{
𝒖 ∈ [𝐿2(Γ(𝑡))]3

��� ∇Γ𝒖 ∈ [𝐿2(Γ(𝑡))]3×3
}
.(6.24b)

Lemma 6.2 (Divergence theorem for matrix fields). Let Γ ⊂ R𝑑 (𝑑 ≥ 2) be a compact, orientable
𝐶2-manifold of codimension one, let 𝑭 : Γ → R𝑑×𝑑 be a 𝐶1 matrix field, and let 𝒏 be the normal to Γ. If 𝑭𝒏 ≡ 0,
then, for every 𝝎 ∈ [𝐶1(Γ)]𝑑, we have

(6.25)
ˆ
Γ

(∇Γ · 𝑭) · 𝝎 d𝐴 = −
ˆ
Γ

𝑭 : ∇Γ𝝎 d𝐴 +
ˆ
𝜕Γ
(𝑭𝝂) · 𝝎 d𝑠,

where 𝝂 is the outward unit conormal to 𝜕Γ.

Proof. Applying Lemma 6.1 with 𝒈 = 𝝎 and integrating over Γ, we obtain

(6.26)
ˆ
Γ

(∇Γ · 𝑭) · 𝝎 d𝐴 = −
ˆ
Γ

𝑭 : ∇Γ𝝎 d𝐴 +
ˆ
Γ

∇Γ ·
(
𝑭𝑇𝝎

)
d𝐴.

By the divergence theorem on manifolds,

(6.27)
ˆ
Γ

∇Γ ·
(
𝑭𝑇𝝎

)
d𝐴 =

ˆ
Γ

(𝑭𝑇𝝎) · 𝐻𝒏 d𝐴 +
ˆ
𝜕Γ
(𝑭𝑇𝝎) · 𝝂 d𝑠.

Therefore,

(6.28)

ˆ
Γ

(∇Γ · 𝑭) · 𝝎 d𝐴 = −
ˆ
Γ

𝑭 : ∇Γ𝝎 d𝐴 +
ˆ
Γ

(𝑭𝑇𝝎) · 𝐻𝒏 d𝐴 +
ˆ
𝜕Γ
(𝑭𝑇𝝎) · 𝝂 d𝑠

= −
ˆ
Γ

𝑭 : ∇Γ𝝎 d𝐴 +
ˆ
Γ

𝐻(𝑭𝒏)𝑇𝝎 d𝐴 +
ˆ
𝜕Γ

𝝂𝑇𝑭𝑇𝝎 d𝑠

= −
ˆ
Γ

𝑭 : ∇Γ𝝎 d𝐴 +
ˆ
𝜕Γ
(𝑭𝝂) · 𝝎 d𝑠.

□
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Multiplying (6.20a) and (6.20b) by the test functions 𝜑 ∈ 𝐻1(Γ(𝑡)) and 𝝎 ∈ [𝐻1(Γ(𝑡))]3, respectively,
and integrating over Γ(𝑡), we apply integration by parts and Lemma 6.2 to obtain the following weak
formulation. Let the initial surface Γ0 be closed and orientable, with 𝑿 (·, 0) B 𝑿0(𝝆) = 𝝆, ∀𝝆 ∈ Γ0.
Find

(
𝑿 (·, 𝑡), 𝜇(·, 𝑡)

)
∈ [𝐻1(Γ(𝑡))]3 × [𝐻1(Γ(𝑡))] such that(

𝒏 · 𝜕𝑡𝑿 , 𝜑
)
Γ(𝑡)

+
(
∇Γ𝜇,∇Γ𝜑

)
Γ(𝑡)

= 0, ∀𝜑 ∈ 𝐻1(Γ(𝑡)),(6.29a) (
𝜇𝒏 ,𝝎

)
Γ(𝑡)

−
〈
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 ,∇Γ𝝎

〉
Γ(𝑡)

= 0, ∀𝝎 ∈ [𝐻1(Γ(𝑡))]3.(6.29b)

Proposition 6.1. Let Γ(𝑡) solve the weak formulation (6.29). Denote the enclosed volume by 𝑉(𝑡) and the
total surface free energy by𝑊(𝑡), defined by

(6.30) 𝑉(𝑡) B 1
3

ˆ
Γ(𝑡)

𝑿 · 𝒏 d𝐴, 𝑊(𝑡) B
ˆ
Γ(𝑡)

𝛾̂(𝜃, 𝜙)d𝐴.

Then the enclosed volume is conserved and the total free energy is nonincreasing, namely,

(6.31) 𝑉(𝑡) ≡ 𝑉(0), 𝑊(𝑡) ≤ 𝑊(𝑡′) ≤ 𝑊(0), ∀𝑡 ≥ 𝑡′ ≥ 0.

6.3.2. The fully discrete scheme. Let 𝜏 > 0 be a uniform time step, and let Γ𝑚 approximate
Γ(𝑡) = 𝑿 (·, 𝑡) at the 𝑚th time level 𝑡𝑚 = 𝑚𝜏, 𝑚 ≥ 0. The polyhedral surface Γ𝑚 consists of a family of
mutually disjoint triangular elements {𝜎𝑚

𝑗
}𝐽
𝑗=1, that is,

(6.32) Γ𝑚 B

𝐽⋃
𝑗=1

𝜎𝑚
𝑗
, 𝜎𝑚𝑖 ∩ 𝜎𝑚𝑗 = ∅, ∀𝑖 ≠ 𝑗 ,

where each triangle 𝜎𝑚
𝑗
= [𝒒𝑚

𝑗1
, 𝒒𝑚

𝑗2
, 𝒒𝑚

𝑗3
] is determined by three vertices ordered counterclockwise. We

denote the set of mesh vertices by {𝒒𝑚
𝑘
}𝐾
𝑘=1.

The outward unit normal 𝒏𝑚 on Γ𝑚 is a piecewise constant vector field defined by

(6.33) 𝒏𝑚|𝜎𝑚
𝑗
=

𝒥 {𝜎𝑚
𝑗
}

|𝒥 {𝜎𝑚
𝑗
}| B 𝒏𝑚𝑗 , ∀1 ≤ 𝑗 ≤ 𝐽 ,

where 𝒥 {𝜎𝑚
𝑗
} is the orientation vector associated with 𝜎𝑚

𝑗
, given by

(6.34) 𝒥 {𝜎𝑚𝑗 } B
(
𝒒𝑚𝑗2 − 𝒒𝑚𝑗1

)
×

(
𝒒𝑚𝑗3 − 𝒒𝑚𝑗1

)
The inclination 𝜃𝑚 and azimuth 𝜙𝑚 of 𝒏𝑚 are determined by (6.8a).

We introduce the piecewise linear finite element space on Γ𝑚 :

(6.35) K𝑚 = K(Γ𝑚) B
{
𝑢 ∈ 𝐶(Γ𝑚)

��� 𝑢|𝜎𝑚
𝑗
∈ 𝒫1(𝜎𝑚𝑗 ), ∀1 ≤ 𝑗 ≤ 𝐽

}
,

where 𝒫1(𝜎𝑚
𝑗
) is the space of polynomials of degree ≤ 1 on 𝜎𝑚

𝑗
.

For scalar-valued and vector-valued functions in K𝑚/[K𝑚]3, the mass-lumped inner product
(·, ·)ℎ

Γ𝑚
is defined by

(6.36)
(
𝑢, 𝑣

) ℎ
Γ𝑚
B

1
3

𝐽∑
𝑗=1

3∑
𝑖=1

|𝜎𝑚𝑗 |𝑢((𝒒𝑚𝑗𝑖 )
−)𝑣((𝒒𝑚𝑗𝑖 )

−),

where 𝑢((𝒒𝑚
𝑗𝑖
)−) B lim

𝒒→𝒒𝑚
𝑗𝑖

𝒒∈𝜎𝑚
𝑗

𝑢(𝒒) and |𝜎𝑚
𝑗
| = 1

2 |𝒥 {𝜎𝑚
𝑗
}| is the area of 𝜎𝑚

𝑗
. For matrix-valued functions,

we define ⟨·, ·⟩ℎ
Γ𝑚

analogously to the continuous setting:

(6.37)
〈
𝑼 ,𝑽

〉ℎ
Γ𝑚
B

1
3

𝐽∑
𝑗=1

3∑
𝑖=1

|𝜎𝑚𝑗 |𝑼 ((𝒒𝑚𝑗𝑖 )
−) : 𝑽 ((𝒒𝑚𝑗𝑖 )

−), ∀𝑼 ,𝑽 ∈ [K𝑚]3×3.



92 Chapter 6. The 𝛼-matrix framework for surfaces

Finally, on an element 𝜎 = [𝒒1 , 𝒒2 , 𝒒3], the discrete surface gradient ∇Γ can be computed as

(6.38) ∇Γ 𝑓 |𝜎 B 𝑓 (𝒒1)
(𝒒2 − 𝒒3) × 𝒏

|𝒥 {𝜎}| + 𝑓 (𝒒2)
(𝒒3 − 𝒒1) × 𝒏

|𝒥 {𝜎}| + 𝑓 (𝒒3)
(𝒒1 − 𝒒2) × 𝒏

|𝒥 {𝜎}| ,

where 𝒏 = 𝒥 {𝜎}/|𝒥 {𝜎}| is the normal to 𝜎. For a vector field 𝒇 = ( 𝑓1 , 𝑓2 , 𝑓3)𝑇 , its discrete surface
Jacobian matrix is defined by

(6.39) ∇Γ 𝒇 |𝜎 B

(∇Γ 𝑓1)𝑇
(∇Γ 𝑓2)𝑇
(∇Γ 𝑓3)𝑇

 , ∀ 𝒇 ∈ [𝒫1(𝜎)]3.

The structure-preserving parametric finite element discretization of anisotropic surface diffusion (6.11)
is given by (

𝒏𝑚+ 1
2 · 𝑿

𝑚+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(
∇Γ𝜇

𝑚+1 ,∇Γ𝜑
ℎ
) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ K𝑚 ,(6.40a) (
𝜇𝑚+1𝒏𝑚+ 1

2 ,𝝎ℎ
) ℎ
Γ𝑚

−
〈
𝑮̂𝛼
𝑘
(𝜃𝑚 , 𝜙𝑚)∇Γ𝑿𝑚+1 ,∇Γ𝝎

ℎ
〉ℎ
Γ𝑚

= 0, ∀𝝎ℎ ∈ [K𝑚]3.(6.40b)

Here the vector 𝒏𝑚+ 1
2 is defined by

(6.41) 𝒏𝑚+ 1
2 B

𝒥 {𝜎𝑚
𝑗
} + 4𝒥 {𝜎𝑚+ 1

2
𝑗

} + 𝒥 {𝜎𝑚+1
𝑗

}
6|𝒥 {𝜎𝑚

𝑗
}| ,

where 𝜎
𝑚+ 1

2
𝑗
B 1

2 (𝜎𝑚𝑗 + 𝜎𝑚+1
𝑗

) =
[
𝒒𝑚
𝑗1
+𝒒𝑚+1

𝑗1
2 ,

𝒒𝑚
𝑗2
+𝒒𝑚+1

𝑗2
2 ,

𝒒𝑚
𝑗3
+𝒒𝑚+1

𝑗3
2

]
.

Remark 6.3. The nonlinear system (6.40) is weakly implicit: its integration domain is determined
explicitly, and the averaged normal is quadratic in 𝑿𝑚+1, and the residuals have polynomial degree
at most three in the joint unknowns 𝑿𝑚+1 , 𝜇𝑚+1. It can therefore be solved efficiently by Newton’s
method. The iteration is given in Appendix A.2.2.

6.3.3. Structure preservation. Let 𝑉𝑚 be the volume enclosed by the polyhedral surface Γ𝑚 , and
let𝑊𝑚 be its total free energy, defined by

𝑉𝑚 B
1
3

(
𝑿𝑚 , 𝒏𝑚

) ℎ
Γ𝑚

=
1
9

𝐽∑
𝑗=1

3∑
𝑖=1

|𝜎𝑚𝑗 |𝒒𝑚𝑗𝑖 · 𝒏
𝑚
𝑗 ,(6.42a)

𝑊𝑚 B
(
𝛾̂(𝜃𝑚 , 𝜙𝑚), 1

) ℎ
Γ𝑚

=

𝐽∑
𝑗=1

|𝜎𝑚𝑗 |𝛾̂(𝜃𝑚𝑗 , 𝜙𝑚𝑗 ).(6.42b)

The fully discrete scheme (6.40) has the following structure-preserving properties.

Theorem 6.2 (Volume conservation and energy dissipation). The scheme (6.40) preserves volume,
namely,

(6.43) 𝑉𝑚+1 = 𝑉𝑚 = · · · = 𝑉0 , ∀𝑚 ≥ 0.
Moreover, if 𝛼 = −1 and the anisotropy 𝛾̂(𝜃, 𝜙) satisfies
(6.44) 2𝛾̂(𝜃, 𝜙) − 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙) ≥ 0, ∀(𝜃, 𝜙) ∈ [0,𝜋] × 2𝜋T,
then, for sufficiently large 𝑘(𝜃, 𝜙), the scheme (6.40) is unconditionally energy stable, namely,

(6.45) 𝑊𝑚+1 ≤ 𝑊𝑚 ≤ · · · ≤ 𝑊0 , ∀𝑚 ≥ 0.
For 𝛼 ≠ −1, a sufficient energy stability condition is the strict form of (6.44), namely,
(6.46) 2𝛾̂(𝜃, 𝜙) − 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙) > 0, ∀(𝜃, 𝜙) ∈ [0,𝜋] × 2𝜋T.

The proof of volume conservation is identical to that of Theorem 3.1 in [19], so we omit the details.
A detailed proof of energy dissipation is given in the next section.
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Remark 6.4. Using the formulation in terms of 𝛾(𝒏) and taking 𝛼 = −1 recovers the symmetrized
structure-preserving parametric finite element method in [12]. Compared with the symmetry
assumption 𝛾(𝒏) = 𝛾(−𝒏), or equivalently 𝛾̂(𝜃, 𝜙) = 𝛾̂(𝜋− 𝜃,𝜋+ 𝜙), required in [12], condition (6.44)
is substantially weaker.

Remark 6.5. As discussed in Section 5.5, extending the scheme (6.40) to a general normal velocity
law 𝑉𝑛 = 𝔉(𝜇) is also straightforward. Formally, we consider 𝑉𝑛 = 𝔉(𝜇, Γ) and treat the underlying
surface Γ explicitly at time level 𝑚 and the weighted curvature 𝜇 implicitly at time level 𝑚 + 1. The
construction follows the same principles, so we omit further details.

6.4. Proof of unconditional energy stability

6.4.1. The minimal stabilizing function. For a given normal 𝒏 = 𝒏(𝜃, 𝜙) ∈ S2, let 𝝉1 , 𝝉2 be the
associated tangent vectors defined in (6.8). For𝑈 ∈ 𝑆𝑂(3) and 𝜆 ∈ R≥0, we introduce the symmetric
auxiliary matrix

(6.47) 𝑀𝛼(𝑈,𝜆; 𝒏) =

𝛾̂(𝜃, 𝜙) ∗ ∗ ∗
𝑀21 𝑀22 ∗ ∗
𝑀31 0 𝑀33 ∗
𝑀41 𝑀42 −1

2 𝛾̂(𝜃̄, 𝜙̄) 𝑀44

 ,
where (𝜃̄, 𝜙̄) are the spherical coordinates of𝑈𝒏. Its entries 𝑀𝑖 𝑗 are defined by

𝑀22 := 𝛾̂(𝜃, 𝜙) + (𝛼 − 1)(𝑈𝝉2 · 𝝃)(𝑈𝝉2 · 𝒏) + 𝜆(𝑈𝝉2 · 𝒏)2 ,(6.48a)
𝑀33 := 𝛾̂(𝜃, 𝜙) + (𝛼 − 1)(𝑈𝝉2 · 𝝃)(𝑈𝝉2 · 𝒏) + 𝜆(𝑈𝝉2 · 𝒏)2 ,(6.48b)
𝑀44 := 𝛾̂(𝜃, 𝜙) + (𝛼 − 1)(𝑈𝝉1 · 𝝃)(𝑈𝝉1 · 𝒏) + 𝜆(𝑈𝝉1 · 𝒏)2 ,(6.48c)

and

𝑀21 := −1
2

[
𝛾̂(𝜃, 𝜙)(𝑈𝝉2 · 𝝉1) + 𝛼(𝑈𝝉2 · 𝒏)(𝝉1 · 𝝃)

]
,(6.49a)

𝑀31 := −1
2

[
𝛾̂(𝜃, 𝜙)(𝑈𝝉2 · 𝝉2) + 𝛼(𝑈𝝉2 · 𝒏)(𝝉2 · 𝝃)

]
,(6.49b)

𝑀41 := −1
2

[
𝛾̂(𝜃, 𝜙)(𝑈𝝉1 · 𝝉1) + 𝛼(𝑈𝝉1 · 𝒏)(𝝉1 · 𝝃)

]
,(6.49c)

𝑀42 := 𝛼 − 1
2

[
(𝑈𝝉1 · 𝝃)(𝑈𝝉2 · 𝒏) + (𝑈𝝉2 · 𝝃)(𝑈𝝉1 · 𝒏)

]
+ 𝜆(𝑈𝝉1 · 𝒏)(𝑈𝝉2 · 𝒏).(6.49d)

To simplify notation, we write𝑈𝝉𝑖 · 𝒗 B (𝑈𝝉𝑖) · 𝒗 whenever no ambiguity arises. Since 𝑀𝛼(𝑈,𝜆; 𝒏) is
symmetric, entries above the main diagonal are denoted by asterisks ∗.

Using this auxiliary matrix, we define the minimal stabilizing function by

(6.50) 𝑘𝛼min(𝜃, 𝜙) = inf
{
𝜆 ≥ 0

��� 𝑀𝛼(𝑈,𝜆; 𝒏) is positive semidefinite, ∀𝑈 ∈ 𝑆𝑂(3)
}
.

The existence of 𝑘𝛼min(𝜃, 𝜙) is guaranteed by the following theorem.

Theorem 6.3. Suppose that 𝛾̂(𝜃, 𝜙) satisfies (6.44). Then 𝑘𝛼min(𝜃, 𝜙) is well defined if and only if at least
one of the following conditions holds:

(1) 𝛼 = −1;
(2) Whenever 2𝛾̂(𝜃∗ , 𝜙∗) = 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗), we have ∇𝛾̂(𝜃∗ , 𝜙∗) = 0.

A detailed proof of Theorem 6.3 is given in Section 6.5. For now, we assume that 𝑘𝛼min(𝜃, 𝜙) is well
defined, that is, 𝑘𝛼min(𝜃, 𝜙) < +∞.



94 Chapter 6. The 𝛼-matrix framework for surfaces

Figure 6.2. Schematic illustration of the local energy estimate in Lemma 6.4.

6.4.2. The local energy estimate.

Lemma 6.3. [14] Let 𝜎 = [𝒒1 , 𝒒2 , 𝒒3] and 𝜎̄ = [𝒒̄1 , 𝒒̄2 , 𝒒̄3] be two nondegenerate triangular elements. If a
continuously differentiable map 𝑿 : R3 → R3 satisfies

(6.51) 𝑿 (𝒒𝑖) = 𝒒̄𝑖 , ∀1 ≤ 𝑖 ≤ 3, 𝑿 |𝜎 ∈ [𝒫1(𝜎)]3 ,

then there exist an orthogonal matrix 𝑈 ∈ 𝑆𝑂(3) and a lower triangular matrix 𝐿 =

(
𝑙11 0
𝑙21 𝑙22

)
, with

𝑙11 , 𝑙22 > 0, such that

(6.52) ∇Γ𝑿 |𝜎 = 𝑙11(𝑈𝝉1)𝝉𝑇1 + 𝑙21(𝑈𝝉2)𝝉𝑇1 + 𝑙22(𝑈𝝉2)𝝉𝑇2 , 𝒏̄ = 𝑈𝒏 , |𝜎̄| = |𝜎|𝑙11𝑙22 ,

where 𝒏̄ , 𝒏 are the unit normals to 𝜎̄, 𝜎, respectively, and the tangent vectors 𝝉1 , 𝝉2 of 𝜎, together with 𝒏, form
an orthonormal basis of R3.

Lemma 6.4 (Local energy estimate). Let 𝜎 = [𝒒1 , 𝒒2 , 𝒒3] and 𝜎̄ = [𝒒̄1 , 𝒒̄2 , 𝒒̄3] be two nondegenerate
triangular elements. Suppose that a continuously differentiable map 𝑿 : R3 → R3 satisfies

(6.53) 𝑿 (𝒒𝑖) = 𝒒̄𝑖 , ∀1 ≤ 𝑖 ≤ 3, 𝑿 |𝜎 ∈ [𝒫1(𝜎)]3.

Then, for sufficiently large 𝑘(𝜃, 𝜙), we have

(6.54) |𝜎|
(
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 |𝜎

)
:
(
∇Γ𝑿 |𝜎 − ∇Γid|𝜎

)
≥ 𝛾̂(𝜃̄, 𝜙̄)|𝜎̄| − 𝛾̂(𝜃, 𝜙)|𝜎|,

where (𝜃̄, 𝜙̄) and (𝜃, 𝜙) are the spherical coordinates of 𝒏̄ and 𝒏, respectively.
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Proof. By Lemma 6.3, we have

(6.55)

|𝜎|
(
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 |𝜎

)
: ∇Γ𝑿 |𝜎

= |𝜎|Tr
©­«

∑
1≤ 𝑗≤𝑖≤2

𝑙𝑖 𝑗𝝉𝑗(𝑈𝝉𝑖)𝑇ª®¬ (𝛾̂(𝜃, 𝜙)𝐼3 − 𝒏𝝃𝑇 + 𝛼𝝃𝒏𝑇 + 𝑘(𝜃, 𝜙)𝒏𝒏𝑇) ©­«
∑

1≤ 𝑗≤𝑖≤2
𝑙𝑖 𝑗(𝑈𝝉𝑖)𝝉𝑇𝑗

ª®¬


= |𝜎|
𝛾̂(𝜃, 𝜙)

∑
1≤ 𝑗≤𝑖≤2

𝑙2𝑖 𝑗 + (𝛼 − 1)
∑

1≤ 𝑗≤𝑖 ,𝑝≤2
𝑙𝑖 𝑗 𝑙𝑝 𝑗(𝑈𝝉𝑝 · 𝝃)(𝑈𝝉𝑖 · 𝒏)

+𝑘(𝜃, 𝜙)
∑

1≤ 𝑗≤𝑖 ,𝑝≤2
𝑙𝑖 𝑗 𝑙𝑝 𝑗(𝑈𝝉𝑝 · 𝒏)(𝑈𝝉𝑖 · 𝒏)

 .
Since ∇Γid = 𝝉1𝝉𝑇1 + 𝝉2𝝉𝑇2 , we obtain

(6.56)

|𝜎|
(
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 |𝜎

)
: ∇Γid|𝜎

= |𝜎|Tr

(

2∑
𝑖=1

𝝉𝑖𝝉
𝑇
𝑖

)
(𝛾̂(𝜃, 𝜙)𝐼3 + 𝛼𝝃𝒏𝑇) ©­«

∑
1≤ 𝑗≤𝑖≤2

𝑙𝑖 𝑗(𝑈𝝉𝑖)𝝉𝑇𝑗
ª®¬


= |𝜎|


∑
1≤ 𝑗≤𝑖≤2

𝛾̂(𝜃, 𝜙)𝑙𝑖 𝑗(𝑈𝝉𝑖 · 𝝉𝑗) + 𝛼
∑

1≤ 𝑗≤𝑖≤2
𝑙𝑖 𝑗(𝑈𝝉𝑖 · 𝒏)(𝝉𝑗 · 𝝃)

 .
Equation (6.52) gives |𝜎̄| = |𝜎|𝑙11𝑙22. Thus, by Theorem 6.3, for sufficiently large 𝑘(𝜃, 𝜙) satisfying
𝑘(𝜃, 𝜙) ≥ 𝑘𝛼min(𝜃, 𝜙), we have

(6.57)
|𝜎|

(
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 |𝜎

)
:
(
∇Γ𝑿 |𝜎 − ∇Γid|𝜎

)
−

(
𝛾̂(𝜃̄, 𝜙̄)|𝜎̄| − 𝛾̂(𝜃, 𝜙)|𝜎|

)
= |𝜎|[1, 𝑙21 , 𝑙22 , 𝑙11]𝑀𝛼(𝑈, 𝑘; 𝒏)[1, 𝑙21 , 𝑙22 , 𝑙11]𝑇 ≥ 0.

The last inequality follows from the positive semidefiniteness of 𝑀𝛼(𝑈, 𝑘; 𝒏). □

Remark 6.6. To test the necessity of (6.44) within the 𝛼-surface energy matrix family, we use an
orientation-reversing map on the tangent plane. In contrast to the planar substitution in Remark 3.5,
the map 𝑿 = −𝑝id preserves the ordered triangle normal in three dimensions, since both tangent
edge vectors change sign. Instead, let

(6.58) 𝑅 B 𝝉1𝝉
𝑇
1 − 𝝉2𝝉

𝑇
2 − 𝒏𝒏𝑇 ∈ 𝑆𝑂(3), 𝑿 = 𝑝𝑅id, 𝑝 > 0.

This is a rotation by 𝜋 about 𝝉1, followed by scaling. The tangent edge directions are mapped to 𝑝𝝉1
and −𝑝𝝉2, so 𝒏̄ = −𝒏, 𝜃̄ = 𝜋 − 𝜃, 𝜙̄ = 𝜋 + 𝜙, and |𝜎̄| = 𝑝2|𝜎|. Writing 𝑷 = 𝐼3 − 𝒏𝒏𝑇 , we have

(6.59) ∇Γ𝑿 = 𝑝
(
𝝉1𝝉

𝑇
1 − 𝝉2𝝉

𝑇
2
)
,

(
𝑮̂𝛼
𝑘
∇Γ𝑿

)
:
(
∇Γ𝑿 − 𝑷

)
= 2𝑝2𝛾̂(𝜃, 𝜙).

Indeed, the tangential block of 𝑮̂𝛼
𝑘

is 𝛾̂(𝜃, 𝜙)𝐼2, and the two linear terms cancel. The local energy
estimate (6.54) therefore yields

(6.60) 2𝑝2𝛾̂(𝜃, 𝜙) ≥ 𝑝2𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙) − 𝛾̂(𝜃, 𝜙).
Letting 𝑝 → +∞ gives (6.44). Thus, for 𝛼 = −1, the antipodal condition is necessary and sufficient
for the local energy estimate within the stated matrix family, and is optimal in that framework. A
broader sharpness claim for a different surface energy matrix would require checking its pairing
with the same orientation-correct test; the trace condition

(6.61)
(
𝑮̂(𝜃, 𝜙)𝑷(𝜃, 𝜙)

)
: 𝑷(𝜃, 𝜙) = 2𝛾̂(𝜃, 𝜙)

is not used here as a substitute for that verification.
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Remark 6.7. For 𝛼 = −1, analyses based on the 𝛾(𝒏) formulation in [107, 17, 13] establish
energy stability of the corresponding structure-preserving parametric finite element method under
3𝛾(𝒏) ≥ 𝛾(−𝒏). Together with the results above and those in [14], this suggests the conjecture that the
energy stability condition in R𝑑 takes the form (5 − 𝑑)𝛾(𝒏) ≥ 𝛾(−𝒏). In particular, for hypersurfaces
in R4, this would formally give 𝛾(𝒏) = 𝛾(−𝒏). Extending the present analysis to higher dimensions is
difficult, however, because the local energy estimates used here apply only in R2 and R3.

6.4.3. Unconditional energy stability. We now prove the unconditional energy stability of (6.40).

Proof. For each 1 ≤ 𝑗 ≤ 𝐽, apply Lemma 6.4 with 𝜎 = [𝒒𝑚
𝑗1
, 𝒒𝑚

𝑗2
, 𝒒𝑚

𝑗3
], 𝜎̄ = [𝒒𝑚+1

𝑗1
, 𝒒𝑚+1

𝑗2
, 𝒒𝑚+1

𝑗3
], and

𝑿 = 𝑿𝑚+1 to obtain

(6.62)
|𝜎𝑚𝑗 |

(
𝑮̂𝛼
𝑘
(𝜃𝑚𝑗 , 𝜙𝑚𝑗 )∇Γ𝑿𝑚+1|𝜎𝑚

𝑗

)
:
(
∇Γ𝑿𝑚+1|𝜎𝑚

𝑗
− ∇Γ𝑿𝑚|𝜎𝑚

𝑗

)
≥ 𝛾̂(𝜃𝑚+1

𝑗 , 𝜙𝑚+1
𝑗 )|𝜎𝑚+1

𝑗 | − 𝛾̂(𝜃𝑚𝑗 , 𝜙𝑚𝑗 )|𝜎𝑚𝑗 |.
Summing over 𝑗 = 1, . . . , 𝐽 and using (6.42b), we obtain

(6.63)

〈
𝑮̂𝛼
𝑘
(𝜃𝑚 , 𝜙𝑚)∇Γ𝑿𝑚+1 ,∇Γ(𝑿𝑚+1 − 𝑿𝑚)

〉ℎ
Γ𝑚

=

𝐽∑
𝑗=1

|𝜎𝑚𝑗 |
(
𝑮̂𝛼
𝑘
(𝜃𝑚𝑗 , 𝜙𝑚𝑗 )∇Γ𝑿𝑚+1|𝜎𝑚

𝑗

)
:
(
∇Γ𝑿𝑚+1|𝜎𝑚

𝑗
− ∇Γ𝑿𝑚|𝜎𝑚

𝑗

)
≥

𝐽∑
𝑗=1

𝛾̂(𝜃𝑚+1
𝑗 , 𝜙𝑚+1

𝑗 )|𝜎𝑚+1
𝑗 | −

𝐽∑
𝑗=1

𝛾̂(𝜃𝑚𝑗 , 𝜙𝑚𝑗 )|𝜎𝑚𝑗 |

=𝑊𝑚+1 −𝑊𝑚 .

Taking 𝜑ℎ = 𝜇𝑚+1 and 𝝎ℎ = 𝑿𝑚+1 − 𝑿𝑚 in (6.40) gives

(6.64)

〈
𝑮̂𝛼
𝑘
(𝜃𝑚 , 𝜙𝑚)∇Γ𝑿𝑚+1 ,∇Γ(𝑿𝑚+1 − 𝑿𝑚)

〉ℎ
Γ𝑚

=

(
𝜇𝑚+1𝒏𝑚+ 1

2 ,𝑿𝑚+1 − 𝑿𝑚
) ℎ
Γ𝑚

= −𝜏
(
∇Γ𝜇

𝑚+1 ,∇Γ𝜇
𝑚+1

) ℎ
Γ𝑚
.

Combining these two identities establishes energy stability:

(6.65) 𝑊𝑚+1 −𝑊𝑚 ≤ −𝜏
(
∇Γ𝜇

𝑚+1 ,∇Γ𝜇
𝑚+1

) ℎ
Γ𝑚

≤ 0.

□

6.5. Existence of the minimal stabilizing function

6.5.1. Preliminary lemmas and an outline of the proof.

Lemma 6.5 (Sylvester’s criterion). A symmetric matrix 𝐴 ∈ R𝑚×𝑚 is positive definite if and only if all its
leading principal minors are positive.

Lemma 6.6 ([14]). Let 𝐴 : 𝑆𝑂(3) ×R → R𝑚×𝑚 and 𝐷 : 𝑆𝑂(3) → R𝑚×𝑚 be continuous symmetric 𝑚 ×𝑚
matrix fields satisfying the following conditions:

(1) 𝐴 depends linearly on 𝜆, that is,
(6.66) 𝐴(𝑈,𝜆) = 𝐴(𝑈, 0) + 𝜆𝐷(𝑈), 𝐷(𝑈) is positive semidefinite.

(2) There exists a constant 𝑘𝑚−1 ≥ 0 such that
(6.67) 𝐴𝑚−1(𝑈,𝜆) is positive definite, ∀𝑈 ∈ 𝑆𝑂(3), ∀𝜆 ≥ 𝑘𝑚−1 ,

where 𝐴𝑚−1 denotes the (𝑚−1)st leading principal submatrix of 𝐴.
(3) For every𝑈 ∈ 𝑆𝑂(3), there exist a constant 𝑘𝑚,𝑈 ≥ 𝑘𝑚−1 and an open neighborhood 𝒰𝑈 of𝑈 such

that
(6.68) det(𝐴(𝑈 ′, 𝑘𝑚,𝑈 )) ≥ 0, ∀𝑈 ′ ∈ 𝒰𝑈 .
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Then there exists a finite constant 𝑘𝑚 ≥ 𝑘𝑚−1 such that, for every 𝜆 ≥ 𝑘𝑚 , we have

(6.69) 𝐴(𝑈,𝜆) is positive semidefinite, ∀𝑈 ∈ 𝑆𝑂(3).

Lemma 6.7 (Jacobi’s formula). Let 𝐴 = (𝑎𝑖 , 𝑗)𝑚×𝑚 be a matrix whose entries are functions. Then

𝜕det(𝐴)
𝜕𝛽

= Tr
(
adj(𝐴) 𝜕𝐴

𝜕𝛽

)
,(6.70a)

𝜕2 det(𝐴)
𝜕𝛽𝜕𝜑

= Tr
(
adj(𝐴) 𝜕2𝐴

𝜕𝛽𝜕𝜑

)
+

∑
𝑖≠𝑗

det



𝑎1,1 𝑎1,2 · · · 𝑎1,𝑚
...

...
. . .

...
𝜕𝑎𝑖 ,1
𝜕𝛽

𝜕𝑎𝑖 ,2
𝜕𝛽 · · · 𝜕𝑎𝑖 ,𝑚

𝜕𝛽
...

...
. . .

...
𝜕𝑎 𝑗 ,1
𝜕𝜑

𝜕𝑎 𝑗 ,2
𝜕𝜑 · · · 𝜕𝑎 𝑗 ,𝑚

𝜕𝜑
...

...
. . .

...
𝑎𝑚,1 𝑎𝑚,2 · · · 𝑎𝑚,𝑚


.(6.70b)

Lemma 6.8 (A representation of 𝑆𝑂(3)). For every 𝑈 ∈ 𝑆𝑂(3), there exists 𝚽 = (𝜑, 𝜗,𝜓) ∈ (2𝜋T)3
such that

(6.71) 𝑈[𝝉1 , 𝝉2 , 𝒏] = [𝝉1 , 𝝉2 , 𝒏]𝑈(𝚽),

where𝑈 can be represented by

(6.72) 𝑈(𝚽) = 𝑅𝑧(𝜓)𝑅𝑦(𝜗)𝑅𝑥(𝜑),

Here

𝑅𝑥(𝜑) =


1 0 0
0 cos 𝜑 − sin 𝜑
0 sin 𝜑 cos 𝜑

 ,(6.73a)

𝑅𝑦(𝜗) =


cos𝜗 0 sin𝜗
0 1 0

− sin𝜗 0 cos𝜗

 ,(6.73b)

𝑅𝑧(𝜓) =


cos𝜓 − sin𝜓 0
sin𝜓 cos𝜓 0

0 0 1

 .(6.73c)

We establish the existence of the minimal stabilizing function by proving that 𝑀𝛼(𝑈,𝜆; 𝒏) is
positive semidefinite for sufficiently large 𝜆.

Let 𝑀𝑚−1 denote the (𝑚−1)st leading principal submatrix of 𝑀𝛼(𝑈,𝜆; 𝒏). The proof proceeds as
follows.

(i) First, we establish the positive definiteness of 𝑀3 by verifying det(𝑀1), det(𝑀2), det(𝑀3) > 0
and applying Sylvester’s criterion.

(ii) Next, we analyze the nonnegativity of det(𝑀𝛼) in two cases:
• The noncritical case: 2𝛾̂(𝜃, 𝜙) > 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙);
• The critical case: there exists 𝒏∗ = 𝒏(𝜃∗ , 𝜙∗) ∈ S2 such that 2𝛾̂(𝜃∗ , 𝜙∗) = 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗).

The proof in the noncritical case follows essentially the argument in [14], so we omit the
details. In the critical case, the determinant and its gradient vanish along the one-dimensional
manifold of antipodal rotations. The representation of 𝑆𝑂(3) gives a positive definite Hessian
in the two normal directions for sufficiently large stabilization. A uniform Taylor estimate in
these directions establishes local nonnegativity.

(iii) Finally, Lemma 6.6 gives the positive semidefiniteness of 𝑀𝛼(𝑈,𝜆; 𝒏), completing the proof
of Theorem 6.3.
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6.5.2. Positive definiteness of 𝑀3.

Lemma 6.9. There exists a constant 𝑘2 > 0 such that, for every 𝜆 ≥ 𝑘2, we have
(6.74) det(𝑀2(𝑈,𝜆; 𝒏)) > 0, ∀𝑈 ∈ 𝑆𝑂(3).

Proof. Set 𝑔 B 𝛾̂(𝜃, 𝜙) > 0 and denote
(6.75) 𝑌 B 𝑈𝝉2 · 𝒏 , 𝐸 B (𝛼 − 1)(𝑈𝝉2 · 𝝃).
Using (𝑎 + 𝑏)2 ≤ 2𝑎2 + 2𝑏2 and |𝑈𝝉2 · 𝝉1| ≤ 1, we obtain

(6.76)

det(𝑀2) = 𝑔𝑀22 −𝑀2
21

= 𝑔
(
𝑔 + 𝐸𝑌 + 𝜆𝑌2) − 1

4
[
𝑔(𝑈𝝉2 · 𝝉1) + 𝛼(𝝉1 · 𝝃)𝑌

]2

≥ 𝑔2
[
1 − 1

2 (𝑈𝝉2 · 𝝉1)2
]
+ 𝑔𝐸𝑌 +

[
𝜆𝑔 − 𝛼2

2 (𝝉1 · 𝝃)2
]
𝑌2

≥ 1
2 𝑔

2 + 𝑔𝐸𝑌 +
[
𝜆𝑔 − 𝛼2

2 (𝝉1 · 𝝃)2
]
𝑌2

=
1
4 𝑔

2 +
( 𝑔

2 + 𝐸𝑌
)2

+
[
𝜆𝑔 − 𝛼2

2 (𝝉1 · 𝝃)2 − 𝐸2
]
𝑌2.

Since both𝑈𝝉2 and 𝝉1 are unit vectors,
(6.77) |𝐸| ≤ |𝛼 − 1| |𝝃|, |𝝉1 · 𝝃| ≤ |𝝃|, ∀𝑈 ∈ 𝑆𝑂(3).
Choose any constant 𝑘2 > 0 satisfying

(6.78) 𝑘2 ≥

[
𝛼2

2 + (𝛼 − 1)2
]
|𝝃|2

𝑔
.

Then, for every𝑈 ∈ 𝑆𝑂(3) and every 𝜆 ≥ 𝑘2,

(6.79) det(𝑀2(𝑈,𝜆; 𝒏)) ≥ 1
4 𝑔

2 > 0.

□

Theorem 6.4. There exists a constant 𝑘3 > 0 such that, for every 𝜆 ≥ 𝑘3, we have
(6.80) 𝑀3(𝑈,𝜆; 𝒏) is positive definite, ∀𝑈 ∈ 𝑆𝑂(3).

Proof. For brevity, set 𝑔 B 𝛾̂(𝜃, 𝜙) > 0 and denote
𝑌 B 𝑈𝝉2 · 𝒏 , 𝐸 B (𝛼 − 1)(𝑈𝝉2 · 𝝃),(6.81a)
𝐴 B 𝑔(𝑈𝝉2 · 𝝉1), 𝐵 B 𝛼(𝝉1 · 𝝃),(6.81b)
𝐶 B 𝑔(𝑈𝝉2 · 𝝉2), 𝐷 B 𝛼(𝝉2 · 𝝃).(6.81c)

Since 𝑀22 = 𝑀33 = 𝑔 + 𝐸𝑌 + 𝜆𝑌2, we have

(6.82)

det(𝑀3) = 𝑔𝑀22𝑀33 −𝑀2
21𝑀33 −𝑀2

31𝑀22

=
(
𝑔 + 𝐸𝑌 + 𝜆𝑌2) {

𝑔
(
𝑔 + 𝐸𝑌 + 𝜆𝑌2) − 1

4
[
(𝐴 + 𝐵𝑌)2 + (𝐶 + 𝐷𝑌)2

]}
B 𝑃(𝑌)𝑄(𝑌),

where
𝑃(𝑌) B 𝑔 + 𝐸𝑌 + 𝜆𝑌2 ,(6.83a)

𝑄(𝑌) B 𝑔2 − 1
4 (𝐴

2 + 𝐶2) +
[
𝑔𝐸 − 1

2 (𝐴𝐵 + 𝐶𝐷)
]
𝑌 +

[
𝜆𝑔 − 1

4 (𝐵
2 + 𝐷2)

]
𝑌2.(6.83b)

We next derive bounds that are uniform in𝑈 ∈ 𝑆𝑂(3). Since
(6.84) 𝐴2 + 𝐶2 = 𝑔2 [

(𝑈𝝉2 · 𝝉1)2 + (𝑈𝝉2 · 𝝉2)2
]
≤ 𝑔2 ,
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let

(6.85) 𝑆 B 𝑔𝐸 − 1
2 (𝐴𝐵 + 𝐶𝐷), 𝑅 B

1
4 (𝐵

2 + 𝐷2).

By the compactness of 𝑆𝑂(3) and the continuity of the above quantities, the constants

(6.86) 𝐸∗ B max
𝑈∈𝑆𝑂(3)

|𝐸|, 𝑆∗ B max
𝑈∈𝑆𝑂(3)

|𝑆|

are finite. Completing the square gives

𝑃(𝑌) = 3
4 𝑔 +

(√
𝑔

2 + 𝐸√
𝑔
𝑌

)2

+
(
𝜆 − 𝐸2

𝑔

)
𝑌2 ,(6.87a)

𝑄(𝑌) ≥ 1
2 𝑔

2 + 𝑆𝑌 +
(
𝜆𝑔 − 𝑅

)
𝑌2(6.87b)

=
1
4 𝑔

2 +
(
𝑔

2 + 𝑆

𝑔
𝑌

)2

+
(
𝜆𝑔 − 𝑅 − 𝑆2

𝑔2

)
𝑌2.(6.87c)

Choose

(6.88) 𝑘3 B max
{
𝑘2 ,

𝐸2
∗
𝑔
,
𝑅

𝑔
+ 𝑆2

∗
𝑔3

}
,

where 𝑘2 is the constant in Lemma 6.9. Then, for every𝑈 ∈ 𝑆𝑂(3) and every 𝜆 ≥ 𝑘3,

(6.89) 𝑃(𝑌) ≥ 3
4 𝑔 > 0, 𝑄(𝑌) ≥ 1

4 𝑔
2 > 0.

Consequently,

(6.90) det(𝑀3) ≥
3
16 𝑔

3 > 0.

Together with det(𝑀1) = 𝑔 > 0 and Lemma 6.9, Sylvester’s criterion shows that 𝑀3(𝑈,𝜆; 𝒏) is
positive-definite for every𝑈 ∈ 𝑆𝑂(3) and every 𝜆 ≥ 𝑘3. □

6.5.3. The noncritical case.

Lemma 6.10. If𝑈𝒏 ≠ −𝒏, then there exist a constant 𝑘𝑚,𝑈 > 0 and an open neighborhood 𝒰𝑈 of𝑈 such
that

(6.91) det(𝑀𝛼(𝑈 ′, 𝑘𝑚,𝑈 ; 𝒏)) ≥ 0, ∀𝑈 ′ ∈ 𝒰𝑈 .

Lemma 6.11. Suppose that𝑈𝒏 = −𝒏. If 2𝛾̂(𝜃, 𝜙) > 𝛾̂(𝜋− 𝜃,𝜋+ 𝜙), then there exist a constant 𝑘𝑚,𝑈 > 0
and an open neighborhood 𝒰𝑈 of𝑈 such that

(6.92) det(𝑀𝛼(𝑈 ′, 𝑘𝑚,𝑈 ; 𝒏)) ≥ 0, ∀𝑈 ′ ∈ 𝒰𝑈 .

The proofs of these two lemmas follow essentially the arguments in [14], so we omit the details.

6.5.4. Analysis of the critical case. We now analyze the critical case 2𝛾̂(𝜃∗ , 𝜙∗) = 𝛾̂(𝜋−𝜃∗ ,𝜋+𝜙∗)
and establish a necessary and sufficient condition for the gradient of det(𝑀𝛼) to vanish in this case.

Lemma 6.12. Let 𝒏∗ ∈ S2 satisfy 2𝛾̂(𝜃∗ , 𝜙∗) = 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗). Then

2𝜕𝜃 𝛾̂(𝜃∗ , 𝜙∗) + 𝜕𝜃 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗) = 0,(6.93a)
2𝜕𝜙 𝛾̂(𝜃∗ , 𝜙∗) − 𝜕𝜙 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗) = 0.(6.93b)

Proof. Consider the function

(6.94) 𝑓 (𝜃, 𝜙) B
𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙)

𝛾̂(𝜃, 𝜙) , ∀(𝜃, 𝜙) ∈ [0,𝜋] × 2𝜋T.
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We have 𝑓 (𝜃, 𝜙) ≤ 2, with maximum value 2 attained at (𝜃∗ , 𝜙∗). Therefore,

(6.95)
𝜕𝜃 𝑓 (𝜃∗ , 𝜙∗) =

−𝜕𝜃 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗)𝛾̂(𝜃∗ , 𝜙∗) − 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗)𝜕𝜃 𝛾̂(𝜃∗ , 𝜙∗)
𝛾̂2(𝜃∗ , 𝜙∗)

= −
𝜕𝜃 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗) + 2𝜕𝜃 𝛾̂(𝜃∗ , 𝜙∗)

𝛾̂(𝜃∗ , 𝜙∗) = 0,

that is,

(6.96) 2𝜕𝜃 𝛾̂(𝜃∗ , 𝜙∗) + 𝜕𝜃 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗) = 0.

Similarly, we obtain

(6.97) 2𝜕𝜙 𝛾̂(𝜃∗ , 𝜙∗) − 𝜕𝜙 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗) = 0.

□

Lemma 6.13. For a given 𝒏∗ B 𝒏(𝜃∗ , 𝜙∗) ∈ S2, suppose that (𝑈|𝚽=𝚽0)𝒏∗ = −𝒏∗. If 2𝛾̂(𝜃∗ , 𝜙∗) =

𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗), then

(6.98) ∇𝚽 det(𝑀𝛼(𝑈,𝜆; 𝒏∗))
���
𝚽=𝚽0

= 0,

if and only if

(6.99) 𝛼 = −1 or ∇𝛾̂(𝜃∗ , 𝜙∗) = 0.

Proof. Write 𝑈𝒏 B 𝒏̄ = (sin 𝜃̄ cos 𝜙̄, sin 𝜃̄ sin 𝜙̄, cos 𝜃̄)𝑇 , and let 𝝉̄1 , 𝝉̄2 be the tangent vectors
defined in (6.8). Then

𝜕𝜑𝑈𝒏 = 𝝉̄1
𝜕𝜃̄

𝜕𝜑
+ sin 𝜃̄ 𝝉̄2

𝜕𝜙̄

𝜕𝜑
,(6.100a)

𝜕𝜗𝑈𝒏 = 𝝉̄1
𝜕𝜃̄

𝜕𝜗
+ sin 𝜃̄ 𝝉̄2

𝜕𝜙̄

𝜕𝜗
,(6.100b)

𝜕𝜓𝑈𝒏 = 𝝉̄1
𝜕𝜃̄

𝜕𝜓
+ sin 𝜃̄ 𝝉̄2

𝜕𝜙̄

𝜕𝜓
.(6.100c)

By Lemma 6.8, we may assume without loss of generality that𝑈 = 𝑈(𝜋, 0,𝜓). At 𝚽0(𝜓) = (𝜋, 0,𝜓),
we have

(6.101) 𝒏̄ = −𝒏 , 𝝉̄1 = 𝝉1 , 𝝉̄2 = −𝝉2.

Lemma 6.8 gives

𝜕𝜑𝑈𝒏 = − sin𝜓 𝝉1 + cos𝜓 𝝉2 ,(6.102a)
𝜕𝜗𝑈𝒏 = − cos𝜓 𝝉1 − sin𝜓 𝝉2 ,(6.102b)
𝜕𝜓𝑈𝒏 = 0.(6.102c)

Substituting (6.101) into (6.102) and comparing with (6.100) yields

(6.103)
𝜕𝜑𝜃̄ = − sin𝜓,

𝜕𝜗𝜃̄ = − cos𝜓,
𝜕𝜓𝜃̄ = 0,

𝜕𝜑𝜙̄ = − cos𝜓/sin 𝜃̄,

𝜕𝜗𝜙̄ = sin𝜓/sin 𝜃̄,

𝜕𝜓𝜙̄ = 0.

By (6.103), at (𝜃̄, 𝜙̄) = (𝜋 − 𝜃,𝜋 + 𝜙), we obtain

(6.104)
𝜕𝜑 𝛾̂(𝜃̄, 𝜙̄) = 𝜕𝜃 𝛾̂(𝜃̄, 𝜙̄)𝜕𝜑𝜃̄ + 𝜕𝜙 𝛾̂(𝜃̄, 𝜙̄)𝜕𝜑𝜙̄

= − sin𝜓 𝜕𝜃 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙) − cos𝜓
sin𝜃

𝜕𝜙 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙).
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Similarly,

𝜕𝜗 𝛾̂(𝜃̄, 𝜙̄) = − cos𝜓 𝜕𝜃 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙) + sin𝜓

sin𝜃
𝜕𝜙 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙),(6.105a)

𝜕𝜓 𝛾̂(𝜃̄, 𝜙̄) = 0.(6.105b)

The definitions of 𝑀𝛼 and its adjugate give

(6.106) adj
(
𝑀𝛼(𝑈(𝚽0),𝜆; 𝒏)

)
=

3
4 𝛾̂

3(𝜃, 𝜙)
[

0 0
0 1

]
, 1 B

[
1 1
1 1

]
,

and

𝜕

𝜕𝜑
𝑀𝛼(𝑈,𝜆; 𝒏)

���
𝚽=𝚽0

=


· · · · · · · · ·
... −(𝛼 − 1)𝐹 −1

2𝜕𝜑 𝛾̂(𝜃̄, 𝜙̄)
... − 1

2𝜕𝜑 𝛾̂(𝜃̄, 𝜙̄) 0

 ,(6.107a)

𝜕

𝜕𝜗
𝑀𝛼(𝑈,𝜆; 𝒏)

���
𝚽=𝚽0

=


· · · · · · · · ·
... 0 −1

2𝜕𝜗 𝛾̂(𝜃̄, 𝜙̄)
... − 1

2𝜕𝜗 𝛾̂(𝜃̄, 𝜙̄) −(𝛼 − 1)𝐺

 ,(6.107b)

𝜕

𝜕𝜓
𝑀𝛼(𝑈,𝜆; 𝒏)

���
𝚽=𝚽0

=


· · · · · · · · ·
... 0 0
... 0 0

 ,(6.107c)

where

𝐹 B 𝑈𝝉2 · 𝝃 = sin𝜓 𝜕𝜃 𝛾̂(𝜃, 𝜙) −
cos𝜓
sin𝜃

𝜕𝜙 𝛾̂(𝜃, 𝜙),(6.108a)

𝐺 B 𝑈𝝉1 · 𝝃 = cos𝜓 𝜕𝜃 𝛾̂(𝜃, 𝜙) +
sin𝜓

sin𝜃
𝜕𝜙 𝛾̂(𝜃, 𝜙).(6.108b)

Combining Lemma 6.7 with (6.104), we obtain

(6.109)

1
3
4 𝛾̂

3(𝜃, 𝜙)
𝜕

𝜕𝜑
det

(
𝑀𝛼(𝑈,𝜆; 𝒏)

)���
𝚽=𝚽0

= −𝜕𝜑 𝛾̂(𝜃̄, 𝜙̄) − (𝛼 − 1)𝐹

= − sin𝜓
[
(𝛼 − 1)𝜕𝜃 𝛾̂(𝜃, 𝜙) − 𝜕𝜃 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙)

]
+ cos𝜓

sin𝜃

[
(𝛼 − 1)𝜕𝜙 𝛾̂(𝜃, 𝜙) + 𝜕𝜙 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙)

]
.

Similarly,

(6.110)

1
3
4 𝛾̂

3(𝜃, 𝜙)
𝜕

𝜕𝜗
det

(
𝑀𝛼(𝑈,𝜆; 𝒏)

)���
𝚽=𝚽0

= −𝜕𝜗 𝛾̂(𝜃̄, 𝜙̄) − (𝛼 − 1)𝐺

= − cos𝜓
[
(𝛼 − 1)𝜕𝜃 𝛾̂(𝜃, 𝜙) − 𝜕𝜃 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙)

]
− sin𝜓

sin𝜃

[
(𝛼 − 1)𝜕𝜙 𝛾̂(𝜃, 𝜙) + 𝜕𝜙 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙)

]
,

and

(6.111) 𝜕

𝜕𝜓
det

(
𝑀𝛼(𝑈,𝜆; 𝒏)

)���
𝚽=𝚽0

= 0.
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By Lemma 6.12, for 𝒏∗ ∈ S2 satisfying 2𝛾̂(𝜃∗ , 𝜙∗) = 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗), we have

𝜕

𝜕𝜑
det

(
𝑀𝛼(𝑈,𝜆; 𝒏∗)

)���
𝚽=𝚽0

=
3(𝛼 + 1)𝛾̂3(𝜃∗ , 𝜙∗)

4

[
− sin𝜓 𝜕𝜃 𝛾̂(𝜃∗ , 𝜙∗) + cos𝜓

sin𝜃∗ 𝜕𝜙 𝛾̂(𝜃
∗ , 𝜙∗)

]
,

(6.112a)

𝜕

𝜕𝜗
det

(
𝑀𝛼(𝑈,𝜆; 𝒏∗)

)���
𝚽=𝚽0

=
3(𝛼 + 1)𝛾̂3(𝜃∗ , 𝜙∗)

4

[
− cos𝜓 𝜕𝜃 𝛾̂(𝜃∗ , 𝜙∗) − sin𝜓

sin𝜃∗ 𝜕𝜙 𝛾̂(𝜃
∗ , 𝜙∗)

]
,

(6.112b)

𝜕

𝜕𝜓
det

(
𝑀𝛼(𝑈,𝜆; 𝒏∗)

)���
𝚽=𝚽0

= 0.

(6.112c)

Thus, the gradient of the determinant vanishes if and only if

(6.113) (𝛼 + 1)
[
− sin𝜓 cos𝜓/sin𝜃∗

− cos𝜓 − sin𝜓/sin𝜃∗

]
∇𝛾̂(𝜃∗ , 𝜙∗) = 0,

Equivalently,

(6.114) 𝛼 = −1 or ∇𝛾̂(𝜃∗ , 𝜙∗) = 0.

□

Lemma 6.14. Let 𝒏∗ ∈ S2 satisfy 2𝛾̂(𝜃∗ , 𝜙∗) = 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗). If 𝑈𝒏∗ = −𝒏∗ and 𝒏∗ satisfies (6.99),
then there exist a constant 𝑘𝑚,𝑈 > 0 and an open neighborhood 𝒰𝑈 of𝑈 such that

(6.115) det(𝑀𝛼(𝑈 ′, 𝑘𝑚,𝑈 ; 𝒏∗)) ≥ 0, ∀𝑈 ′ ∈ 𝒰𝑈 .

Proof. Fix the critical normal 𝒏∗ from the lemma, and write 𝒏 = 𝒏∗ throughout this proof. The
notation𝑈(𝚽) represents the rotation in the local frame from Lemma 6.8. All derivatives below are
evaluated through that representation. From the definition of 𝑀𝛼, we know that

(6.116) 𝑀𝛼(𝑈,𝜆; 𝒏) = 𝑀𝛼(𝑈, 0; 𝒏) + 𝜆𝐷(𝑈),
where

(6.117) 𝐷(𝑈) B


0 0 0 0
0 (𝑈𝝉2 · 𝒏)2 0 (𝑈𝝉1 · 𝒏)(𝑈𝝉2 · 𝒏)
0 0 (𝑈𝝉2 · 𝒏)2 0
0 (𝑈𝝉1 · 𝒏)(𝑈𝝉2 · 𝒏) 0 (𝑈𝝉1 · 𝒏)2

 .
By lemma 6.8, we rewrite 𝐷 as

(6.118) 𝐷(𝜑, 𝜗,𝜓) B 𝐷(𝑈) =


0 0 0 0
0 sin2 𝜑 cos2 𝜗 0 − sin 𝜑 cos𝜗 sin𝜗
0 0 sin2 𝜑 cos2 𝜗 0
0 − sin 𝜑 cos𝜗 sin𝜗 0 sin2 𝜗

 .
Therefore, at 𝚽0 = (𝜋, 0,𝜓), we have

(6.119) 𝜕2

𝜕𝜑2𝐷 = diag(0, 2, 2, 0), 𝜕2

𝜕𝜗2𝐷 = diag(0, 0, 0, 2), 𝜕2

𝜕𝜑𝜕𝜗
𝐷 =


0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

 ,
and

(6.120) 𝜕2

𝜕𝜌𝜕𝜓
𝐷 = 0, 𝜌 ∈ {𝜑, 𝜗,𝜓}.

At 𝚽0 = (𝜋, 0,𝜓), we also have

(6.121) 𝐷(𝚽0) = 0, 𝜕𝜌𝐷(𝚽0) = 0, 𝜌 ∈ {𝜑, 𝜗,𝜓}.
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Consequently, 𝑀𝛼(𝑈,𝜆; 𝒏) and its first derivatives with respect to 𝚽 are independent of 𝜆 at 𝚽0. By
Jacobi’s formula, the 𝜆-dependent part of the second derivative of the determinant is therefore
(6.122) 𝜆Tr

(
adj

(
𝑀𝛼(𝑈(𝚽0), 0; 𝒏)

)
𝜕𝜌𝛽𝐷(𝚽0)

)
.

Let 𝒗 = (0, 0, 1, 1)𝑇 . By (6.106),

(6.123) adj
(
𝑀𝛼(𝑈(𝚽0), 0; 𝒏)

)
=

3
4 𝛾̂

3(𝜃, 𝜙)𝒗𝒗𝑇 .

Hence,

Tr
(
adj(𝑀𝛼) 𝜕𝜑𝜑𝐷

)
=

3
4 𝛾̂

3 𝒗𝑇diag(0, 2, 2, 0)𝒗 =
3
2 𝛾̂

3 ,(6.124a)

Tr
(
adj(𝑀𝛼) 𝜕𝜗𝜗𝐷

)
=

3
4 𝛾̂

3 𝒗𝑇diag(0, 0, 0, 2)𝒗 =
3
2 𝛾̂

3 ,(6.124b)

Tr
(
adj(𝑀𝛼) 𝜕𝜑𝜗𝐷

)
= 0, Tr

(
adj(𝑀𝛼) 𝜕𝜌𝜓𝐷

)
= 0.(6.124c)

Here and below, the matrices in (6.124) are evaluated at (𝑈,𝜆; 𝒏) = (𝑈(𝚽0), 0; 𝒏), and 𝛾̂ = 𝛾̂(𝜃, 𝜙).
Thus,

(6.125) Hdet(𝑀𝛼(𝑈,𝜆;𝒏))

���
𝚽=𝚽0

= Hdet(𝑀𝛼(𝑈,0;𝒏))

���
𝚽=𝚽0

+ 3𝜆
2 𝛾̂3(𝜃, 𝜙)diag(1, 1, 0).

We now consider 𝒏∗ satisfying 2𝛾̂(𝜃∗ , 𝜙∗) = 𝛾̂(𝜋 − 𝜃∗ ,𝜋 + 𝜙∗). Define
(6.126) 𝐹𝜆(𝜑, 𝜗,𝜓) B det

(
𝑀𝛼(𝑈(𝜑, 𝜗,𝜓),𝜆; 𝒏∗)

)
.

The rotations mapping 𝒏∗ to −𝒏∗ form the one-dimensional submanifold

(6.127) ℳ∗ =
{
𝑈(𝜋, 0,𝜓) : 𝜓 ∈ 2𝜋T

}
.

Along this submanifold,
(6.128) 𝐹𝜆(𝜋, 0,𝜓) = 0, ∀𝜓 ∈ 2𝜋T.
Moreover, condition (6.99) and Lemma 6.13 imply
(6.129) ∇𝚽𝐹𝜆(𝜋, 0,𝜓) = 0, ∀𝜓 ∈ 2𝜋T.
Thus the zero eigenvalue in the Hessian corresponds to the tangent direction of ℳ∗.

Fix𝑈0 = 𝑈(𝜋, 0,𝜓0) ∈ ℳ∗ and choose a closed interval 𝐼 containing 𝜓0 on which (𝜑, 𝜗,𝜓) gives
smooth local coordinates. Set
(6.130) 𝒚 = (𝜑 − 𝜋, 𝜗)𝑇 .
By (6.125), the Hessian of 𝐹𝜆 in the two directions normal to ℳ∗ is

(6.131) 𝑯⊥,𝜆(𝜓) = 𝑩(𝜓) + 3𝜆
2 𝛾̂3(𝜃∗ , 𝜙∗)𝐼2 , 𝜓 ∈ 𝐼 ,

where

(6.132) 𝑩(𝜓) B
(
𝜕𝜌𝛽 det(𝑀𝛼(𝑈(𝚽), 0; 𝒏∗))

���
𝚽=(𝜋,0,𝜓)

)
𝜌,𝛽∈{𝜑,𝜗}

is continuous. Since 𝐼 is compact and 𝛾̂(𝜃∗ , 𝜙∗) > 0, we may choose 𝑘𝑚,𝑈0 > 0 and 𝑐 > 0 such that

(6.133) 𝒚𝑇𝑯⊥,𝑘𝑚,𝑈0
(𝜓)𝒚 ≥ 2𝑐|𝒚|2 , ∀𝒚 ∈ R2 , ∀𝜓 ∈ 𝐼.

For each fixed 𝜓 ∈ 𝐼, Taylor’s formula in the normal variable 𝒚, together with (6.128) and (6.129),
gives

(6.134) 𝐹𝑘𝑚,𝑈0
(𝜋 + 𝑦1 , 𝑦2 ,𝜓) =

1
2𝒚

𝑇𝑯⊥,𝑘𝑚,𝑈0
(𝜓)𝒚 + 𝑟(𝒚,𝜓),

where 𝑟(𝒚,𝜓) = 𝑜(|𝒚|2) uniformly for 𝜓 ∈ 𝐼. Hence, after reducing the coordinate neighbourhood if
necessary,

(6.135) |𝑟(𝒚,𝜓)| ≤ 𝑐

2 |𝒚|
2.
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Combining this estimate with (6.133), we obtain

(6.136) 𝐹𝑘𝑚,𝑈0
(𝜋 + 𝑦1 , 𝑦2 ,𝜓) ≥

𝑐

2 |𝒚|
2 ≥ 0.

The image of this coordinate neighbourhood is an open neighbourhood𝒰𝑈0 of𝑈0 in 𝑆𝑂(3). Therefore,
(6.137) det(𝑀𝛼(𝑈 ′, 𝑘𝑚,𝑈0 ; 𝒏∗)) ≥ 0, ∀𝑈 ′ ∈ 𝒰𝑈0 ,

which proves the result. □

We can now prove Theorem 6.3.

Proof. (Existence of the minimal stabilizing function) Sufficiency follows directly from Lemma 6.6,
Theorem 6.4, Lemma 6.10, Lemma 6.11, and Lemma 6.14.

For necessity, define

(6.138) 𝒦(𝒏) B
{
𝜆 ≥ 0 : 𝑀𝛼(𝑈,𝜆; 𝒏) is positive semidefinite for every𝑈 ∈ 𝑆𝑂(3)

}
.

If 𝑘𝛼min(𝜃, 𝜙) is finite, this set is nonempty. It is closed because 𝑀𝛼 is continuous in 𝜆 and the positive
semidefinite cone is closed. Hence
(6.139) 𝜆0 B 𝑘𝛼min(𝜃, 𝜙) = inf𝒦(𝒏) ∈ 𝒦(𝒏),
so 𝑀𝛼(𝑈,𝜆0; 𝒏) is positive semidefinite for every𝑈 ∈ 𝑆𝑂(3).

Taking 𝒏 = 𝒏∗ and expanding at 𝚽0(𝜓) = (𝜋, 0,𝜓) gives

(6.140) det(𝑀𝛼(𝑈,𝜆0; 𝒏∗)) = ∇𝚽 det(𝑀𝛼(𝑈,𝜆0; 𝒏∗))
���
𝚽=𝚽0

· (𝚽 −𝚽0) + 𝑂(∥𝚽 −𝚽0∥2).

If ∇𝚽 det(𝑀𝛼(𝑈,𝜆0; 𝒏∗))
���
𝚽=𝚽0

≠ 0, then (6.140) shows that the determinant changes sign in a
neighborhood of 𝚽0. This contradicts the positive semidefiniteness of 𝑀𝛼(𝑈,𝜆0; 𝒏). Hence,

(6.141) ∇𝚽 det(𝑀𝛼(𝑈,𝜆0; 𝒏∗))
���
𝚽=𝚽0

= 0.

Lemma 6.13 now yields (6.99). □

6.6. Numerical experiments

We present numerical examples to assess the structure-preserving parametric finite element scheme
(6.40) for time-dependent surface evolution in three dimensions.

In computation, we approximate the minimal stabilizing function by first solving the optimization
problem (6.50) at the interpolation nodes 𝒏𝑖 𝑗 = (sin𝜃𝑖 cos 𝜙 𝑗 , sin𝜃𝑖 sin 𝜙 𝑗 , cos𝜃𝑖)𝑇 , where 𝜃𝑖 = 𝑖𝜋

20 ,
𝜙 𝑗 = −𝜋 + 𝑗𝜋

10 , and 0 ≤ 𝑖 , 𝑗 ≤ 20. We then use bilinear interpolation to approximate 𝑘𝛼min(𝜃, 𝜙) at
other points.

For spatial discretization, we use Gmsh [70] to triangulate the initial surface Γ0 with mesh size ℎ,
obtaining Γℎ,𝜏(0) = Γ0 = ∪𝐽

𝑗=1𝜎
0
𝑗
. The corresponding time step is 𝜏 = 2

25 ℎ
2.

6.6.1. Convergence rates. For the convergence tests, the initial surface Γ0 is a 2× 2× 1 cuboid. We
measure the distance between two surfaces Γ1 , Γ2 using the manifold distance 𝑀(Γ1 , Γ2), defined by
(6.142) 𝑀(Γ1 , Γ2) B |(Ω1\Ω2) ∪ (Ω2\Ω1)| = 2|Ω1 ∪Ω2| − |Ω1| − |Ω2|,
where Ω𝑖 is the region enclosed by Γ𝑖 , 𝑖 = 1, 2 [12, 20]. The error 𝑒 ℎ(𝑡) between the numerical solution
Γℎ,𝜏(𝑡) and the exact solution Γ(𝑡) at time 𝑡 is defined by

(6.143) 𝑒 ℎ(𝑡) B 𝑀(Γℎ,𝜏(𝑡), Γ(𝑡)).
where the intermediate surface Γℎ,𝜏(𝑡) is defined by

(6.144) Γℎ,𝜏(𝑡) B
𝑡 − 𝑡𝑚

𝜏
Γℎ,𝜏(𝑡𝑚+1) + 𝑡𝑚+1 − 𝑡

𝜏
Γℎ,𝜏(𝑡𝑚), 𝑡 ∈ [𝑡𝑚 , 𝑡𝑚+1].

We approximate the exact solution by the fine-mesh solution Γℎ𝑒 ,𝜏𝑒 (𝑡), with ℎ𝑒 = 2−4 and 𝜏𝑒 = 2
25 ℎ

2
𝑒 .

To solve the implicit scheme (6.40), we use the Newton iteration [19] described in Appendix A, with
stopping tolerance tol = 10−12.
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We consider the following two anisotropic surface energies in the convergence tests:

• Case I: 𝛾̂(𝜃, 𝜙) =
√

1 + 3
2
(
1 + sgn(sin𝜃 cos 𝜙)

)
sin2 𝜃 cos2 𝜙;

• Case II: 𝛾̂(𝜃, 𝜙) = 1 + 𝛽
(
cos3 𝜃 + sin3 𝜃 cos3 𝜙 + sin3 𝜃 sin3 𝜙

)
.

Case I is globally 𝐶1 and piecewise 𝐶2 across sin𝜃 cos 𝜙 = 0. Its use in the numerical tests assesses
the method for a density of lower regularity than the smooth-density assumption used in the analysis.

(ℎ, 𝜏) 𝑒 ℎ(1) order 𝑒 ℎ(1) order 𝑒 ℎ(1) order 𝑒 ℎ(1) order 𝑒 ℎ(1) order

(ℎ0 , 𝜏0) 1.03e-1 - 9.64e-2 - 9.95e-2 - 1.02e-1 - 9.77e-2 -

( ℎ0
2 ,

𝜏0
4 ) 2.51e-2 2.03 2.41e-2 2.00 2.49e-2 2.00 2.52e-2 2.02 2.45e-2 1.99

( ℎ0
22 ,

𝜏0
42 ) 6.28e-3 2.00 5.91e-3 2.03 6.19e-3 2.01 6.36e-3 1.99 6.06e-3 2.02

𝛼 1 −1 0 0.5 −0.5

Table 6.1. Numerical errors and convergence rates for Case I.

(ℎ, 𝜏) 𝑒 ℎ(1) order 𝑒 ℎ(1) order 𝑒 ℎ(1) order 𝑒 ℎ(1) order 𝑒 ℎ(1) order

(ℎ0 , 𝜏0) 1.55e-1 - 1.11e-1 - 9.47e-2 - 1.08e-1 - 9.76e-2 -

( ℎ0
2 ,

𝜏0
4 ) 3.29e-2 2.23 2.86e-2 1.95 2.37e-2 1.99 2.49e-2 2.11 2.42e-2 2.01

( ℎ0
22 ,

𝜏0
42 ) 8.48e-3 1.96 6.71e-3 2.09 6.10e-3 1.96 6.91e-3 1.85 5.94e-3 2.03

𝛼 10 −10 0 5 −5

Table 6.2. Numerical errors and convergence rates for Case II with 𝛽 = 1
8 .

Tables 6.1 and 6.2 report the numerical errors and convergence rates for different 𝛼. The results
show approximately second-order convergence with respect to ℎ, consistent with second-order
spatial and first-order temporal accuracy of (6.40). The errors differ little across the tested values of
𝛼, indicating robustness with respect to this parameter.

6.6.2. Volume conservation and energy stability. To examine volume conservation and energy
dissipation, we introduce the normalized volume loss and normalized energy:

(6.145) Δ𝑉 ℎ(𝑡)
𝑉 ℎ(0)

���
𝑡=𝑡𝑚
B
𝑉𝑚 −𝑉0

𝑉0 ,
𝑊 ℎ(𝑡)
𝑊 ℎ(0)

���
𝑡=𝑡𝑚
B
𝑊𝑚

𝑊0 .

We test the values 𝛼 = 0, 1,−1 with three anisotropic surface energies: Case I, Case II with 𝛽 = 1
8 ,

and Case II with 𝛽 = 1
4 . The initial surface is a 3 × 3 × 2 cuboid, with mesh size ℎ = 2−4 and time step

𝜏 = 2
25 ℎ

2.
Figures 6.3 and 6.4 show the normalized volume loss Δ𝑉 ℎ(𝑡)

𝑉(0) and the Newton iteration count over
time, respectively. The volume loss remains of order 10−15, close to roundoff error, confirming
volume conservation. The Newton iteration count decreases from 4 to 2 within a short time, indicating
the computational efficiency of (6.40).

Figure 6.5 shows the normalized energy 𝑊 ℎ(𝑡)
𝑊 ℎ(0) over time for different surface energies and values of

𝛼. The total energy decreases monotonically in these experiments, confirming the energy dissipation
property of (6.40). In Figure 6.5(b) and (d), the energy curves for different 𝛼 are nearly identical,
showing that the computed energy decay depends little on this parameter.
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Figure 6.3. Normalized volume loss for (a) Case I, (b) Case II with 𝛽 = 1
8 , and (c) Case II with

𝛽 = 1
4 . The parameter values are 𝛼 = 0, 1,−1, respectively.

Figure 6.4. Newton iteration counts for (a) Case I, (b) Case II with 𝛽 = 1
8 , and (c) Case II with

𝛽 = 1
4 . The parameter values are 𝛼 = 0, 1,−1, respectively.



Chapter 6. The 𝛼-matrix framework for surfaces 107

Figure 6.5. Normalized energy for (a) Case I with 𝛼 = 0, (b) Case II with 𝛽 = 1
8 , (c) Case II

with 𝛽 = 1
4 and 𝛼 = −1, and (d) Case I.

Figure 6.6. Evolution of a 3 × 3 × 2 cuboid under anisotropic surface diffusion for Case I with
𝛼 = 0, at different times.
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Figure 6.7. Evolution of a 3 × 3 × 2 cuboid under anisotropic surface diffusion for Case II with
𝛽 = 1

4 and 𝛼 = −1, at different times.

6.6.3. Morphological evolution of closed surfaces under anisotropic surface diffusion. We
apply (6.40) to simulate morphological evolution driven by anisotropic surface diffusion.

Next, we examine pinch-off of elongated cuboids under anisotropic surface diffusion. Figures 6.8
and 6.9 show simulations using (6.40) for 8 × 1 × 1 and 16 × 1 × 1 cuboids, respectively, with
ℎ = 2−4 , 𝜏 = 1 × 10−4.

As in the isotropic evolutions reported in [19, 25], bulges first develop at the two ends of the
cuboid while the sharp corners smooth out. The bulges then migrate toward the center, eventually
producing pinch-off singularities. Compared with Figure 6.8, Figure 6.9 exhibits more singularities
and different shapes at the two ends. These observations suggest the following:

(1) More elongated initial surfaces tend to break into more components under surface diffusion;
(2) Anisotropic surface diffusion with asymmetric surface energy can differ substantially from

evolution with symmetric surface energy.
Surfaces with genus at least one, such as a torus, often undergo topological changes under surface

diffusion. To examine this behavior, we perform two experiments with tori of major radius 𝑅 and
minor radius 𝑟, using the fixed threefold anisotropy

(6.146) 𝛾̂(𝜃, 𝜙) = 1 + 𝛽
(
cos3 𝜃 + sin3 𝜃 cos3 𝜙 + sin3 𝜃 sin3 𝜙

)
and 𝛼 = 0.5. The results are shown in Figures 6.10 and 6.11.

In Figure 6.10, we take 𝑅 = 1 and 𝑟 = 0.25. The central hole gradually contracts and eventually
disappears, changing the topology from genus one to genus zero. Although the present method
cannot continue the evolution beyond a topological change, we expect the surface eventually to
approach a simply connected shape determined by the surface energy, similar to that in Figure 6.7.

In Figure 6.11, we take 𝑅 = 1 and 𝑟 = 0.2, giving a larger ratio of major to minor radius. Three
separate necks form and become more pronounced over time, eventually producing pinch-off
singularities. The torus consequently breaks into disconnected components, illustrating another type
of topological change under anisotropic surface diffusion. Because the surface energy is asymmetric,
the singularities occur at different times.

The next example considers an orthogonal cross-beam, as shown in Figures 6.12 and 6.13. The
initial surface is formed by two intersecting cuboids of dimensions 12 × 1 × 1 and 8 × 1 × 1. Necks
develop on all four arms, with the two longer arms pinching off first at 𝑡 = 0.151. Figure 6.13 also
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Figure 6.8. Snapshots of an 8 × 1 × 1 cuboid evolving under anisotropic surface diffusion up
to pinch-off, for fourfold anisotropy 𝛾̂(𝜃, 𝜙) = 1 + 1

4
(
cos4 𝜃 + sin4 𝜃 cos4 𝜙 + sin4 𝜃 sin4 𝜙

)
with 𝛼 = −0.5.
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Figure 6.9. Snapshots of a 16 × 1 × 1 cuboid evolving under anisotropic surface diffusion up
to pinch-off, for Case II with 𝛽 = 1

8 and 𝛼 = −0.5.

Figure 6.10. Snapshots of a (1, 0.25)-torus evolving under anisotropic surface diffusion for
Case II with 𝛽 = 1/4 and 𝛼 = 0.5.

Figure 6.11. Snapshots of a (1, 0.2)-torus evolving under anisotropic surface diffusion up to
pinch-off, for Case II with 𝛽 = 1/4 and 𝛼 = 0.5.

shows the iteration count, normalized volume loss, and normalized energy. The results confirm that
the scheme (6.40) preserves volume and decreases energy throughout the simulation.

In the final example, we use (6.40) to simulate a spherical lattice under anisotropic surface diffusion
for Case II with 𝛽 = 1

4 ; see Figure 6.14. The six holes gradually expand, eventually causing a
topological change that separates the surface into disconnected components. As in Figure 6.11, the
asymmetric surface energy leads to different singularity times. This example illustrates the ability of
(6.40) to handle complex initial geometries and resolve the dynamics of anisotropic surface diffusion.

6.7. Summary

This chapter extends the structure-preserving parametric finite element method based on the
𝛼-surface energy matrix to anisotropic surface diffusion in three dimensions. The fully discrete
scheme preserves volume exactly and, with 𝑘(𝜃, 𝜙) ≥ 𝑘𝛼min(𝜃, 𝜙), is unconditionally energy stable
for every 𝛼 under 2𝛾̂(𝜃, 𝜙) − 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙) > 0. For the symmetric matrix choice 𝛼 = −1, this
condition can be relaxed to 2𝛾̂(𝜃, 𝜙) − 𝛾̂(𝜋−𝜃,𝜋+𝜙) ≥ 0. For 𝛼 = −1, this condition is necessary and
sufficient for the local energy estimate within the stated matrix family, and is therefore optimal in that
framework. Numerical experiments demonstrate the efficiency, accuracy, and structure-preserving
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Figure 6.12. Evolution of an orthogonal cross-beam under anisotropic surface diffusion up to
pinch-off, for fourfold anisotropy 𝛾̂(𝜃, 𝜙) = 1 + 1

4
(
cos4 𝜃 + sin4 𝜃 cos4 𝜙 + sin4 𝜃 sin4 𝜙

)
.

Figure 6.13. Evolution of an orthogonal cross-beam under anisotropic surface diffusion: (a)
iteration count, (b) normalized volume loss, and (c) normalized energy.

Figure 6.14. Evolution of a spherical lattice under anisotropic surface diffusion for Case II
with 𝛽 = 1

4 .
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properties of the method for complex surface evolution, including stable computation and good mesh
quality under strong anisotropy and complex geometry.



CHAPTER 7

Application: solid-state dewetting in three dimensions

Solid-state dewetting in three dimensions can be viewed as the evolution of an open surface governed
jointly by surface diffusion and a moving contact line. As a solid thin film moves on a flat substrate,
a moving contact line forms at the junction of the three phases, introducing additional dynamics.
Compared with the two-dimensional setting, the interface becomes an open surface and the contact
points become a spatial curve. Anisotropic surface energy, geometric constraints on the contact line,
and topological changes are strongly coupled, producing richer dynamics across multiple scales.

Structure-preserving numerical methods for three-dimensional solid-state dewetting are therefore
needed for accurate long-time simulations and for predictions that can be compared with experiments.
By resolving the effects of surface energy anisotropy, island shape selection, and sensitivity to material
parameters, such methods provide a computational basis for controlled patterning in applications
including sensors, optical and magnetic devices, and catalytic templates [136, 122, 101].

7.1. The sharp interface model

Substrate

Film

Vapor

Substrate

Substrate

Film

Vapor

Substrate

Vapor

Film

Figure 7.1. Solid-state dewetting of a solid thin film on a rigid flat substrate. Left: Γ is the
film/vapor interface, 𝑆 is the film/substrate interface, and 𝒞 is the contact line; 𝒏𝒞 is the
outward unit normal to 𝒞 in 𝑆. Right: geometry of the contact angle 𝜃𝒞 = arccos(𝒏𝒞 · 𝝂𝒞 ),

where 𝝂𝒞 is the conormal to 𝒞 .

As in two dimensions, the sharp interface model for solid-state dewetting in three dimensions
describes the evolution of an open surface
(7.1) Γ(𝑡) B 𝑿 (·, 𝑡), ∀𝑡 > 0,
under anisotropic surface diffusion and contact line migration.

As illustrated in Figure 7.1, the sharp interface model for solid-state dewetting in three dimensions is
given as follows [94]. The open surface Γ(𝑡) satisfies

𝒏 · 𝜕𝑡𝑿 = ΔΓ𝜇, ∀𝑡 > 0,(7.2a)
𝜇 = ∇Γ · 𝝃,(7.2b)

The interior law prescribes only the normal velocity; tangential motion corresponds to the choice of
parametrization. At the contact line, the boundary law below selects in-plane normal motion on the
substrate. The model is supplemented with the following boundary conditions at the contact line
𝒞 B 𝑿𝒞 = (𝑥𝒞 , 𝑦𝒞 , 𝑧𝒞 )𝑇 :

113
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(i) The contact line condition:
(7.3) 𝑧𝒞 (·, 𝑡) = 0, ∀𝑡 > 0;

(ii) The relaxed contact angle condition:

(7.4) 𝜕𝑡𝑿𝒞 = −𝜂
(
𝝂
𝛾
𝒞 · 𝒏𝒞 − cos𝜃𝑌

)
𝒏𝒞 , ∀𝑡 > 0;

(iii) The zero-mass-flux condition:

(7.5)
(
𝝂𝒞 · ∇Γ𝜇

)���
𝒞
= 0, ∀𝑡 > 0.

Here 𝒏𝒞 = (𝑛𝒞 ,1 , 𝑛𝒞 ,2 , 0)𝑇 is the outward unit normal to 𝒞 in the substrate plane, 𝝂𝛾
𝒞 B (𝝃 · 𝒏)𝝂𝒞 −

(𝝃 · 𝝂𝒞 )𝒏, 𝝂𝒞 is the conormal, 𝜂 > 0 is the contact line mobility, and 𝜃𝑌 is Young’s angle.
The total free energy of the system is defined by

(7.6) 𝑊(𝑡) B
ˆ
Γ(𝑡)

𝛾̂(𝜃, 𝜙)d𝐴 − cos𝜃𝑌 |𝑆(𝑡)|,

where |𝑆(𝑡)| is the area of the region 𝑆(𝑡) enclosed by 𝒞 in the substrate plane. Let Ω(𝑡) be the region
enclosed by Γ(𝑡) and 𝑆(𝑡), and let 𝑉(𝑡) be its volume. The system conserves total volume (mass) and
exhibits energy dissipation with respect to the total surface free energy:
(7.7) 𝑉(𝑡) ≡ 𝑉(0), 𝑊(𝑡) ≤ 𝑊(𝑡′) ≤ 𝑊(0), ∀𝑡 ≥ 𝑡′ ≥ 0.

Following the derivation in Section 6.1, we can rewrite the sharp interface model (7.2)–(7.5) as
𝒏 · 𝜕𝑡𝑿 − ΔΓ𝜇 = 0, ∀𝑡 > 0,(7.8a)

𝜇𝒏 + ∇Γ ·
(
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿

)
= 0,(7.8b)

subject to (7.3)–(7.5) on 𝒞 , where the surface energy matrix 𝑮̂𝛼
𝑘

is defined in (6.12).

7.2. Structure-preserving parametric finite element discretization

7.2.1. The weak formulation. Introduce the Sobolev space

(7.9) 𝐻1
0 (Γ(𝑡)) B

{
𝑢 ∈ 𝐻1(Γ(𝑡)) : 𝑢|𝒞(𝑡) = 0

}
.

Multiplying (7.8a) by a test function 𝜑 ∈ 𝐻1(Γ(𝑡)) and integrating over Γ(𝑡), we apply integration by
parts and the zero-mass-flux condition (7.5) to obtain

(7.10)
(
𝒏 · 𝜕𝑡𝑿 , 𝜑

)
Γ(𝑡)

+
(
∇Γ𝜇,∇Γ𝜑

)
Γ(𝑡)

= 0.

Observe that

(7.11)

(
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿

)
𝝂𝒞 =

(
𝛾̂(𝜃, 𝜙)𝐼3 − 𝒏𝝃𝑇

)
(𝐼 − 𝒏𝒏𝑇)𝝂𝒞

=
(
𝛾̂(𝜃, 𝜙)𝐼3 − 𝒏𝝃𝑇

)
𝝂𝒞

= 𝛾̂(𝜃, 𝜙)𝝂𝒞 − (𝝃 · 𝝂𝒞 )𝒏 ,

The definition of 𝝂𝛾
𝒞 and the identity 𝝃 · 𝒏 = 𝛾̂(𝜃, 𝜙) therefore give

(7.12)
(
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿

)
𝝂𝒞 = 𝝂

𝛾
𝒞 .

The following identities are readily verified:

𝝂
𝛾
𝒞 · 𝒏𝒞 = cos𝜃𝑌 − 1

𝜂
(𝜕𝑡𝑿𝒞 · 𝒏𝒞 ) ,(7.13a)

𝝂
𝛾
𝒞 = (𝝂𝛾

𝒞 · 𝒆𝑧)𝒆𝑧 + (𝝂𝛾
𝒞 · 𝒏𝒞 )𝒏𝒞 ,(7.13b)

Here (7.13a) rewrites the relaxed contact angle condition (7.4), while (7.13b) decomposes 𝝂
𝛾
𝒞 along

𝒆𝑧 = (0, 0, 1)𝑇 , 𝒏𝒞 .
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Multiplying (7.8b) by 𝝎 ∈ [𝐻1(Γ(𝑡))]2 × 𝐻1
0 (Γ(𝑡)) and integrating by parts yields

(7.14)

0 =

(
𝜇𝒏 ,𝝎

)
Γ(𝑡)

−
〈
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 ,∇Γ𝝎

〉
Γ(𝑡)

+
((
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿

)
𝝂𝒞 ,𝝎

)
𝒞(𝑡)

=

(
𝜇𝒏 ,𝝎

)
Γ(𝑡)

−
〈
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 ,∇Γ𝝎

〉
Γ(𝑡)

+
(
𝝂
𝛾
𝒞 ,𝝎

)
𝒞(𝑡)

=

(
𝜇𝒏 ,𝝎

)
Γ(𝑡)

−
〈
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 ,∇Γ𝝎

〉
Γ(𝑡)

+
(
𝝂
𝛾
𝒞 · 𝒏𝒞 ,𝝎 · 𝒏𝒞

)
𝒞(𝑡)

.

Substituting (7.13a) and (7.13b) into (7.14) gives

(7.15)
0 =

(
𝜇𝒏 ,𝝎

)
Γ(𝑡)

−
〈
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 ,∇Γ𝝎

〉
Γ(𝑡)

+ cos𝜃𝑌
(
𝒏𝒞 ,𝝎

)
𝒞(𝑡)

− 1
𝜂

(
𝜕𝑡𝑿𝒞 · 𝒏𝒞 , 𝝎 · 𝒏𝒞

)
𝒞(𝑡)

The weak formulation of the sharp interface model for solid-state dewetting in three dimensions is
therefore as follows. Given Γ(0), find Γ(𝑡) for every 𝑡 > 0 such that(

𝒏 · 𝜕𝑡𝑿 , 𝜑
)
Γ(𝑡)

+
(
∇Γ𝜇,∇Γ𝜑

)
Γ(𝑡)

= 0, ∀𝜑 ∈ 𝐻1(Γ(𝑡)),(7.16a) (
𝜇𝒏 ,𝝎

)
Γ(𝑡)

−
〈
𝑮̂𝛼
𝑘
(𝜃, 𝜙)∇Γ𝑿 ,∇Γ𝝎

〉
Γ(𝑡)

+ cos𝜃𝑌
(
𝒏𝒞 ,𝝎

)
𝒞(𝑡)

− 1
𝜂

(
𝜕𝑡𝑿𝒞 · 𝒏𝒞 , 𝝎 · 𝒏𝒞

)
𝒞(𝑡)

= 0, ∀𝝎 ∈ [𝐻1(Γ(𝑡))]2 × 𝐻1
0 (Γ(𝑡)).

(7.16b)

for every 𝜑 ∈ 𝐻1(Γ(𝑡)) and 𝝎 ∈ [𝐻1(Γ(𝑡))]2 × 𝐻1
0 (Γ(𝑡)).

Theorem 7.1 (Volume conservation and energy dissipation). Let (𝑿 , 𝜇) solve (7.16). Then the total
film volume is conserved and the total free energy is dissipated, namely,

(7.17) 𝑉(𝑡) ≡ 𝑉(0), 𝑊(𝑡) ≤ 𝑊(𝑡′) ≤ 𝑊(0), ∀𝑡 ≥ 𝑡′ ≥ 0.

7.2.2. The fully discrete scheme. Suppose that the boundary of the polyhedral surface Γ𝑚

consists of 𝑁𝒞 connected oriented line segments, denoted by

(7.18) 𝒞𝑚 B

𝑁𝒞⋃
𝑗=1

𝑙𝑚𝑗 . 𝑚 ≥ 0.

Define the finite element spaces

K𝑚 B
{
𝑢 ∈ 𝐶(Γ𝑚)

��� 𝑢|𝜎𝑚
𝑗
∈ 𝒫1(𝜎𝑚𝑗 ), ∀1 ≤ 𝑗 ≤ 𝐽

}
,(7.19a)

K𝑚
0 B

{
𝜑ℎ ∈ K𝑚

���𝜑ℎ|𝑙𝑚
𝑗
= 0, ∀1 ≤ 𝑗 ≤ 𝑁𝒞

}
,(7.19b)

where 𝒫1(𝜎𝑚
𝑗
) is the space of polynomials of degree ≤ 1 on 𝜎𝑚

𝑗
. On 𝒞𝑚 , we use the mass-lumped

inner product

(7.20)
(
𝑢, 𝑣

) ℎ
𝒞𝑚
B

1
2

𝑁𝒞∑
𝑗=1

|𝑙𝑚𝑗 |
(
(𝑢 · 𝑣)(𝒑𝑚𝑗1 )

− + (𝑢 · 𝑣)(𝒑𝑚𝑗2 )
−
)
,

where 𝒑𝑚
𝑗1

and 𝒑𝑚
𝑗2

are the endpoints of 𝑙𝑚
𝑗

, ordered according to the orientation of 𝒞𝑚 . The discrete
derivative 𝜕𝑠 on the boundary is defined by

(7.21) 𝜕𝑠𝑢|𝑙𝑚
𝑗
B
𝑢(𝒑𝑚

𝑗2
) − 𝑢(𝒑𝑚

𝑗1
)

|𝑙𝑚
𝑗
| .
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The extension to vector-valued functions is straightforward. Let 𝒏𝑚𝒞 be the outward unit normal to
𝒞𝑚 in the substrate plane. On each segment 𝑙𝑚

𝑗
= [𝒑𝑚

𝑗1
, 𝒑𝑚

𝑗2
], it is given by

(7.22) 𝒏𝑚𝒞 , 𝑗 B 𝒏𝑚𝒞 |𝑙𝑚𝑗 =
(𝒑𝑚

𝑗2
− 𝒑𝑚

𝑗1
) × 𝒆𝑧

∥(𝒑𝑚
𝑗2
− 𝒑𝑚

𝑗1
) × 𝒆𝑧∥

.

We can now state the structure-preserving parametric finite element method for solid-state dewetting.
Given an initial triangulated surface Γ0, for 𝑚 = 0, 1, 2, · · · , find the updated surface Γ𝑚+1 such that(

𝒏𝑚+ 1
2 · 𝑿

𝑚+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(
∇Γ𝜇

𝑚+1 ,∇Γ𝜑
ℎ
) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ K𝑚 ,(7.23a) (
𝜇𝑚+1𝒏𝑚+ 1

2 ,𝝎ℎ
) ℎ
Γ𝑚

−
〈
𝑮̂𝛼
𝑘
(𝜃𝑚 , 𝜙𝑚)∇Γ𝑿𝑚+1 ,∇Γ𝝎

ℎ
〉ℎ
Γ𝑚

+ cos𝜃𝑌
(
𝒏𝑚,∗𝒞 ,𝝎ℎ

) ℎ
𝒞𝑚

− 1
𝜂𝜏

(
(𝑿𝑚+1

𝒞 − 𝑿𝑚
𝒞 ) · 𝒏𝑚𝒞 , 𝝎ℎ · 𝒏𝑚𝒞

) ℎ
𝒞𝑚

= 0, ∀𝝎ℎ ∈ [K𝑚]2 ×K𝑚
0 ,

(7.23b)

where 𝒏𝑚,∗𝒞 B
1
2 (𝜕𝑠𝑿

𝑚+1
𝒞 + 𝜕𝑠𝑿𝑚

𝒞 ) × 𝒆𝑧 .

7.2.3. Structure preservation. Let𝑉𝑚 be the volume enclosed by Γ𝑚 and the substrate, as defined
in (6.42a). Let𝑊𝑚 be the total free energy at time 𝑡𝑚 , defined by

(7.24) 𝑊𝑚 B
(
𝛾̂(𝜃𝑚 , 𝜙𝑚), 1

) ℎ
Γ𝑚

− cos𝜃𝑌|𝑆𝑚|.

As in the closed-surface case, the structure-preserving parametric finite element scheme for solid-state
dewetting preserves volume and dissipates energy at the discrete level.

Lemma 7.1 ([20]). For the substrate region 𝑆𝑚 , we have

(7.25) |𝑆𝑚+1| − |𝑆𝑚| =
(
𝒏𝑚,∗𝒞 ,𝑿𝑚+1

𝒞 − 𝑿𝑚
𝒞

) ℎ
𝒞𝑚
, ∀𝑚 ≥ 0.

Theorem 7.2 (Structure-preserving properties). Let (𝑿𝑚+1 , 𝜇𝑚+1) solve (7.23). Then the total volume
is conserved, namely,

(7.26) 𝑉𝑚+1 = 𝑉𝑚 = · · · = 𝑉0 , ∀𝑚 ≥ 0.

Assume 𝑘(𝜃, 𝜙) ≥ 𝑘𝛼min(𝜃, 𝜙). If 𝛼 = −1 and the anisotropy 𝛾̂(𝜃, 𝜙) satisfies

(7.27) 2𝛾̂(𝜃, 𝜙) − 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙) ≥ 0, ∀(𝜃, 𝜙) ∈ [0,𝜋] × 2𝜋T,

then the scheme is unconditionally energy stable, namely,

(7.28) 𝑊𝑚+1 ≤ 𝑊𝑚 ≤ · · · ≤ 𝑊0 , ∀𝑚 ≥ 0.

For 𝛼 ≠ −1, a sufficient energy stability condition is 2𝛾̂(𝜃, 𝜙) − 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙) > 0.

Proof. The proof of volume conservation follows [19], so we omit the details and focus on energy
stability.

Taking 𝜑ℎ = 𝜇𝑚+1 in (7.23a) and 𝝎ℎ = 𝑿𝑚+1 − 𝑿𝑚 in (7.23b), and adding the resulting equations,
we obtain

(7.29)

〈
𝑮̂𝛼
𝑘
(𝜃𝑚 , 𝜙𝑚)∇Γ𝑿𝑚+1 ,∇Γ(𝑿𝑚+1 − 𝑿𝑚)

〉ℎ
Γ𝑚

− cos𝜃𝑌
(
𝒏𝑚,∗𝒞 ,𝑿𝑚+1 − 𝑿𝑚

) ℎ
𝒞𝑚

= −𝜏
(
∇Γ𝜇

𝑚+1 ,∇Γ𝜇
𝑚+1

) ℎ
Γ𝑚

− 1
𝜂𝜏

(
(𝑿𝑚+1

𝒞 − 𝑿𝑚
𝒞 ) · 𝒏𝑚𝒞 , (𝑿

𝑚+1
𝒞 − 𝑿𝑚

𝒞 ) · 𝒏𝑚𝒞
) ℎ
𝒞𝑚
.
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The local energy estimate (6.54) also holds for open surfaces. Following the derivation of (6.63),
we obtain

(7.30)

〈
𝑮̂𝛼
𝑘
(𝜃𝑚 , 𝜙𝑚)∇Γ𝑿𝑚+1 ,∇Γ(𝑿𝑚+1 − 𝑿𝑚)

〉ℎ
Γ𝑚

≥
𝐽∑
𝑗=1

𝛾̂(𝜃𝑚+1
𝑗 , 𝜙𝑚+1

𝑗 )|𝜎𝑚+1
𝑗 | −

𝐽∑
𝑗=1

𝛾̂(𝜃𝑚𝑗 , 𝜙𝑚𝑗 )|𝜎𝑚𝑗 |.

Combining this estimate with Lemma 7.1 gives

(7.31)

𝑊𝑚+1 −𝑊𝑚 =

𝐽∑
𝑗=1

𝛾̂(𝜃𝑚+1
𝑗 , 𝜙𝑚+1

𝑗 )|𝜎𝑚+1
𝑗 | −

𝐽∑
𝑗=1

𝛾̂(𝜃𝑚𝑗 , 𝜙𝑚𝑗 )|𝜎𝑚𝑗 |

− cos𝜃𝑌(|𝑆𝑚+1| − |𝑆𝑚|)

≤
〈
𝑮̂𝛼
𝑘
(𝜃𝑚 , 𝜙𝑚)∇Γ𝑿𝑚+1 ,∇Γ(𝑿𝑚+1 − 𝑿𝑚)

〉ℎ
Γ𝑚

− cos𝜃𝑌
(
𝒏𝑚,∗𝒞 ,𝑿𝑚+1 − 𝑿𝑚

) ℎ
𝒞𝑚

= −𝜏
(
∇Γ𝜇

𝑚+1 ,∇Γ𝜇
𝑚+1

) ℎ
Γ𝑚

− 1
𝜂𝜏

(
(𝑿𝑚+1

𝒞 − 𝑿𝑚
𝒞 ) · 𝒏𝑚𝒞 , (𝑿

𝑚+1
𝒞 − 𝑿𝑚

𝒞 ) · 𝒏𝑚𝒞
) ℎ
𝒞𝑚

≤ 0.
This proves energy dissipation. □

7.3. Morphological evolution of open surfaces in solid-state dewetting

We apply (7.23) to simulate the morphological evolution of open surfaces in anisotropic solid-state
dewetting.

Figure 7.2. Evolution of a 3 × 3 × 2 cuboid in solid-state dewetting for Case II with
𝛽 = 1/4, 𝛼 = 0 and 𝜃𝑌 = 2𝜋/3.

We mainly use the following two anisotropic surface energies in the numerical experiments:
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Figure 7.3. Evolution of a 3.2× 3.2× 0.2 cuboid in solid-state dewetting for Case I with 𝛼 = −1
and 𝜃𝑌 = 3𝜋/4.

• Case I: 𝛾̂(𝜃, 𝜙) =
√

1 + 3
2
(
1 + sgn(sin𝜃 cos 𝜙)

)
sin2 𝜃 cos2 𝜙;

• Case II: 𝛾̂(𝜃, 𝜙) = 1 + 𝛽
(
cos3 𝜃 + sin3 𝜃 cos3 𝜙 + sin3 𝜃 sin3 𝜙

)
.

Figure 7.2 shows the evolution of a 3 × 3 × 2 cuboid in anisotropic solid-state dewetting for Case II
with 𝛽 = 1

4 and 𝛼 = 0. Good surface mesh quality is maintained throughout the evolution. Figure 7.3
shows the dewetting of a 3.2× 3.2× 0.2 cuboid for Case I with 𝛼 = −1. Initially, the four corners of the
square island retract significantly more slowly than the four edges. The island then relaxes toward
equilibrium and eventually reaches a steady configuration. This shape agrees with a portion of the
closed-surface equilibrium for the same anisotropy shown in Figure 6.6 of Chapter 6.

Next, we examine pinch-off of elongated cuboidal films during dewetting. Figures 7.4–7.7 show
simulations using (7.23) for a 16 × 1 × 1 cuboid and square rings, with mesh size ℎ = 2−3 and time
step 𝜏 = 1 × 10−4.

Figure 7.4 shows that facet-like protrusions develop at the two ends of the elongated film during
the initial stage. Material then accumulates near the ends, and the film eventually pinches off into
several isolated islands.

We now consider a film initially shaped as a square ring. Figure 7.5 shows the evolution of a wide
ring obtained by removing a 2 × 2 × 1 cuboid from the center of a 7 × 7 × 1 cuboid. The initially sharp
geometry smooths rapidly. The inner hole then contracts as material redistributes anisotropically.
At later times, opposite sides of the surface come into contact, indicating an imminent topological
change through which the annular film becomes simply connected.

Next, consider a narrow square ring obtained by removing a 5 × 5 × 1 cuboid from the center of a
7 × 7 × 1 cuboid. Figures 7.6 and 7.7 show the evolution and the boundaries in the 𝑥𝑂𝑦-plane for
threefold and fourfold anisotropy, respectively. In both cases, four necks develop as expected from
the Rayleigh-like instability.

Initially, the surface develops a wavy shape. The four corner regions then thicken while the
middle portions along the edges narrow. As the thin regions approach zero width, the film ruptures
into four isolated particles. The boundary behavior also differs between the two anisotropies: for
the asymmetric threefold anisotropy, the boundary is approximately invariant under reflection
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Figure 7.4. Evolution of a 16 × 1 × 1 cuboid in solid-state dewetting up to pinch-off, for
fourfold anisotropy 𝛾̂(𝜃, 𝜙) = 1 + 1

4
(
cos4 𝜃 + sin4 𝜃 cos4 𝜙 + sin4 𝜃 sin4 𝜙

)
with 𝜃𝑌 = 5𝜋/6.

Figure 7.5. Evolution in solid-state dewetting of an initially wide square ring obtained by
removing a 2 × 2 × 1 cuboid from the center of a 7 × 7 × 1 cuboid, together with its

cross-sections in the plane 𝑥 = 𝑦, for fourfold anisotropy
𝛾̂(𝜃, 𝜙) = 1 + 1

4
(
cos4 𝜃 + sin4 𝜃 cos4 𝜙 + sin4 𝜃 sin4 𝜙

)
with 𝜃𝑌 = 3𝜋/4.

across 𝑥 = 𝑦; for the symmetric fourfold anisotropy, it exhibits a higher degree of symmetry, with
pronounced 𝐶4 rotational symmetry.

Narrower square rings exhibit stronger instability and tend to break into more isolated islands.
For example, the very narrow ring in Figure 7.8 ultimately separates into eight islands.

Finally, we study the equilibrium shapes reached by solid films during dewetting. We use the
anisotropy

(7.32) 𝛾̂(𝜃, 𝜙) = 1 + 𝛽
(
cos3 𝜃 + sin3 𝜃 cos3 𝜙 + sin3 𝜃 sin3 𝜙

)
.

Figures 7.9 and 7.10 show the effects of Young’s angle 𝜃𝑌 and anisotropy strength 𝛽, respectively.
Figure 7.9 shows substantial differences between the equilibrium configurations for different 𝜃𝑌 .

As 𝜃𝑌 increases, the equilibrium surface is less truncated by the substrate and its contact radius
decreases. At fixed enclosed volume, the shape changes from a shallow cap toward a nearly closed
equilibrium surface.

Figure 7.10 shows the influence of the anisotropy strength 𝛽 on the equilibrium geometry. Increasing
𝛽 produces sharper boundaries and flatter surface regions, indicating faceting. The anisotropic
features become more pronounced, with clear directional dependence of the shape. The computed
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Figure 7.6. Snapshots of an initially narrow square ring evolving in solid-state dewetting up
to pinch-off, for Case II with 𝛽 = 1

4 and 𝜃𝑌 = 3𝜋/4.
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Figure 7.7. Snapshots of an initially narrow square ring evolving in solid-state dewetting up
to pinch-off, for fourfold anisotropy 𝛾̂(𝜃, 𝜙) = 1 + 1

4
(
cos4 𝜃 + sin4 𝜃 cos4 𝜙 + sin4 𝜃 sin4 𝜙

)
with 𝜃𝑌 = 3𝜋/4.
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Figure 7.8. Evolution in solid-state dewetting of an initially very narrow square ring obtained
by removing a 6 × 6 × 1 cuboid from the center of a 7 × 7 × 1 cuboid, for fourfold anisotropy

𝛾̂(𝜃, 𝜙) = 1 + 1
4
(
cos4 𝜃 + sin4 𝜃 cos4 𝜙 + sin4 𝜃 sin4 𝜙

)
with 𝜃𝑌 = 3𝜋/4.

Figure 7.9. Equilibrium island shapes and their cross-sections in the plane 𝑥 = 𝑦 for Case II
with 𝛽 = 1

4 , at different values of 𝜃𝑌 .
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Figure 7.10. Equilibrium island shapes and their cross-sections in the plane 𝑥 = 𝑦 for Case II
with 𝜃𝑌 = 7𝜋/12, at different anisotropy strengths 𝛽.

surfaces retain good mesh quality even under strong anisotropy, demonstrating the robustness and
stability of (7.23).



CHAPTER 8

Geometric gradient flows with curvature-dependent surface energy

The surface energy densities considered in the preceding chapters depend primarily on the
interface normal. For interfaces with bending rigidity, orientation dependence alone does not
describe the contribution of curvature to the energy. Curvature energies also provide higher-order
regularization for strongly anisotropic interface models. In this chapter we consider closed surfaces in
three dimensions and write the energy density as 𝑓 (𝒏 , 𝐻), where 𝒏 is the outward unit normal and 𝐻
is the mean curvature. This formulation includes the anisotropic surface energies considered earlier,
the Willmore bending energy, and energies coupling the normal direction to the mean curvature.

The first variation and weak formulations of general curvature-dependent surface energies have
been studied systematically; see [48]. For energies depending only on mean curvature, [16] constructs
an energy-stable parametric finite element discretization using the curvature evolution equation.
Solid-state dewetting models combining anisotropic surface energy with Willmore regularization are
considered in [105]. Building on these variational and geometric identities, we apply the symmetric
surface energy matrix of Chapter 6 to orientation-dependent energies at fixed curvature. A mass-
lumped projection of the curvature derivative provides an admissible finite element test function for
general coupled densities. The numerical results added to this chapter follow the author's manuscript
[148].

We first derive the chemical potential and conservative weak formulation associated with 𝑓 (𝒏 , 𝐻).
We then give a fully discrete scheme for the position, chemical potential, mean curvature, and an
auxiliary scalar. Convexity in curvature and a local energy estimate at fixed curvature yield discrete
energy dissipation. A time-averaged area normal further gives a volume-preserving surface-diffusion
scheme. These structural results concern the specified discrete energy and volume; they neither
establish solvability of the nonlinear algebraic system nor constitute geometric error estimates. The
final section reports convergence, structural diagnostics, computational cost, and shape relaxation
experiments.

8.1. Surface energy and geometric identities

8.1.1. The energy functional and conventions. Let Γ(𝑡) ⊂ R3 be a smooth, closed, orientable
surface, parametrized by 𝑿 (·, 𝑡) : Γ0 → Γ(𝑡). Write 𝒗 = 𝜕𝑡𝑿 for the velocity and 𝑉𝑛 = 𝒗 · 𝒏 for its
normal component. We use the conventions

(8.1) 𝑷 = 𝐼3 − 𝒏𝒏𝑇 = ∇Γ𝑿 , 𝑨 = ∇Γ𝒏 , 𝐻 = ∇Γ · 𝒏 = Tr𝑨.

Here 𝑨 is the Weingarten matrix, with 𝑨𝑇 = 𝑨 and 𝑨𝒏 = 0. Our mean curvature 𝐻 is the sum of the
principal curvatures, so a sphere of radius 𝑅 has 𝐻 = 2/𝑅. Surface gradients of vector fields follow
the row-gradient convention of Chapter 6. The matrix inner product is 𝑼 : 𝑽 = Tr(𝑼𝑇𝑽 ).

Consider the energy

(8.2) 𝑊(Γ) =
ˆ
Γ

𝑓 (𝒏 , 𝐻)d𝐴, 𝑓 : S2 × R → R.

For the continuous derivation, assume sufficient smoothness of the surface and density for the
derivatives and integrations by parts below. Denote the derivative with respect to the second variable
by 𝑓𝐻 , and set

(8.3) 𝒂(𝒏 , 𝐻) = ∇S2 𝑓 (𝒏 , 𝐻) = 𝑷∇𝒑 𝑓̃ (𝒏 , 𝐻), 𝑟 = 𝑓𝐻(𝒏 , 𝐻),
123
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Here 𝑓̃ is any smooth extension of 𝑓 to a neighborhood in its first variable; directional derivatives are
taken with 𝐻 fixed. The spherical gradient 𝒂 is independent of the extension and satisfies 𝒂 · 𝒏 = 0.
Unless stated otherwise, we suppress the arguments of 𝑓 , 𝒂, and 𝑟.

Curvature dependence in this chapter means dependence on the mean curvature 𝐻. Independent
dependence on Gaussian curvature or the full second fundamental form requires additional variational
variables and geometric evolution identities, and is not included directly in (8.2).

8.1.2. Evolution of the normal, curvature, and area element. Throughout this chapter, 𝜕𝑡 denotes
the material derivative along 𝑿 ; the velocity may therefore have a tangential component. The unit
normal satisfies

(8.4) 𝜕𝑡𝒏 = −(∇Γ𝒗)𝑇𝒏.
This identity follows by differentiating the orthogonality of 𝒏 to the two parameter tangent vectors
and the condition |𝒏| = 1. The transport formula for the area element is

(8.5) d
d𝑡

ˆ
Γ(𝑡)

𝑢 d𝐴 =

ˆ
Γ(𝑡)

(
𝜕𝑡𝑢 + 𝑢𝑷 : ∇Γ𝒗

)
d𝐴.

Lemma 8.1 (Weak evolution identity for mean curvature). For the smooth surface evolution above and
any scalar test function 𝜓,

(8.6) (𝜕𝑡𝐻,𝜓)Γ(𝑡) =
〈
𝒏(∇Γ𝜓)𝑇 − 𝜓𝑨,∇Γ𝒗

〉
Γ(𝑡).

Proof. Take the material derivative of 𝐻 = ∇Γ · 𝒏. Using (8.4) and the transport identity for
surface differential operators gives

(8.7) 𝜕𝑡𝐻 = −∇Γ ·
(
(∇Γ𝒗)𝑇𝒏

)
− 𝑨 : ∇Γ𝒗.

The vector field (∇Γ𝒗)𝑇𝒏 is tangential. Multiplying by 𝜓 and integrating by parts on the closed surface
yields (8.6). This weak identity also appears in [16]. □

In particular, if 𝒗 = 𝑉𝑛𝒏, then (8.7) reduces to

(8.8) 𝜕𝑡𝐻 = −ΔΓ𝑉𝑛 − |𝑨|2𝑉𝑛 .
Identity (8.6) involves only first spatial derivatives of the position velocity and test function, making
it suitable for a piecewise linear parametric finite element discretization.

8.2. First variation and conservative weak formulations

8.2.1. Scalar and tensor forms of the chemical potential. The chain rule, (8.4), and the transport
formula give

(8.9)
d𝑊
d𝑡 = (𝑟, 𝜕𝑡𝐻)Γ(𝑡) +

〈
𝑓𝑷 − 𝒏𝒂𝑇 ,∇Γ𝒗

〉
Γ(𝑡)

=
〈
𝑺,∇Γ𝒗

〉
Γ(𝑡) ,

where

(8.10) 𝑺 = 𝑓𝑷 − 𝒏𝒂𝑇 − 𝑟𝑨 + 𝒏(∇Γ𝑟)𝑇 .
Since 𝑺𝒏 = 0, this tensor is tangential in its differentiation index.

Proposition 8.1 (First variation of the energy). Define the chemical potential 𝜇 by 𝛿𝑊[𝝎] = (𝜇𝒏 ,𝝎)Γ.
Then

(8.11) 𝜇 = ∇Γ · 𝒂 − ΔΓ 𝑓𝐻 + 𝑓 𝐻 − 𝑓𝐻 |𝑨|2 ,
with the equivalent vector weak formulation

(8.12) (𝜇𝒏 ,𝝎)Γ = ⟨𝑺,∇Γ𝝎⟩Γ.
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Proof. First consider a normal perturbation 𝝎 = 𝜂𝒏. Since ∇Γ(𝜂𝒏) = 𝒏(∇Γ𝜂)𝑇 + 𝜂𝑨, identity (8.9)
gives

(8.13) 𝛿𝑊[𝜂𝒏] =
ˆ
Γ

[
−𝒂 · ∇Γ𝜂 + ∇Γ𝑟 · ∇Γ𝜂 + ( 𝑓 𝐻 − 𝑟|𝑨|2)𝜂

]
d𝐴.

Integration by parts on the closed surface yields (8.11). A tangential perturbation only reparametrizes
the surface and has zero first variation. Thus, for an arbitrary vector perturbation, the first variation
obtained from (8.9) equals (𝜇𝒏 ,𝝎)Γ, proving (8.12). □

In terms of derivatives of the neighborhood extension, (8.11) is equivalent to

(8.14) 𝜇 = ∇Γ · ∇𝒑 𝑓̃ − ΔΓ 𝑓𝐻 +
(
𝑓 − ∇𝒑 𝑓̃ · 𝒏

)
𝐻 − 𝑓𝐻 |𝑨|2.

The normal components introduced by the extension cancel, so the chemical potential does not
depend on the extension. In particular, 𝑓 = 𝛾(𝒏) recovers anisotropic weighted curvature, while
𝑓 = 𝐻2/2 gives

(8.15) 𝜇 = −ΔΓ𝐻 + 1
2𝐻

3 − 𝐻|𝑨|2.

8.2.2. Unified weak formulation and continuous structure. To make the pairing of the curvature
terms explicit, define

(8.16) ℬΓ(𝒘 ,𝜓) =
〈
𝒏(∇Γ𝜓)𝑇 − 𝜓𝑨,∇Γ𝒘

〉
Γ
.

For the 𝐿2 gradient flow 𝑉𝑛 = −𝜇, seek (𝑿 , 𝜇, 𝐻, 𝑟) satisfying

(𝜕𝑡𝑿 · 𝒏 , 𝜑)Γ = −(𝜇, 𝜑)Γ ,(8.17a)
(𝜇𝒏 ,𝝎)Γ = ⟨ 𝑓𝑷 − 𝒏𝒂𝑇 ,∇Γ𝝎⟩Γ + ℬΓ(𝝎, 𝑟),(8.17b)
(𝜕𝑡𝐻,𝜓)Γ = ℬΓ(𝜕𝑡𝑿 ,𝜓),(8.17c)

(𝑟, 𝜁)Γ = ( 𝑓𝐻(𝒏 , 𝐻), 𝜁)Γ.(8.17d)

The scalar test functions belong to 𝐻1 spaces in which all terms are well defined, and vector test
functions belong to their threefold product. The solution must also have the regularity required by
the nonlinear terms. The initial conditions satisfy

(8.18) 𝑿 (·, 0) = 𝑿0 , 𝐻(·, 0) = −𝒏0 · ΔΓ0𝑿0.

At the continuous level, (8.17d) is simply 𝑟 = 𝑓𝐻 . We retain the auxiliary unknown to provide a weak
relation for the finite element projection of the nonlinear term.

Proposition 8.2 (Continuous energy dissipation). A smooth geometric solution of (8.17) satisfies

(8.19) d𝑊
d𝑡 = −∥𝜇∥2

𝐿2(Γ) ≤ 0.

Proof. Take, respectively, in (8.17b) and (8.17c), 𝝎 = 𝜕𝑡𝑿 and𝜓 = 𝑟. By (8.9), d𝑊/d𝑡 = (𝜇𝒏 , 𝜕𝑡𝑿 )Γ.
Finally, take 𝜑 = 𝜇 in (8.17a). □

For the surface-diffusion law 𝑉𝑛 = ΔΓ𝜇, replace (8.17a) by

(8.20) (𝜕𝑡𝑿 · 𝒏 , 𝜑)Γ = −(∇Γ𝜇,∇Γ𝜑)Γ.
Taking 𝜑 = 𝜇 and 𝜑 = 1, respectively, gives

(8.21) d𝑊
d𝑡 = −∥∇Γ𝜇∥2

𝐿2(Γ) ,
d𝒱
d𝑡 =

ˆ
Γ

𝑉𝑛 d𝐴 = 0,

Here 𝒱 is the enclosed volume. A nondegenerate curvature dependence generally makes the 𝐿2 flow
a fourth-order equation and surface diffusion a sixth-order equation.
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8.3. A symmetric surface energy matrix at fixed curvature

8.3.1. Construction and action of the matrix. For fixed 𝑠 ∈ R, regard 𝒏 ↦→ 𝑓 (𝒏 , 𝑠) as an
orientation-dependent surface energy density. Define its positively one-homogeneous extension and
Cahn–Hoffman vector by

(8.22) 𝐹(𝒑, 𝑠) = |𝒑| 𝑓
(
𝒑

|𝒑| , 𝑠
)
, 𝝃(𝒏 , 𝑠) = ∇𝒑𝐹(𝒏 , 𝑠) = 𝑓 (𝒏 , 𝑠)𝒏 + 𝒂(𝒏 , 𝑠).

Here 𝒑 ≠ 0 and 𝑠 is a parameter. Following the construction in Chapter 6 with 𝛼 = −1, set

(8.23) 𝒁𝑘(𝒏 , 𝑠) = 𝑓 (𝒏 , 𝑠)𝐼3 − 𝒏𝝃(𝒏 , 𝑠)𝑇 − 𝝃(𝒏 , 𝑠)𝒏𝑇 + 𝑘(𝒏 , 𝑠)𝒏𝒏𝑇 .
This matrix is symmetric and satisfies

(8.24) 𝒁𝑘(𝒏 , 𝐻)∇Γ𝑿 = 𝑓𝑷 − 𝒏𝒂𝑇 .

The first term in (8.17b) can therefore be written as ⟨𝒁𝑘(𝒏 , 𝐻)∇Γ𝑿 ,∇Γ𝝎⟩Γ. The stabilizing term leaves
the continuous geometric equation unchanged and controls changes of normal direction and element
area at the discrete level.

8.3.2. Local energy estimate and parameter dependence.

Lemma 8.2 (Local energy estimate at fixed curvature). Let 𝜎 and 𝜎̄ be nondegenerate oriented triangles,
and let 𝑿 map the vertices of 𝜎 affinely to the corresponding vertices of 𝜎̄. Denote their unit normals by 𝒏 and
𝒏̄, respectively. For fixed 𝑠, assume 𝑓 (·, 𝑠) > 0, 𝑓 (·, 𝑠) ∈ 𝐶2(S2), and

(8.25) 2 𝑓 (𝒏 , 𝑠) − 𝑓 (−𝒏 , 𝑠) ≥ 0, ∀𝒏 ∈ S2.

Then there is a finite stabilizing threshold 𝑘0(𝒏 , 𝑠) such that, whenever 𝑘(𝒏 , 𝑠) ≥ 𝑘0(𝒏 , 𝑠),
(8.26) |𝜎|

(
𝒁𝑘(𝒏 , 𝑠)∇𝜎𝑿

)
:
(
∇𝜎𝑿 − ∇𝜎id

)
≥ |𝜎̄| 𝑓 (𝒏̄ , 𝑠) − |𝜎| 𝑓 (𝒏 , 𝑠).

Proof. Fix 𝑠 and choose the directional energy in Chapter 6 as 𝛾̂𝑠(𝜃, 𝜙) = 𝑓 (𝒏(𝜃, 𝜙), 𝑠), with
𝛼 = −1. Matrix (8.23) is then the corresponding symmetric surface energy matrix. The existence
result for the minimal stabilizing function and the local energy estimate (6.54) in that chapter yield
(8.26). □

The threshold may depend on the curvature parameter 𝑠. Its finiteness for every fixed 𝑠 does not
imply a uniform bound on all of R. Below, the local energy estimate is therefore required at the new
curvature values at the quadrature nodes; the stabilizing parameter is not restricted in advance to a
function of the normal alone.

If the density vanishes for some parameter values, the local energy estimate must be checked
separately. The strictly positive-density result cannot be applied directly. For example, 𝑓 (𝒏 , 𝑠) = 𝑠2/2
is independent of orientation. Taking 𝑘 = 2 𝑓 gives 𝒁𝑘 = 𝑓 𝐼3, and the isotropic triangle-area estimate
shows that (8.26) also holds at 𝑠 = 0.

8.4. A fully discrete scheme with an auxiliary projection

8.4.1. Discrete geometry and quadrature of nonlinear terms. LetΓ𝑚 =
⋃𝐽

𝑗=1 𝜎
𝑚
𝑗

be a triangulation
at time level 𝑚, with 𝐾 vertices 𝒒𝑚

𝑖
. Connectivity is fixed across time levels. The old position is the

identity map 𝑿𝑚 = id, while 𝑿𝑚+1 ∈ [K𝑚]3 maps old vertices to new vertices. Write

(8.27) K𝑚 = {𝑢 ∈ 𝐶(Γ𝑚) : 𝑢|𝜎𝑚
𝑗
∈ 𝒫1(𝜎𝑚𝑗 )}, ∇𝑚 = ∇Γ𝑚 .

The normal 𝒏𝑚 is the facetwise unit normal of the actual triangles, and 𝑷𝑚 = 𝐼3 − 𝒏𝑚(𝒏𝑚)𝑇 . Scalars
such as𝐻𝑚+1 are first defined on the old mesh and then transported to the new mesh with the vertices.
We use 𝐻𝑚+1

𝑖
for these common nodal coefficients.

Let 𝑢𝑗ℓ be the interior trace of 𝑢 at vertex ℓ of element 𝜎𝑚
𝑗

. Define the mass-lumped inner products

(8.28) (𝑢, 𝑣)ℎ𝑚 =
1
3

𝐽∑
𝑗=1

|𝜎𝑚𝑗 |
3∑
ℓ=1

𝑢𝑗ℓ𝑣 𝑗ℓ , ⟨𝑼 ,𝑽 ⟩ℎ𝑚 =
1
3

𝐽∑
𝑗=1

|𝜎𝑚𝑗 |
3∑
ℓ=1

𝑼 𝑗ℓ : 𝑽𝑗ℓ .
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The vector inner product is defined analogously. Nonlinear densities and matrix coefficients are
evaluated at these element-vertex traces; for example, 𝑓 (𝒏𝑚 , 𝐻𝑚+1)𝑗ℓ = 𝑓 (𝒏𝑚

𝑗
, 𝐻𝑚+1

𝑗ℓ
). Adjacent

elements may assign different normals to the same global vertex. Such a nonlinear coefficient is
therefore generally not a continuous finite element function.

To define a discrete Weingarten matrix, first recover a continuous nodal normal 𝑵𝑚 ∈ [K𝑚]3 by

(8.29) 𝑵𝑚
𝑖 =

∑
𝑗: 𝑖∈𝜎𝑚

𝑗
|𝜎𝑚
𝑗
|𝒏𝑚
𝑗���∑𝑗: 𝑖∈𝜎𝑚

𝑗
|𝜎𝑚
𝑗
|𝒏𝑚
𝑗

��� ,
Assume that the denominator is nonzero. A computable recovered matrix is

(8.30) 𝑨𝑚 = 𝑷𝑚∇𝑚𝑵𝑚 + (∇𝑚𝑵𝑚)𝑇
2 𝑷𝑚 .

Here 𝑨𝑚 approximates the Weingarten matrix facetwise; it is not the elementwise derivative of the
piecewise constant facet normal. Other discrete curvature matrices are possible. The energy proof
below only requires the same 𝑨𝑚 in the two paired equations. The approximation accuracy of the
recovered matrix requires separate mesh-dependent analysis and verification.

Define the discrete bilinear form
(8.31) ℬ𝑚(𝒘 ,𝜓) =

〈
𝒏𝑚(∇𝑚𝜓)𝑇 − 𝜓𝑨𝑚 ,∇𝑚𝒘

〉ℎ
𝑚
.

The corresponding discrete energy is

(8.32) 𝑊𝑚 = ( 𝑓 (𝒏𝑚 , 𝐻𝑚), 1)ℎ𝑚 =
1
3

𝐽∑
𝑗=1

|𝜎𝑚𝑗 |
3∑
ℓ=1

𝑓 (𝒏𝑚𝑗 , 𝐻𝑚
𝑗ℓ
).

8.4.2. The auxiliary scalar and the full discrete system. Given 𝑿𝑚 , 𝐻𝑚 , and a time step 𝜏𝑚 > 0,
seek
(8.33) (𝑿𝑚+1 , 𝜇𝑚+1 , 𝐻𝑚+1 , 𝑟𝑚+1) ∈ [K𝑚]3 × (K𝑚)3 ,
such that, for all 𝜑,𝜓, 𝜁 ∈ K𝑚 and 𝝎 ∈ [K𝑚]3,(

𝑿𝑚+1 − 𝑿𝑚

𝜏𝑚
· 𝒏𝑚 , 𝜑

) ℎ
𝑚

= −(𝜇𝑚+1 , 𝜑)ℎ𝑚 ,(8.34a)

(𝜇𝑚+1𝒏𝑚 ,𝝎)ℎ𝑚 = 𝒟𝑚(𝑿𝑚+1 ,𝝎) + ℬ𝑚(𝝎, 𝑟𝑚+1),(8.34b)

(𝐻𝑚+1 − 𝐻𝑚 ,𝜓)ℎ𝑚 = ℬ𝑚(𝑿𝑚+1 − 𝑿𝑚 ,𝜓),(8.34c)

(𝑟𝑚+1 , 𝜁)ℎ𝑚 = ( 𝑓𝐻(𝒏𝑚 , 𝐻𝑚+1), 𝜁)ℎ𝑚 ,(8.34d)

For a fixed candidate 𝐻𝑚+1 within this time step, write

(8.35) 𝒟𝑚(𝑿 ,𝝎) =
〈
𝒁𝑘(𝒏𝑚 , 𝐻𝑚+1)∇𝑚𝑿 ,∇𝑚𝝎

〉ℎ
𝑚
.

The coefficients of 𝒟𝑚 depend on the unknown curvature, so the full system is generally nonlinear.
The curvature increment equation is not divided by 𝜏𝑚 , since its right-hand side already contains the
position increment.

Equation (8.34d) gives a mass-lumped projection of 𝑓𝐻 ; it does not require elementwise pointwise
equality with 𝑟𝑚+1. More explicitly, put 𝑀𝑚

𝑖
= 1

3
∑
𝑗: 𝑖∈𝜎𝑚

𝑗
|𝜎𝑚
𝑗
| > 0. Then

(8.36) 𝑟𝑚+1
𝑖 =

1
3𝑀𝑚

𝑖

∑
𝑗: 𝑖∈𝜎𝑚

𝑗

|𝜎𝑚𝑗 | 𝑓𝐻(𝒏𝑚𝑗 , 𝐻𝑚+1
𝑖 ).

Thus 𝑟𝑚+1 is an admissible continuous piecewise linear test function. Its nodal values can be
eliminated directly using the curvature coefficients, without solving a separate global projection
system.

The projection retains the exact pairing needed in the proof. Taking 𝜁 = 𝐻𝑚+1 − 𝐻𝑚 gives

(8.37) (𝑟𝑚+1 , 𝐻𝑚+1 − 𝐻𝑚)ℎ𝑚 = ( 𝑓𝐻(𝒏𝑚 , 𝐻𝑚+1), 𝐻𝑚+1 − 𝐻𝑚)ℎ𝑚 .
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There is no need to use the generally discontinuous function 𝑓𝐻(𝒏𝑚 , 𝐻𝑚+1) directly as a test function,
or to differentiate it along the surface. The force and curvature equations both use 𝑟𝑚+1 and ∇𝑚𝑟𝑚+1.

8.5. Fully discrete energy dissipation

Theorem 8.1 (Fully discrete energy stability). Assume that 𝑠 ↦→ 𝑓 (𝒏 , 𝑠) is differentiable and convex
for every 𝒏 ∈ S2, and that (8.26) holds at the new curvature value at each element quadrature node. Suppose
that (8.34) has a solution and that all triangles on the old and new surfaces are nondegenerate. Then, for every
𝜏𝑚 > 0,
(8.38) 𝑊𝑚+1 + 𝜏𝑚∥𝜇𝑚+1∥2

𝑚,ℎ
≤ 𝑊𝑚 , ∥𝑢∥2

𝑚,ℎ
= (𝑢, 𝑢)ℎ𝑚 .

In particular, the local energy estimate holds if the smoothness, positivity, and directional assumptions of
Lemma 8.2 hold at all relevant curvature values and 𝑘(𝒏 , 𝑠) is chosen sufficiently large at the corresponding
nodes.

Proof. In (8.34a), (8.34b), and (8.34c), take, respectively, 𝜑 = 𝜇𝑚+1, 𝝎 = 𝑿𝑚+1−𝑿𝑚 , and 𝜓 = 𝑟𝑚+1.
All three test functions belong to the required finite element spaces, so

(8.39)
−𝜏𝑚∥𝜇𝑚+1∥2

𝑚,ℎ
= 𝒟𝑚(𝑿𝑚+1 ,𝑿𝑚+1 − 𝑿𝑚) + ℬ𝑚(𝑿𝑚+1 − 𝑿𝑚 , 𝑟𝑚+1)
= 𝒟𝑚(𝑿𝑚+1 ,𝑿𝑚+1 − 𝑿𝑚) + (𝐻𝑚+1 − 𝐻𝑚 , 𝑟𝑚+1)ℎ𝑚 .

Introduce an intermediate energy on the old geometry:

(8.40) 𝑊̂𝑚+1|𝑚 =
1
3

𝐽∑
𝑗=1

|𝜎𝑚𝑗 |
3∑
ℓ=1

𝑓 (𝒏𝑚𝑗 , 𝐻𝑚+1
𝑗ℓ

).

For each element 𝑗 and vertex 𝑗ℓ , apply the local energy estimate with 𝑠 = 𝐻𝑚+1
𝑗ℓ

. Summing over the
element vertices gives

(8.41) 𝒟𝑚(𝑿𝑚+1 ,𝑿𝑚+1 − 𝑿𝑚) ≥ 𝑊𝑚+1 − 𝑊̂𝑚+1|𝑚 .

On the other hand, convexity in curvature implies
(8.42) 𝑓𝐻(𝒏 , 𝑏)(𝑏 − 𝑎) ≥ 𝑓 (𝒏 , 𝑏) − 𝑓 (𝒏 , 𝑎).
Apply this inequality at every old element vertex and use the projection pairing (8.37) to obtain

(8.43) (𝐻𝑚+1 − 𝐻𝑚 , 𝑟𝑚+1)ℎ𝑚 ≥ 𝑊̂𝑚+1|𝑚 −𝑊𝑚 .

Substitute (8.41) and (8.43) into (8.39). The intermediate energies cancel, yielding (8.38). □

The proof estimates geometry and curvature separately: the local surface energy matrix controls
the former, while convexity and the auxiliary projection control the latter. Joint convexity in the
normal and curvature is not required, nor is the nonnegativity of 𝑓 −𝐻 𝑓𝐻 . The same pairing argument
applies to any stabilizing matrix satisfying the corresponding local estimate.

Remark 8.1. Unconditional energy stability means that the estimate has no time-step restriction.
It does not guarantee solvability of the nonlinear equations for arbitrary time steps, prevent mesh
degeneration, or bound the difference between 𝐻𝑚 and the geometric curvature. These questions are
distinct from (8.38).

8.6. Volume-preserving gradient flows

8.6.1. The discrete volume increment. Using the time-averaged normal 𝒏𝑚+ 1
2 from Chapter 7,

we obtain the following relation between the position increment and the discrete volume change.

Lemma 8.3 (Discrete volume increment). For a closed triangular mesh with consistent outward orientation
and fixed connectivity, the signed volume

(8.44) 𝒱 𝑚 =
1
6

𝐽∑
𝑗=1

𝒒𝑚𝑗1 · (𝒒
𝑚
𝑗2
× 𝒒𝑚𝑗3 )
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satisfies

(8.45) 𝒱 𝑚+1 −𝒱 𝑚 = (𝑿𝑚+1 − 𝑿𝑚 , 𝒏𝑚+ 1
2 )ℎ𝑚 .

Proof. Apply the volume transport formula to the closed surface obtained by linear interpolation
between the two time levels, and pull the integral back to the old surface. The definition of 𝒏𝑚+ 1

2 ,
together with the exactness of mass lumping for elementwise linear functions, gives (8.45). □

8.6.2. Surface diffusion and the volume-constrained curvature flow. The surface-diffusion
scheme retains (8.34c) and (8.34d), and replaces the first two equations by(

𝑿𝑚+1 − 𝑿𝑚

𝜏𝑚
· 𝒏𝑚+ 1

2 , 𝜑

) ℎ
𝑚

= −(∇𝑚𝜇𝑚+1 ,∇𝑚𝜑)𝑚 ,(8.46a)

(𝜇𝑚+1𝒏𝑚+ 1
2 ,𝝎)ℎ𝑚 = 𝒟𝑚(𝑿𝑚+1 ,𝝎) + ℬ𝑚(𝝎, 𝑟𝑚+1).(8.46b)

The gradient inner product is integrated exactly on the old surface; for piecewise linear functions
it agrees with the corresponding mass-lumped quadrature. Both equations must use the same
time-averaged normal. The geometric coefficients in ℬ𝑚 remain at the old time level, and both
curvature pairings use the same bilinear form.

Theorem 8.2 (Discrete volume conservation and energy dissipation). Under the assumptions of
Theorem 8.1, a solution of the system comprising (8.46), (8.34c), and (8.34d) satisfies

(8.47) 𝒱 𝑚+1 = 𝒱 𝑚 , 𝑊𝑚+1 + 𝜏𝑚∥∇𝑚𝜇𝑚+1∥2
𝐿2(Γ𝑚) ≤ 𝑊𝑚 .

Proof. Take 𝜑 = 1 in (8.46a). Its right-hand side vanishes, and Lemma 8.3 gives volume
conservation. Next take 𝜑 = 𝜇𝑚+1 and 𝝎 = 𝑿𝑚+1 − 𝑿𝑚 , and use 𝜓 = 𝑟𝑚+1 in the curvature equation.
This gives

(8.48) 𝒟𝑚(𝑿𝑚+1 ,𝑿𝑚+1 − 𝑿𝑚) + (𝐻𝑚+1 − 𝐻𝑚 , 𝑟𝑚+1)ℎ𝑚 = −𝜏𝑚∥∇𝑚𝜇𝑚+1∥2
𝐿2(Γ𝑚).

The geometric and curvature-convexity estimates now follow exactly as in the proof of Theorem 8.1,
yielding the energy inequality. □

For the volume-constrained 𝐿2 gradient flow, replace the right-hand side of (8.46a) by −(𝜇𝑚+1 −
𝜆𝑚+1 , 𝜑)ℎ𝑚 , where

(8.49) 𝜆𝑚+1 =
(𝜇𝑚+1 , 1)ℎ𝑚
(1, 1)ℎ𝑚

.

The remaining equations are unchanged. Taking 𝜑 = 1 and 𝜑 = 𝜇𝑚+1 gives volume conservation and,
respectively,

(8.50) 𝑊𝑚+1 + 𝜏𝑚∥𝜇𝑚+1 − 𝜆𝑚+1∥2
𝑚,ℎ

≤ 𝑊𝑚 .

8.7. Numerical results

The experiments in this section are taken from [148] and concern the three-dimensional schemes
above. The densities satisfy the positivity, directional, and curvature-convexity assumptions used
in the energy estimates. Initial nodal curvature is evaluated from the analytical curvature of the
prescribed smooth surface; curvature is subsequently evolved as an independent unknown.

8.7.1. Initialization and stabilization. The curvature is initialized analytically at the mesh
vertices and then updated by the discrete curvature equation, rather than recomputed after every
step. The force and curvature equations use the same recovered Weingarten matrix (8.30). Nonlinear
systems are solved by Newton iteration; the tolerance used in the coupled ellipsoidal tests below is
10−11.
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For an ellipsoidal density 𝛾𝑄(𝒏) =
√
𝒏𝑇𝑄𝒏 with 𝑄 symmetric positive definite, an admissible

symmetric-matrix stabilization is

(8.51)
𝒂𝑄(𝒏) = (𝐼3 − 𝒏𝒏𝑇)𝑄𝒏/𝛾𝑄(𝒏),

𝑘𝑄(𝒏) = 𝛾𝑄(𝒏) +
𝜆max(𝑄) + |𝒂𝑄(𝒏)|2

𝛾𝑄(𝒏)
.

For the coupled density (8.53), the implementation uses

(8.52) 𝑘(𝒏 , 𝐻) = 𝑘𝐺0(𝒏) + 0.025𝐻2𝑘𝐺1(𝒏) + 0.001𝐻4.

This is the explicit construction given in the source appendix of [148]; it applies to the convergence,
energy–volume, and timing tests with that density.

The polynomial-anisotropy morphology tests use 𝑘 = 2 𝑓 + 4. For the orientation-dependent
Helfrich-type test, the implementation uses 𝑘 = 2 𝑓 + 4 + 0.4(𝐻 − 2)2. These are the settings in
the accompanying numerical implementation. Their observed energy decrease and stepwise local-
gap checks do not by themselves prove that these specific constants dominate the global minimal
stabilizing function for every possible configuration. The unconditional theorem above retains its
stated local-energy-estimate assumption.

8.7.2. Error and convergence rate. For surfaces, we apply the following coupled energy density

(8.53) 𝑓 (𝒏 , 𝐻) =
√
𝒏𝑇𝑮0𝒏 + 0.05

2
√
𝒏𝑇𝑮1𝒏 𝐻2 + 0.002

4 𝐻4 , 𝒏 ∈ S2 ,

where

𝑮0 = diag(1, 1.3, 1.6), 𝑮1 =
©­«

1.5 0.15 0
0.15 1 0.1

0 0.1 0.8

ª®¬ .
The initial surface is the ellipsoid

(8.54)
𝑥2

1
1.42 + 𝑥2

2 +
𝑥2

3
0.82 = 1.

We subdivide an icosahedron and project its vertices onto the ellipsoid, giving meshes with
𝑁 = 42, 162, 642, 2562 vertices. Let ℎℓ = ℎ0/2ℓ , with ℎ0 = 1/2 and ℓ = 0, 1, 2, 3, denote the subdivision
parameter. We take 𝜏ℓ = 𝐶ℎ2

ℓ
for 𝐶 = 0.08 and 0.04, and compare the solutions at 𝑡 = 0.1, 0.2, 0.3.

We measure geometric error by the manifold distance. For surfaces this is the volume of the
symmetric difference of the enclosed regions:

(8.55) 𝑒 ℎℓ (𝑡) B 𝑀
(
Γℎℓ ,𝜏ℓ (𝑡), Γℎℓ+1 ,𝜏ℓ+1(𝑡)

)
=

��Ωℎℓ ,𝜏ℓ (𝑡) △Ωℎℓ+1 ,𝜏ℓ+1(𝑡)
��, ℓ = 0, 1, 2.

Here Ωℎℓ ,𝜏ℓ (𝑡) denotes the enclosed region. The finest mesh is used to form the last successive-mesh
distance. In the tables, ℎ is the subdivision parameter, while the order is calculated from the largest
initial edge length ℎmax,ℓ :

(8.56) 𝑝ℎmax =
log

(
𝑒 ℎℓ−1(𝑡)/𝑒 ℎℓ (𝑡)

)
log

(
ℎmax,ℓ−1/ℎmax,ℓ

) , ℓ = 1, 2.

All reported rates are computed from unrounded distances. The nonlinear tolerance is 10−11, and the
curvature is evolved as an independent unknown throughout.

Tables 8.1 and 8.2 exhibit second-order convergence in the manifold distance on the finer meshes.
The 𝐿2 rates vary more with the observation time and 𝐶, whereas the fine-mesh surface-diffusion
rates remain between 1.997 and 2.003.

Each surface-diffusion computation preserves the volume of its own initial polyhedral mesh.
Consequently, the successive-mesh distance satisfies 𝑀(Γℎℓ , Γℎℓ+1) ≥ |𝑉ℎℓ (0) − 𝑉ℎℓ+1(0)|, up to the
nonlinear-solver tolerance. The reported rates therefore measure geometric convergence under
coupled space–time refinement, including the initial volume discretization error; they do not
separately establish temporal order, curvature accuracy, or the error of the dynamic evolution.
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Table 8.1. Error and convergence rates for the 𝐿2 flow of surfaces.

𝐶 (ℎ, 𝜏) 𝑒 ℎ(𝑡 = 0.1) order 𝑒 ℎ(𝑡 = 0.2) order 𝑒 ℎ(𝑡 = 0.3) order

0.08
(ℎ0 , 𝜏0) 2.58e-1 – 2.69e-2 – 1.20e-2 –
( ℎ0

2 ,
𝜏0
4 ) 7.38e-2 1.946 6.70e-3 2.161 3.65e-3 1.848

( ℎ0
22 ,

𝜏0
42 ) 1.90e-2 1.994 1.59e-3 2.119 9.70e-4 1.951

0.04
(ℎ0 , 𝜏0) 3.16e-1 – 8.40e-2 – 1.15e-2 –
( ℎ0

2 ,
𝜏0
4 ) 8.98e-2 1.955 2.90e-2 1.655 3.16e-3 2.003

( ℎ0
22 ,

𝜏0
42 ) 2.31e-2 1.997 7.80e-3 1.931 8.21e-4 1.982

Table 8.2. Error and convergence rates for surface diffusion.

𝐶 (ℎ, 𝜏) 𝑒 ℎ(𝑡 = 0.1) order 𝑒 ℎ(𝑡 = 0.2) order 𝑒 ℎ(𝑡 = 0.3) order

0.08
(ℎ0 , 𝜏0) 4.57e-1 – 4.35e-1 – 4.35e-1 –
( ℎ0

2 ,
𝜏0
4 ) 1.23e-1 2.037 1.18e-1 2.024 1.18e-1 2.023

( ℎ0
22 ,

𝜏0
42 ) 3.17e-2 1.999 3.04e-2 2.002 3.04e-2 2.003

0.04
(ℎ0 , 𝜏0) 4.37e-1 – 4.35e-1 – 4.35e-1 –
( ℎ0

2 ,
𝜏0
4 ) 1.19e-1 2.024 1.18e-1 2.023 1.18e-1 2.023

( ℎ0
22 ,

𝜏0
42 ) 3.06e-2 1.997 3.03e-2 2.003 3.03e-2 2.003

8.7.3. Volume and energy change. To verify the structure-preserving properties of the schemes,
we introduce the normalized volume change and the normalized energy as follows:

(8.57) Δ𝑉 ℎ(𝑡)
𝑉 ℎ(0)

���
𝑡=𝑡𝑚
B
𝑉𝑚 −𝑉0

𝑉0 ,
𝑊 ℎ(𝑡)
𝑊 ℎ(0)

���
𝑡=𝑡𝑚
B
𝑊𝑚

𝑊0 .

We use the ellipsoid (8.54) and the coupled energy (8.53), with 𝜏 = 0.08ℎ2 for ℎ = 2−1 , 2−2 , 2−3. The
volume histories and normalized energy are shown in figures 8.1 and 8.2.

Figure 8.1. Volume histories and Newton iteration counts with ℎ = 2−3: (left) 𝑉 ℎ(𝑡)/𝑉 ℎ(0) for
the 𝐿2 flow; (right) Δ𝑉 ℎ(𝑡)/𝑉 ℎ(0) for surface diffusion.

It can be observed that the normalized energy decreases monotonically for both the 𝐿2 flow and
surface diffusion. For surface diffusion, the volume is well preserved, with the volume loss controlled
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Figure 8.2. Normalized energy for: (a) 𝐿2 flow; (b) surface diffusion.

at the order of 10−13, close to machine precision. The number of Newton iterations is also plotted
in figure 8.1. It decreases to a steady value of about 2 for the 𝐿2 flow and 3 for surface diffusion,
indicating that the nonlinear solver is efficient and robust.

Unlike mean curvature flow, which shrinks a smooth closed convex surface to a point, the 𝐿2

flow considered here exhibits a positive volume plateau. This behavior can be explained by the
competing contributions to the energy (8.53). Under a uniform rescaling Γ ↦→ 𝜆Γ, the surface,
quadratic-curvature, and quartic-curvature energy contributions scale as

(8.58) 𝑊(𝜆Γ) = 𝜆2𝑊surf(Γ) +𝑊𝐻2(Γ) + 𝜆−2𝑊𝐻4(Γ).
Thus, while the surface energy favors contraction, the quartic-curvature term increasingly penalizes
further shrinkage as the surface becomes smaller. Their competition provides a finite preferred scale,
consistent with the observed leveling off of both the energy and the enclosed volume as the surface
approaches an equilibrium configuration.

To assess the computational cost, we use the same ellipsoid and coupled density with 𝜏 = 0.00125
and 𝑇 = 0.02. Table 8.3 reproduces the median wall-clock time per step over three serial runs on an
Apple M1 Pro with 16 GB RAM, using Python 3.14 and SciPy 1.18.1 with one BLAS thread. Timings
include assembly, Newton iteration, and step diagnostics; initialization and file output are excluded.
The nonlinear tolerance is 10−11. Here 𝐼 and 𝐼max denote the mean and maximum Newton iteration
counts over the time steps.

Table 8.3. Wall-clock time per step and Newton iterations.

𝐿2 flow Surface diffusion

𝑁 Time (s) 𝐼 𝐼max Time (s) 𝐼 𝐼max

162 0.0203 2.81 3 0.0447 4.00 4
642 0.102 3.00 3 0.214 4.00 4
2562 0.859 3.00 3 1.57 4.00 4

8.7.4. Morphology of the evolving surfaces. We next examine the shapes produced by the 𝐿2

flow and surface diffusion. The colors indicate the discrete curvature𝐻𝑚 . The first three examples use
separable surface and bending energies. The last example introduces orientation-dependent bending
rigidity, coupling the normal and curvature. The ellipsoid and six-lobed surface are discretized with
642 vertices and evolved with 𝜏 = 0.00125. To monitor the mesh, we use the triangle quality

(8.59) 𝑞𝜎 =
4
√

3|𝜎|
ℓ 2
1 + ℓ 2

2 + ℓ 2
3
, 𝑞min = min

𝜎⊂Γ𝑚
𝑞𝜎 ,
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where ℓ1 , ℓ2 , ℓ3 are the edge lengths of 𝜎. The value is 1 for an equilateral triangle and tends to 0 as
the triangle degenerates. We use 𝑞min < 0.05 as a stopping criterion.

We first consider the ellipsoid (8.54) with the regularized anisotropic energy density

(8.60) 𝑓 (𝒏 , 𝐻) = 𝛾(𝒏) + 𝜖2

2 𝐻
2 , 𝛾(𝒏) = 1 + 1

4 (𝑛
3
1 + 𝑛

3
2 + 𝑛3

3), 𝜖2 = 0.05.

Figures 8.3 and 8.4 display its evolution under the 𝐿2 flow and surface diffusion, respectively. The
ellipsoid shrinks under the 𝐿2 flow, whereas under surface diffusion it evolves towards a nearly
stationary anisotropic shape.
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Figure 8.3. Evolution of the ellipsoid under the 𝐿2 flow.
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Figure 8.4. Evolution of the ellipsoid under surface diffusion.
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Next we consider a six-lobed surface with a regularized anisotropic energy of cubic symmetry,

(8.61) 𝑓 (𝒏 , 𝐻) = 𝛾(𝒏) + 𝜖2

2 𝐻
2 , 𝛾(𝒏) = 1 + 1

4 (𝑛
4
1 + 𝑛4

2 + 𝑛4
3), 𝜖2 = 0.05.

Figures 8.5 and 8.6 show the evolution of the six-lobed surface under the 𝐿2 flow and surface diffusion,
respectively. Both flows smooth out the initial lobes and indentations. Similar to the ellipsoid case,
the surface continues to shrink under the 𝐿2 flow. Under surface diffusion, it preserves its enclosed
volume while relaxing towards an anisotropic equilibrium.
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Figure 8.5. Evolution of the six-lobed surface under the 𝐿2 flow.
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Figure 8.6. Evolution of the six-lobed surface under surface diffusion.
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To examine the evolution of a surface with nontrivial topology, we take an initial torus with major
radius 𝑅 = 1 and minor radius 𝑟 = 0.6. The energy density is chosen as

(8.62) 𝑓 (𝒏 , 𝐻) = 𝛾(𝒏) + 𝜖2

2 𝐻
2 , 𝛾(𝒏) = 1 + 1

8 (𝑛
3
1 + 𝑛

3
2 + 𝑛3

3), 𝜖2 = 0.05.

As shown in Figure 8.7, the torus contracts and its central hole progressively narrows. Both the
enclosed volume and the energy decrease monotonically during the evolution.
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Figure 8.7. Evolution of the torus under the 𝐿2 flow with 896 vertices and 𝜏 = 0.005.

Finally, we consider surface diffusion of a biconcave disk with an orientation-dependent Helfrich-
type energy. The classical Helfrich model for lipid bilayers penalizes deviations from a spontaneous
curvature [81], which may reflect leaflet asymmetry [126]. The biconcave initial shape is motivated
by the connection between bending energy and red-cell shapes [38]. We choose

(8.63)
𝑓 (𝒏 , 𝐻) = 𝛾(𝒏) + 𝜖2

2 𝑎(𝒏)(𝐻 − 𝐻∗)2 ,

𝛾(𝒏) = 1 + 1
4

3∑
𝑖=1

𝑛4
𝑖 , 𝑎(𝒏) = 1 + 2𝑛2

3 ,
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with 𝜖2 = 0.05 and 𝐻∗ = 2.
The density is nonseparable and strictly convex in 𝐻. For a given curvature deviation, the

bending penalty is three times larger when 𝒏 is parallel to 𝒆3 than when it is perpendicular to 𝒆3.
The orientation dependence and coefficients are chosen for this experiment and are not fitted to a
particular membrane material. No membrane-area constraint is imposed.

We use 2562 vertices and 𝜏 = 0.005. Figure 8.8 shows that the central depressions gradually
disappear as the disk becomes more rounded. The energy decreases rapidly at first and then more
slowly, reaching𝑊 ℎ(0.4)/𝑊 ℎ(0) ≈ 0.6748, while the relative volume change remains below 1.5× 10−13

in magnitude. The computation is stopped at 𝑡 = 0.4 when the mesh-quality threshold is reached.
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Figure 8.8. Evolution of the biconcave disk under surface diffusion with energy (8.63).

8.8. Concluding remarks

This chapter develops a unified weak formulation of the first variation, curvature evolution, and
geometric gradient flows for 𝑊 =

´
Γ
𝑓 (𝒏 , 𝐻)d𝐴 on closed surfaces in three dimensions. At fixed

curvature, the symmetric surface energy matrix extends the local energy estimate to changes of
orientation and element area. A mass-lumped projection of the curvature derivative brings the
coupled nonlinear terms into the continuous piecewise linear test space. Under curvature convexity
and the corresponding local energy estimate, solutions of the fully discrete scheme dissipate energy
without a time-step restriction. The time-averaged area normal also preserves discrete volume for
surface diffusion and the volume-constrained curvature flow. The numerical results from [148]
exhibit approximately second-order geometric convergence, monotone energy dissipation, and
volume conservation to nonlinear-solver accuracy. They also illustrate the competition between
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orientation-dependent surface tension and bending during shape relaxation. Rigorous convergence
analysis, nonlinear solvability, and curvature consistency remain open.





CHAPTER 9

Conclusions and future work

9.1. Main results

This thesis develops structure-preserving parametric finite element methods for anisotropic
geometric flows on planar curves and surfaces in three dimensions. The methods retain the relevant
enclosed-measure law and discrete energy dissipation. For planar orientation-dependent energies,
the symmetric formulation is unconditionally energy-stable under

3𝛾̂(𝜃) − 𝛾̂(𝜃 − 𝜋) ≥ 0, 𝛾̂ ∈ 𝐶2(2𝜋T).
Within the local energy estimate framework, this directional condition is both necessary and sufficient
for the analyzed symmetric construction. Interpreting the normal velocity as a map depending on
geometric variables and the background curve provides a common formulation of several anisotropic
flows. The methods are applied to crystalline-film evolution and solid-state dewetting. Their
extension to surfaces preserves discrete volume and is unconditionally energy-stable under the
corresponding symmetric condition

2𝛾̂(𝜃, 𝜙) − 𝛾̂(𝜋 − 𝜃,𝜋 + 𝜙) ≥ 0, 𝛾̂ ∈ 𝐶2(S2).
The necessity and sufficiency statements concern the specified local energy estimates. Numerical
examples demonstrate accuracy, structural preservation, and useful mesh behavior for complex
geometries and anisotropies.

Chapter 2 introduces a stabilized parametric finite element method for anisotropic surface diffusion
of closed planar curves. A stabilized surface energy matrix 𝑮̂𝑘(𝜃) gives a conservative formulation
and its weak form. Piecewise linear parametric finite elements and a semi-implicit Euler step yield
the fully discrete scheme. The analysis defines a minimal stabilizing function, establishes its existence,
obtains a local energy estimate, and proves unconditional energy stability. The angular representation
permits detailed treatment of the critical case under the additional assumptions stated in that chapter.
It also admits globally 𝐶1, piecewise 𝐶2 anisotropies, broadening the class of densities covered by the
analysis.

Chapter 3 constructs a symmetric surface energy matrix 𝒁̂𝑘(𝜃) and a structure-preserving method
with the optimal directional condition 3𝛾̂(𝜃)− 𝛾̂(𝜃−𝜋) ≥ 0 within the local energy estimate framework.
The fully discrete surface-diffusion scheme preserves area exactly. A sharp estimate gives a global
bound for the minimal stabilizing function without an additional restriction at equality. The local
estimate then proves unconditional energy stability for sufficiently large stabilization. Numerical tests
exhibit second-order spatial and first-order temporal accuracy. In the normal-vector representation,
the scheme is a symmetrized parametric finite element method of the type developed in [9, 103]; the
analysis relaxes the evenness assumption to 3𝛾(𝒏) − 𝛾(−𝒏) ≥ 0.

Chapter 4 applies these methods to crystalline-film evolution and solid-state dewetting in two
dimensions. The examples examine how the initial aspect ratio and the symmetry of the energy affect
necking and pinch-off. For open curves, the weak formulation incorporates contact-line relaxation
and leads to a structure-preserving scheme. Computations for strongly anisotropic energies recover
multiple equilibrium configurations from different initial shapes, in agreement with the theoretical
predictions.

Chapter 5 unifies a family of planar conservative formulations using an 𝛼-surface energy matrix.
The methods share the strict energy stability condition 3𝛾̂(𝜃)− 𝛾̂(𝜃−𝜋) > 0. For the symmetric choice
𝛼 = −1, the condition becomes non-strict and is optimal for the local estimate. The analysis identifies
this parameter choice as unique within the family. Apart from differences in mesh distribution, the
computations show similar accuracy, cost, and structural properties across the tested values of 𝛼. The
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formulation extends to area-preserving anisotropic curvature flow, anisotropic surface diffusion, and
more general normal-velocity laws.

Chapter 6 extends the 𝛼-surface energy matrix framework to anisotropic surface evolution in
three dimensions. The strict condition is 2𝛾(𝒏) − 𝛾(−𝒏) > 0. As in two dimensions, the symmetric
choice attains the non-strict condition and the corresponding optimal local estimate. The numerical
examples assess convergence, volume conservation, energy dissipation, and the evolution of complex
closed surfaces.

Chapter 7 extends the framework to open surfaces in three-dimensional solid-state dewetting. A
relaxed contact-angle condition couples the surface to the moving contact line. The fully discrete
parametric scheme preserves enclosed volume and dissipates energy. The examples explore shape
evolution from complex initial geometries, the influence of anisotropy on contact-line motion, and
necking in solid films.

Chapter 8 treats closed-surface energies 𝑊 =
´
Γ
𝑓 (𝒏 , 𝐻)d𝐴. A mass-lumped projection of the

curvature derivative pairs a symmetric surface energy matrix at fixed curvature with the curvature
evolution equation. Under curvature convexity and the local directional energy estimate, solutions of
the fully discrete scheme satisfy an unconditional energy inequality. A time-averaged area normal
preserves discrete volume for surface diffusion and the volume-constrained 𝐿2 flow. The numerical
results imported from [148] exhibit approximately second-order convergence in the manifold distance,
monotone energy dissipation, and volume errors at the level of the nonlinear tolerance. Shape-
relaxation examples demonstrate the competition between anisotropic surface tension and bending,
including an orientation-dependent Helfrich-type density. These observations do not replace a
solvability or error analysis.

9.2. Directions for further study

• The principal orientation-dependent schemes have first-order temporal and second-order
spatial accuracy. Higher-order methods, especially in time, would be valuable for both
analysis and applications. For the curvature-dependent schemes, the convergence observed
in coupled space–time refinement should be complemented by separate temporal and spatial
error estimates.

• The numerical examples show stable convergence rates. A rigorous convergence analy-
sis remains challenging because tangential node motion is determined implicitly by the
discretization.

• Parametric methods rely on a global parametrization that remains a diffeomorphism of
the initial manifold. They therefore require additional treatment when singularities or
topological changes occur. Phase-field or level-set methods may capture the subsequent
evolution; numerical surgery adapted to anisotropic flows is another possible approach.

• For the curvature-dependent schemes, further questions include nonlinear solvability,
approximation by the recovered curvature matrix, and consistency between evolved and
geometric curvature. The completed experiments provide an initial basis for systematic mesh-
quality and long-time studies. Incorporating boundary variations and contact-line dissipation
would extend this framework to solid-state dewetting with curvature regularization.

• Anisotropic curvature-driven evolution appears throughout materials science and physics.
Inverse problems based on experimental observations, including data-driven and AI-assisted
approaches, may help identify energy densities and guide experiments.



APPENDIX A

Solvers for the nonlinear schemes

All numerical schemes in this thesis are nonlinear and require suitable iterative solvers. We
describe solvers for curve and surface evolution using the scheme (5.30) from Chapter 5 and the
scheme (6.40) from Chapter 6, respectively.

A.1. Iterative solvers for curve evolution

A.1.1. Picard iteration. For the nonlinear system (5.30), we use the following Picard iteration. At
iteration 𝑖, find (𝑿𝑚+1,𝑖+1 , 𝜇𝑚+1,𝑖+1) ∈ [Kℎ

𝑝 ]2 ×Kℎ
𝑝 such that(

𝒏𝑚+ 1
2 ,𝑖 · 𝑿

𝑚+1,𝑖+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(
𝜇𝑚+1,𝑖+1 , 𝜑ℎ

) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ Kℎ
𝑝 ,(A.1a) (

𝜇𝑚+1,𝑖+1𝒏𝑚+ 1
2 ,𝑖 ,𝝎ℎ

) ℎ
Γ𝑚

−
(
𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿𝑚+1,𝑖+1 , 𝜕𝑠𝝎

ℎ
) ℎ
Γ𝑚

= 0, ∀𝝎ℎ ∈ [Kℎ
𝑝 ]2 ,(A.1b)

where

(A.2) 𝒏𝑚+ 1
2 ,𝑖 B −1

2
(
𝜕𝑠𝑿𝑚 + 𝜕𝑠𝑿𝑚+1,𝑖 )⊥ = − 1

2|𝜕𝜌𝑿𝑚|
(
𝜕𝜌𝑿𝑚 + 𝜕𝜌𝑿𝑚+1,𝑖 )⊥ .

For 𝑚 ≥ 0, we typically choose the initial guess 𝑿𝑚+1,0 = 𝑿𝑚 , 𝜇𝑚+1,0 = 𝜇𝑚 and iterate until the
stopping criteria

∥𝑿𝑚+1,𝑖+1 − 𝑿𝑚+1,𝑖∥∞ = max
1≤ 𝑗≤𝑁

|𝑿𝑚+1,𝑖+1(𝜌 𝑗) − 𝑿𝑚+1,𝑖(𝜌 𝑗)| ≤ tol,(A.3a)

∥𝜇𝑚+1,𝑖+1 − 𝜇𝑚+1,𝑖∥∞ = max
1≤ 𝑗≤𝑁

|𝜇𝑚+1,𝑖+1(𝜌 𝑗) − 𝜇𝑚+1,𝑖(𝜌 𝑗)| ≤ tol,(A.3b)

hold, where tol is a prescribed tolerance.

Remark A.1. The linear system is uniquely solvable under mild assumptions on 𝒏𝑚+ 1
2 ,𝑖 . A detailed

discussion is given in [21].

A.1.2. Newton iteration. Newton iteration is often more efficient and converges faster than
Picard iteration, particularly for weak nonlinearities. To solve (5.30) for (𝑿𝑚+1 , 𝜇𝑚+1), we use the
following Newton iteration. At iteration 𝑖, compute the Newton correction (𝑿 𝛿 , 𝜇𝛿) ∈ [Kℎ

𝑝 ]2 × Kℎ
𝑝

such that (
𝒏𝑚+ 1

2 ,𝑖 · 𝑿
𝛿

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(𝑿𝑚+1,𝑖 − 𝑿𝑚

𝜏
·
(−𝜕𝜌𝑿 𝛿)⊥
2|𝜕𝜌𝑿𝑚| , 𝜑

ℎ
) ℎ
Γ𝑚

+
(
𝜇𝛿 , 𝜑ℎ

) ℎ
Γ𝑚

= −
(
𝒏𝑚+ 1

2 ,𝑖 · 𝑿
𝑚+1,𝑖 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

−
(
𝜇𝑚+1,𝑖 , 𝜑ℎ

) ℎ
Γ𝑚
, ∀𝜑ℎ ∈ Kℎ

𝑝 ,

(A.4a)

(
𝜇𝛿𝒏𝑚+ 1

2 ,𝑖 ,𝝎ℎ
) ℎ
Γ𝑚

+
(
𝜇𝑚+1,𝑖 ,

(−𝜕𝜌𝑿 𝛿)⊥
2|𝜕𝜌𝑿𝑚| · 𝝎ℎ

) ℎ
Γ𝑚

−
(
𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿 𝛿 , 𝜕𝑠𝝎

ℎ
) ℎ
Γ𝑚

= −
(
𝜇𝑚+1,𝑖𝒏𝑚+ 1

2 ,𝑖 ,𝝎ℎ
) ℎ
Γ𝑚

+
(
𝑮̂𝛼
𝑘
(𝜃𝑚)𝜕𝑠𝑿𝑚+1,𝑖 , 𝜕𝑠𝝎

ℎ
) ℎ
Γ𝑚
, ∀𝝎ℎ ∈ [Kℎ

𝑝 ]2 ,
(A.4b)

and update

(A.5) 𝑿𝑚+1,𝑖+1 B 𝑿𝑚+1,𝑖 + 𝑿 𝛿 , 𝜇𝑚+1,𝑖+1 B 𝜇𝑚+1,𝑖 + 𝜇𝛿 .

141



142 Appendix A. Nonlinear solvers

In the computations in this thesis, we use the initial guess 𝑿𝑚+1,0 = 𝑿𝑚 , 𝜇𝑚+1,0 = 𝜇𝑚 and the
stopping criterion
(A.6) ∥𝑿𝑚+1,𝑖+1 − 𝑿𝑚+1,𝑖∥∞ + ∥𝜇𝑚+1,𝑖+1 − 𝜇𝑚+1,𝑖∥∞ ≤ tol,
where tol is a prescribed tolerance.

Remark A.2. The iteration (A.4) follows by linearizing (5.30) at (𝑿𝑚+1,𝑖 , 𝜇𝑚+1,𝑖) through a first-order
Taylor expansion and setting 𝑿𝑚+1,𝑖+1 = 𝑿𝑚+1,𝑖 +𝑿 𝛿 , 𝜇𝑚+1,𝑖+1 = 𝜇𝑚+1,𝑖 +𝜇𝛿. Further details are given
in [91].

A.2. Iterative solvers for surface evolution

A.2.1. Picard iteration. For the nonlinear system (6.40), we use the following Picard iteration. At
iteration 𝑖, find (𝑿𝑚+1,𝑖+1 , 𝜇𝑚+1,𝑖+1) ∈ [K𝑚]3 ×K𝑚 such that(

𝒏𝑚+ 1
2 ,𝑖 · 𝑿

𝑚+1,𝑖+1 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(
∇Γ𝜇

𝑚+1,𝑖+1 ,∇Γ𝜑
ℎ
) ℎ
Γ𝑚

= 0, ∀𝜑ℎ ∈ K𝑚 ,(A.7a) (
𝜇𝑚+1,𝑖+1𝒏𝑚+ 1

2 ,𝑖 ,𝝎ℎ
) ℎ
Γ𝑚

−
〈
𝑮̂𝛼
𝑘
(𝜃𝑚 , 𝜙𝑚)∇Γ𝑿𝑚+1,𝑖+1 ,∇Γ𝝎

ℎ
〉ℎ
Γ𝑚

= 0, ∀𝝎ℎ ∈ [K𝑚]3.(A.7b)

Here the vector 𝒏𝑚+ 1
2 ,𝑖 is defined by

(A.8) 𝒏𝑚+ 1
2 ,𝑖

���
𝜎𝑚
𝑗

B
𝒥 {𝜎𝑚

𝑗
} + 4𝒥 {𝜎𝑚+ 1

2 ,𝑖

𝑗
} + 𝒥 {𝜎𝑚+1,𝑖

𝑗
}

6|𝒥 {𝜎𝑚
𝑗
}| , 𝜎

𝑚+ 1
2 ,𝑖

𝑗
B

1
2 (𝜎

𝑚
𝑗 + 𝜎𝑚+1,𝑖

𝑗
).

The initial guess and stopping criteria are the same as in the curve case.

Remark A.3. As in the curve case, the linear system is uniquely solvable under mild assumptions
on 𝒏𝑚+ 1

2 ,𝑖 ; see [21].

A.2.2. Newton iteration. For the nonlinear system (6.40), we use the following Newton iteration.
At iteration 𝑖, compute the Newton correction (𝑿 𝛿 , 𝜇𝛿) ∈ [K𝑚]3 ×K𝑚 such that(

𝒏𝑚+ 1
2 ,𝑖 · 𝑿

𝛿

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

+
(𝑿𝑚+1,𝑖 − 𝑿𝑚

𝜏
· 𝒢𝑚+ 1

2 ,𝑖

𝑿 𝛿 , 𝜑ℎ
) ℎ
Γ𝑚

+
(
∇Γ𝜇

𝛿 ,∇Γ𝜑
ℎ
) ℎ
Γ𝑚

= −
(
𝒏𝑚+ 1

2 ,𝑖 · 𝑿
𝑚+1,𝑖 − 𝑿𝑚

𝜏
, 𝜑ℎ

) ℎ
Γ𝑚

−
(
∇Γ𝜇

𝑚+1,𝑖 ,∇Γ𝜑
ℎ
) ℎ
Γ𝑚
, ∀𝜑ℎ ∈ K𝑚 ,

(A.9a)

(
𝜇𝛿𝒏𝑚+ 1

2 ,𝑖 ,𝝎ℎ
) ℎ
Γ𝑚

+
(
𝜇𝑚+1,𝑖 ,𝒢𝑚+ 1

2 ,𝑖

𝑿 𝛿 · 𝝎ℎ
) ℎ
Γ𝑚

−
(
𝑮̂𝛼
𝑘
(𝜃𝑚 , 𝜙𝑚)∇Γ𝑿 𝛿 ,∇Γ𝝎

ℎ
) ℎ
Γ𝑚

= −
(
𝜇𝑚+1,𝑖𝒏𝑚+ 1

2 ,𝑖 ,𝝎ℎ
) ℎ
Γ𝑚

+
〈
𝑮̂𝛼
𝑘
(𝜃𝑚 , 𝜙𝑚)∇Γ𝑿𝑚+1,𝑖 ,∇Γ𝝎

ℎ
〉ℎ
Γ𝑚
, ∀𝝎ℎ ∈ [K𝑚]3 ,

(A.9b)

where

(A.10) 𝒢𝑚+ 1
2 ,𝑖

𝑿 𝛿

���
𝜎𝑚
𝑗

B
g23 × 𝑿 𝛿(𝒒𝑚

𝑗1
) + g31 × 𝑿 𝛿(𝒒𝑚

𝑗2
) + g12 × 𝑿 𝛿(𝒒𝑚

𝑗3
)

6|𝒥 {𝜎𝑚
𝑗
}| ,

and
(A.11) g𝑙𝑘 B 2𝑿𝑚+1,𝑖(𝒒𝑚𝑗𝑘 ) + 𝑿𝑚(𝒒𝑚𝑗𝑘 ) − 2𝑿𝑚+1,𝑖(𝒒𝑚𝑗𝑙 ) − 𝑿𝑚(𝒒𝑚𝑗𝑙 ), 1 ≤ 𝑙 , 𝑘 ≤ 3.

The remaining settings are the same as in Section A.1.2.



APPENDIX B

Three-dimensional anisotropic surface energies

We list several commonly used three-dimensional anisotropies 𝛾(𝒏). Under the mapping
(B.1) 𝒏(𝜃, 𝜙) = (𝑛1 , 𝑛2 , 𝑛3)𝑇 B (sin𝜃 cos 𝜙, sin𝜃 sin 𝜙, cos𝜃)𝑇 ,
they can be expressed in the 𝛾̂(𝜃, 𝜙) formulation.

• Riemannian metric anisotropy

(B.2) 𝛾(𝒏) =
𝑘∑
𝑙=1

√
𝒏𝑇𝑮𝑙𝒏 , ∀𝒏 ∈ S2 ,

where 𝑮𝑙 ∈ R3×3 is symmetric positive definite.
• 𝑙𝑟-norm anisotropy

(B.3) 𝛾(𝒏) = (|𝑛1|𝑟 + |𝑛2|𝑟 + |𝑛3|𝑟)
1
𝑟 , 𝑟 ≥ 2, 𝒏 ∈ S2.

• Cubic anisotropy
(B.4) 𝛾(𝒏) = 1 + 𝛽(𝑛4

1 + 𝑛4
2 + 𝑛4

3), ∀𝒏 ∈ S2.

• Three-fold symmetric anisotropy
(B.5) 𝛾(𝒏) = 1 + 𝛽(𝑛3

1 + 𝑛
3
2 + 𝑛3

3), ∀𝒏 ∈ S2.

• [001], [011], [111]-oriented anisotropy
𝛾(𝒏) = 1 + 𝛽(𝑛4

1 + 𝑛4
2), [001] orientation,(B.6a)

𝛾(𝒏) = 1 + 𝛽(𝑛4
1 +

𝑛4
2 + 𝑛4

3
2 + 3𝑛2

2𝑛
2
3), [011] orientation,(B.6b)

𝛾(𝒏) = 1 + 𝛽

(
𝑛4

1 + 𝑛4
2

2 +
𝑛4

3
3 + 𝑛2

1𝑛
2
2 + 2𝑛2

3(𝑛2
1 + 𝑛2

2)

+2
√

2
3 𝑛3

1𝑛3 − 2
√

2𝑛1𝑛
2
2𝑛3

)
, [111] orientation,

(B.6c)

• Piecewise BGN anisotropy

(B.7) 𝛾(𝒏) =
√
(52 + 3

2sgn(𝑛1))𝑛2
1 + 𝑛2

2 + 𝑛2
3 , ∀𝒏 ∈ S2.

• Ellipsoidal anisotropy

(B.8) 𝛾(𝒏) =
√
𝑎1𝑛

2
1 + 𝑎2𝑛

2
2 + 𝑎3𝑛

2
3 , 𝑎1 , 𝑎2 , 𝑎3 > 0, ∀𝒏 ∈ S2.
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