
Contents lists available at ScienceDirect

Journal of Computational Physics

journal homepage: www.elsevier.com/locate/jcp

A kernel-free boundary integral method for elliptic interface 

problems on surfaces

Pengsong Yin a, Wenjun Ying a,∗, Yulin Zhang a, Han Zhou b,∗

a School of Mathematical Sciences, MOE-LSC and Institute of Natural Sciences, Shanghai Jiao Tong University, Shanghai, 200240, China
bDepartment of Mathematics, University of Pennsylvania, Philadelphia, Pennsylvania, 19104, USA

a r t i c l e  i n f o

2020 MSC:
65N06
35R01
35J25

Keywords:
Kernel-free boundary integral method
Surface PDE
Interface problem
Fast multigrid solver
Cartesian grids 

 a b s t r a c t

This work presents a generalized boundary integral method for elliptic equations on surfaces, 
encompassing both boundary value and interface problems. The method is kernel-free, implying 
that the explicit analytical expression of the kernel function is not required when solving the 
boundary integral equations. The numerical integration of single- and double-layer potentials or 
volume integrals at the boundary is replaced by interpolation of the solution to an equivalent 
interface problem, which is then solved using a fast multigrid solver on Cartesian grids. This 
paper provides a detailed implementation of the second-order version of the kernel-free boundary 
integral method for elliptic PDEs defined on an embedding surface in ℝ3 and presents numerical 
experiments demonstrating the efficiency and accuracy of the method for both boundary value 
and interface problems.

1.  Introduction

Partial differential equations (PDEs) on curved surfaces are crucial for modeling diffusive or transport phenomena on non-planar 
domains, such as terrestrial ocean currents [1] or the diffusion of surfactants on fluid interfaces [2,3]. These problems span multiple 
disciplines, including geophysics [4,5], fluid mechanics [6,7], and biophysics [8,9]. In these applications, internal sharp interfaces—
co-dimension one objects—often emerge within the surfaces due to medium inhomogeneities, as exemplified by two-phase flows or 
phase separation processes. For instance, the strongly anisotropic Cahn-Hilliard equation serves as a fundamental model for surface 
phase separation, for which stable, high-order accurate numerical schemes have recently been developed [10,11]. The presence of 
sharp interfaces divides the surface into distinct subdomains, across which the solution is piecewise smooth. Consequently, this paper 
proposes an efficient numerical method to address elliptic PDE interface problems on surfaces.

Considerable research has recently been conducted on the development and analysis of numerical methods for solving surface 
PDEs. Due to the geometric intricacies introduced by the underlying surface, numerical methods are fundamentally categorized 
as either intrinsic or extrinsic. Intrinsic approaches involve formulating the PDE by globally or locally parameterizing the surface, 
followed by the discretization of the surface PDE within the parameter space. These approaches encompass surface triangular mesh-
based methods, such as surface finite element methods [12–14], finite volume methods [15,16], and strategies that involve locally 
parameterizing the surface by introducing overlapping patches [17–19]. These techniques do not rely on the embedded space, with the 
computational mesh confined to the surface itself, thereby offering enhanced accuracy and efficiency. Conversely, extrinsic methods 
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$\mathbb {R}^3$


$\mathcal {S} \subset \mathbb {R}^3$


$\mathcal {S}$


$\boldsymbol {X}(\boldsymbol {\xi })$


$\boldsymbol {\xi } = (\xi _1, \xi _2)\in \mathbb {R}^2$


$\boldsymbol {X}\colon \mathbb {R}^2\to \mathbb {R}^3$


$\Omega \subset \mathbb {R}^2$


$\mathcal {S}$


$\Omega $


$\Gamma = \boldsymbol {X}(\gamma )$


$\mathcal {S}$


$\gamma \subset \Omega $


$\boldsymbol {r}(s)=(r_1(s), r_2(s))^T$


$0<s<|\gamma |$


$\gamma $


$\Omega $


$\Omega ^+$


$\Omega ^-$


$\boldsymbol {X}$


$\mathcal {S}^+$


$\mathcal {S}^-$


$\Gamma = \mathcal {S}^+ \cap \mathcal {S}^-$


$\partial _i := \partial _{\xi _i}$


$i=1,2$


$\mathbf {g}=(g_{ij})$


$\mathcal {S}$


\begin {equation}g_{ij}:=\partial _i \boldsymbol {X} \cdot \partial _j \boldsymbol {X},\qquad g:=\det \,\mathbf {g},\qquad {g^{ij}:=(\mathbf {g}^{-1})_{ij}},\qquad i,j=1,2. \label {Xeqn1-2.1}\end {equation}


$\boldsymbol {e}$


$\Gamma $


$\boldsymbol {n}$


$\mathcal {S}$


$\boldsymbol {\nu }$


$\mathcal {S}$


$\Gamma $


\begin {equation}\boldsymbol {e} = \partial _s (\boldsymbol {X}\circ \boldsymbol {r}) = \sum _{i=1}^2 \partial _s r_i \partial _i\boldsymbol {X},\qquad \boldsymbol {n} = \dfrac {\partial _1\boldsymbol {X}\times \partial _2\boldsymbol {X}}{|\partial _1\boldsymbol {X}\times \partial _2\boldsymbol {X}|},\qquad \boldsymbol {\nu } = \boldsymbol {e}\times \boldsymbol {n}. \label {Xeqn2-2.2}\end {equation}


$\mathcal {S}$


\begin {equation}\begin {aligned} \nabla _{\mathcal {S}}f:=\sum _{1\leq i,j\leq 2}g^{ij}\partial _{i}f\partial _{j}\boldsymbol {X},\qquad \nabla _{\mathcal {S}}\cdot \boldsymbol {f}:= \text {Tr}(\nabla _{\mathcal {S}}\boldsymbol {f})=\sum _{i=1}^2\frac {1}{\sqrt {g}}\partial _i(\sqrt {g}f_i), \end {aligned} \label {Xeqn3-2.3}\end {equation}


$\boldsymbol {f}=f_1\partial _1\boldsymbol {X}+f_2\partial _2\boldsymbol {X}$


$\Delta _{\mathcal {S}}$


$\mathcal {S}$


\begin {equation}\Delta _{\mathcal {S}} f :=\nabla _{\mathcal {S}}\cdot \nabla _{\mathcal {S}}f=\sum _{1\leq i,j\leq 2}\frac {1}{\sqrt {g}}\partial _i\left (\sqrt {g}g^{ij}\partial _{j}f\right ). \label {Xeqn4-2.4}\end {equation}


$C^1$


$f\colon \mathcal {S}\to \mathbb {R}$


$f$


$\boldsymbol {p}\in \Gamma $


$\boldsymbol {y}(s)$


$\mathcal {S}$


$\boldsymbol {y}(0) = \boldsymbol {p}$


$\boldsymbol {y}'(0) = \boldsymbol {\nu }(\boldsymbol {p})$


$\boldsymbol {\nu }$


$f$


\begin {align}&\left [f\right ](\boldsymbol {p}) = f|_{\Gamma _+}(\boldsymbol {p}) - f|_{\Gamma _-}(\boldsymbol {p}):=\lim _{\varepsilon \to 0^+} (f \circ \boldsymbol {y})(-\varepsilon ) - (f\circ \boldsymbol {y})(\varepsilon ),\\ &\left [{\boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}f }\right ](\boldsymbol {p}) = \boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}f |_{\Gamma _+}(\boldsymbol {p}) - \boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}f |_{\Gamma _-}(\boldsymbol {p})\nonumber \\ &\qquad \qquad \quad \,\,:= \lim _{\varepsilon \to 0^+} \boldsymbol {\nu } \cdot ((\nabla _{\mathcal {S}}f \circ \boldsymbol {y})(-\varepsilon ) - (\nabla _{\mathcal {S}} f\circ \boldsymbol {y})(\varepsilon )).\end {align}


$\mathcal {S}$


$C^2$


$\boldsymbol {n}$


$\boldsymbol {f}\in [C^1(\mathcal {S})]^3$


\begin {equation}\label {eqn:div thm} \int _{\mathcal {S}}\nabla _{\mathcal {S}}\cdot \boldsymbol {f}+H\boldsymbol {f}\cdot \boldsymbol {n}\,\mathrm {d}\mu =\int _{\partial S}\boldsymbol {f}\cdot \boldsymbol {\nu }\,\mathrm {d}s,\end {equation}


$\mu $


$\mathcal {S}$


$H$


$\boldsymbol {\nu }$


$\partial \mathcal {S}$


$f\in C^2(\mathcal {S}),g\in C^1(\mathcal {S})$


\begin {equation}\label {eqn:green id} \int _{\mathcal {S}}g\Delta _{\mathcal {S}}f+\nabla _{\mathcal {S}}f\cdot \nabla _{\mathcal {S}}g\,\mathrm {d}\mu =\int _{\partial S}g\nabla _{\mathcal {S}}f\cdot \boldsymbol {\nu }\,\mathrm {d}s.\end {equation}


$\mathcal {S}^+$


$\partial \mathcal {S}^+$


$\kappa \geq 0$


$f:\mathcal {S}^+\to \mathbb R$


$u:\mathcal {S}^+\to \mathbb R$


\begin {equation}\label {boundary value problem} \Delta _{\mathcal {S}} u - \kappa u = f, \qquad \text { in }\mathcal {S}^+,\end {equation}


\begin {equation}u = g_D,\qquad \text { on } \partial \mathcal {S}^+ , \label {Dirichlet BVP}\end {equation}


\begin {align}\boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}u &= g_N,\qquad \text { on } \partial \mathcal {S}^+ .\label {Neumann BVP}\end {align}


$g_D$


$g_N$


$\kappa \ge 0$


$\kappa >0$


$\kappa =0$


$g_N$


\begin {equation}\int _{\mathcal {S}^+} f \, \mathrm {d}\mu = \int _{\partial \mathcal {S}^+} g_N \, \mathrm {d}s, \label {Xeqn9-2.11}\end {equation}


$\mathcal {S}$


$\beta (\boldsymbol {p})$


$\kappa (\boldsymbol {p})$


$\beta \equiv \beta ^\pm >0$


$\kappa \equiv \kappa ^\pm \ge 0$


$\mathcal {S}^\pm $


$\Gamma $


$\partial \mathcal {S}$


$\mathrm {dist}(\Gamma ,\partial \mathcal {S})>0$


$f$


$\mathcal {S}$


$u$


\begin {equation}\label {Interface problem} \nabla _{\mathcal {S}}\cdot \left (\beta \nabla _{\mathcal {S}}u\right )-\kappa u = f, \qquad \text {in } \mathcal {S}\setminus \Gamma ,\end {equation}


\begin {align}\left [u\right ]&=g_1,\qquad \text { on }\Gamma ,\label {interface condition1} \\ \left [\beta \boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}u\right ]&=g_2,\qquad \text { on }\Gamma ,\label {interface condition2}\end {align}


$g_1$


$g_2$


$\Gamma $


$\mathcal {S}$


$\partial \mathcal {S}$


\begin {equation}u = g_0 \qquad \text {on }\partial \mathcal {S}, \label {Xeqn11-2.14}\end {equation}


$g_0$


$\mathcal {S}$


$\kappa \equiv 0$


$\kappa ^+\neq 0$


$\kappa ^-\neq 0$


$\boldsymbol {p}$


$\boldsymbol {q}$


$\mathcal {S}$


$\delta (\cdot )$


$\mathcal {S}$


\begin {equation}\int _{\mathcal {S}} \phi (\boldsymbol {q})\,{\delta (\boldsymbol {p}-\boldsymbol {q})}\,\mathrm {d}\mu = \phi (\boldsymbol {p}), \qquad \forall \,\phi \in C_c^\infty (\mathcal {S}), \label {Xeqn12-3.1}\end {equation}


$C_c^\infty (\mathcal {S})$


$G(\boldsymbol {p},\boldsymbol {q})$


$\mathcal {S}$


$\Delta _{\mathcal {S}}-\kappa $


\begin {equation}(\Delta _{\mathcal {S},\boldsymbol {q}}-\kappa )\,G(\boldsymbol {p},\boldsymbol {q}) ={\delta (\boldsymbol {p}-\boldsymbol {q})}, \qquad \boldsymbol {q}\in \mathcal {S}, \label {Xeqn13-3.2}\end {equation}


$\Delta _{\mathcal {S},\boldsymbol {q}}$


$\boldsymbol {q}$


$\mathcal {S}$


\begin {equation}G(\boldsymbol {p},\boldsymbol {q})=0, \qquad \boldsymbol {q}\in \partial \mathcal {S}. \label {Xeqn14-3.3}\end {equation}


$\boldsymbol {p}\in \mathcal {S}$


\begin {align}{\text {Volume potential}\colon (Vf)(\boldsymbol {p})} &{:=\int _{\mathcal {S}}f(\boldsymbol {q})G(\boldsymbol {p},\boldsymbol {q})\,\mathrm {d}\mu _{\boldsymbol {q}},}\label {eqn:yukawa pot}\\ \text {Single-layer potential}\colon (S\psi )(\boldsymbol {p}) &:= \int _{\Gamma }\psi (\boldsymbol {q})G(\boldsymbol {p},\boldsymbol {q})\,\mathrm {d}s_{\boldsymbol {q}},\label {eqn:singl pot}\\ \text {Double-layer potential}\colon (D\varphi )(\boldsymbol {p}) &:= \int _{\Gamma }\varphi (\boldsymbol {q})\boldsymbol {\nu }(\boldsymbol {q})\cdot \nabla _{\mathcal {S},\boldsymbol {q}}G(\boldsymbol {p},\boldsymbol {q}) \,\mathrm {d}s_{\boldsymbol {q}}.\label {eqn:doubl pot}\end {align}


$\boldsymbol {p}\in \mathcal {S}\setminus \Gamma $


$\mathcal {S}\setminus \Gamma $


$\Delta _{\mathcal {S}}-\kappa $


\begin {equation}(\Delta _{\mathcal {S}}-\kappa )\,Vf = f,\qquad (\Delta _{\mathcal {S}}-\kappa )\,S\psi = 0,\qquad (\Delta _{\mathcal {S}}-\kappa )\,D\varphi = 0, \qquad \text {in}\,\,\mathcal {S}\backslash \Gamma . \label {Xeqn15-3.5}\end {equation}


$\boldsymbol {p}\in \Gamma $


$V f$


$S\psi $


$\boldsymbol {p}$


$Vf$


$S\psi $


$\Gamma $


$D\varphi $


$\Gamma $


$K\varphi $


\begin {equation}(K\varphi )(\boldsymbol {p}) := \text {p.v}.\int _{\Gamma }\varphi (\boldsymbol {q})\boldsymbol {\nu } (\boldsymbol {q})\cdot \nabla _{\mathcal {S},\boldsymbol {q}}G(\boldsymbol {p},\boldsymbol {q}) \,\mathrm {d}s_{\boldsymbol {q}} = \frac {1}{2}((D\varphi )|_{\Gamma _+} + (D\varphi )|_{\Gamma _-})(\boldsymbol {p}). \label {Xeqn16-3.6}\end {equation}


$\Gamma $


\begin {align}(D\varphi )|_{\Gamma ^+}(\boldsymbol {p}) - (D\varphi )|_{\Gamma ^-}(\boldsymbol {p}) = \varphi (\boldsymbol {p}).\end {align}


$D\varphi $


$\Gamma $


$V f$


$\Gamma $


\begin {align}\boldsymbol {\nu } \cdot \nabla _{\mathcal {S}} (S\psi )|_{\Gamma ^+}(\boldsymbol {p}) - \boldsymbol {\nu } \cdot \nabla _{\mathcal {S}} (S\psi )|_{\Gamma ^-}(\boldsymbol {p}) = -\psi (\boldsymbol {p}).\end {align}


\begin {equation}\begin {aligned} (K^\prime \varphi )(\boldsymbol {p}) &:= \text {p.v.}\int _{\Gamma }\varphi (\boldsymbol {q})\boldsymbol {\nu }(\boldsymbol {p})\cdot \nabla _{S,\boldsymbol {p}}G(\boldsymbol {p},\boldsymbol {q})\,\mathrm {d}s_{\boldsymbol {q}} \\ &= \frac {1}{2}\left (\boldsymbol {\nu } \cdot \nabla _{\mathcal {S}} (S\psi )|_{\Gamma ^+}+\boldsymbol {\nu } \cdot \nabla _{\mathcal {S}} (S\psi )|_{\Gamma ^-}\right )(\boldsymbol {p}). \end {aligned} \label {Xeqn17-3.9}\end {equation}


\begin {align}(H\varphi )(\boldsymbol {p}):={\text {f.p.}}\int _{\Gamma }\boldsymbol {\nu }^T(\boldsymbol {p})\left (\nabla _{S,\boldsymbol {p}}\nabla _{\mathcal {S},\boldsymbol {q}}G(\boldsymbol {p},\boldsymbol {q})\right )\boldsymbol {\nu }(\boldsymbol {q})\varphi (\boldsymbol {q})\,\mathrm {d}s_{\boldsymbol {q}},\end {align}


$\text {f.p.}$


$u(\boldsymbol {p})$


\begin {equation}\label {solution for Dirichlet} u(\boldsymbol {p})= Vf(\boldsymbol {p})+ D\varphi (\boldsymbol {p}),\qquad \text {in } \mathcal {S},\end {equation}


$\varphi (\boldsymbol {p})$


\begin {equation}\label {BIE for Dirichlet} \frac {1}{2}\varphi (\boldsymbol {p})+ K\varphi (\boldsymbol {p})+ Vf(\boldsymbol {p})=g_D(\boldsymbol {p}),\qquad \text {on } \Gamma .\end {equation}


\begin {equation}\label {solution for Neumann} u(\boldsymbol {p})= Vf(\boldsymbol {p})- S\psi (\boldsymbol {p}), \qquad \text {in } \mathcal {S}.\end {equation}


$\psi (\boldsymbol {p})$


\begin {equation}\label {BIE for Neumann} \frac {1}{2}\psi (\boldsymbol {p})- K^\prime \psi (\boldsymbol {p})+\boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}(Vf)(\boldsymbol {p})=g_N(\boldsymbol {p}),\qquad \text {on } \Gamma .\end {equation}


$K$


$K'$


$\frac {1}{2}\mathcal {I} + K$


$\frac {1}{2}\mathcal {I} - K'$


$1/2$


$\kappa ^+/\beta ^+ \neq \kappa ^-/\beta ^-$


$\mathcal {S}^+$


$\mathcal {S}^-$


$G^{\pm }(\boldsymbol {p}, \boldsymbol {q})$


$\mathcal {S}^\pm $


\begin {equation}\left ( \Delta _{\mathcal {S}, \boldsymbol {q}} - \frac {\kappa ^\pm }{\beta ^\pm }\right )G^\pm (\boldsymbol {p}, \boldsymbol {q})= {\delta (\boldsymbol {p}-\boldsymbol {q})}, \qquad { \boldsymbol {q}\in \mathcal {S}^\pm }. \label {Xeqn22-3.15}\end {equation}


$V^\pm ,K^\pm , S^\pm , (K^{\prime })^\pm , H^\pm $


$\varphi =u^+,\psi =\boldsymbol {\nu }\cdot \nabla _{\mathcal {S}}u^-$


\begin {align}\label {sys subq1} &\frac {1}{2}\varphi =K^+\varphi -S^+\psi -S^+g_N+V^+f^+,\\ \label {sys subq2} &\frac {1}{2}(\varphi -g_D)=-K^-\varphi +S^-\psi +K^-g_D+V^-f^-,\\ \label {sys subq3} &\frac {1}{2}(\psi +g_N)=H^+\varphi -(K^{\prime })^+\psi -(K^{\prime })^+ g_N+\beta ^+ \boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}V^+f^+,\\ \label {sys subq4} &\frac {1}{2}\psi =-H^-\psi +(K^{\prime })^-\psi +H^-g_D+\beta ^- \boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}V^-f^-.\end {align}


$\boldsymbol {q} \in \mathcal {S}$


\begin {align}& \varphi -\left (D^+-D^-\right ) \varphi +\left (S^+-S^-\right ) \psi =r(\mathbf {q}), \\ & -\left (H^+-H^-\right ) \varphi +\psi +\left ( (K^{\prime }) ^ + -(K^{\prime }) ^ -\right ) \psi =s(\mathbf {q}),\end {align}


$r,s$


\begin {align}& r(\mathbf {q}):=\frac {1}{2} g_D+V^+ f^+ +V^- f^--S^+ g_N+D^- g_D, \\ & s(\mathbf {q}):=-\frac {1}{2} g_N+\beta ^ +\boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}V^+ f^+ +\beta ^-\boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}V^- f^- -(K^{\prime })^+ g_N+H^- g_D.\end {align}


$\varphi $


$\psi $


$u^+$


$u^-$


\begin {align}&{ u^+(\boldsymbol {p})} = D^+ \varphi -S^+\psi -S^+g_N+V^+f^+, \\ &{ u^-(\boldsymbol {p})} = -D^- \varphi +S^-\psi +S^-g_N+V^-f^-.\end {align}


$\kappa ^+/\beta ^+ = \kappa ^-/\beta ^-$


\begin {equation}\left ( \Delta _{\mathcal {S}, \boldsymbol {q}} - \frac {\kappa ^\pm }{\beta ^\pm }\right )G(\boldsymbol {p}, \boldsymbol {q})= {\delta (\boldsymbol {p}-\boldsymbol {q})}, \qquad \boldsymbol {q}\in \mathcal {S}. \label {Xeqn23-3.20}\end {equation}


$\psi $


\begin {equation}\label {soltion for interface problem} u(\boldsymbol {p}) = D g_1 (\boldsymbol {p}) - S\psi (\boldsymbol {p}) + V \hat {f} (\boldsymbol {p}), \qquad \hat {f}(\boldsymbol {p}) := f(\boldsymbol {p}) /\beta (\boldsymbol {p}), \qquad \boldsymbol {p}\in \mathcal {S}.\end {equation}


$\left [{\boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}u}\right ] = \psi $


$u$


$u$


\begin {equation}H g_1 - K^\prime \psi + \boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}(V \hat {f} ) = \boldsymbol {\nu } \cdot \nabla _{\mathcal {S}} u|_{\Gamma ^+} - \dfrac {1}{2}\psi = \boldsymbol {\nu } \cdot \nabla _{\mathcal {S}} u|_{\Gamma ^-} + \dfrac {1}{2}\psi , \qquad \boldsymbol {p}\in \Gamma . \label {Xeqn25-3.22}\end {equation}


$\psi $


\begin {equation}\label {eqn:interface-bie1} \psi - 2 A_{\beta } K^\prime \psi = \dfrac {2}{\beta ^+ + \beta ^-} g_2 - 2 A_\beta (H g_1 + \boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}(V \hat {f} ) ):= \hat {g}_2 ,\qquad \text { on }\Gamma ,\end {equation}


$A_{\beta } = (\beta ^+ - \beta ^-)/(\beta ^+ + \beta ^-) \in (-1,1)$


$\beta ^\pm \neq 0$


$Vf$


$S\psi $


$D\varphi $


\begin {align}\Delta _{\mathcal {S}} u - \kappa u &= F, \qquad \text {in } \mathcal {S} \setminus \Gamma , \\ \left [u\right ] &= \Phi , \qquad \text {on } \Gamma , \\ \left [{\boldsymbol {\nu } \cdot \nabla _{\mathcal {S}}u}\right ] &= \Psi , \qquad \text {on } \Gamma ,\end {align}


$F$


$\Phi $


$\Psi $


$u = Vf$


$F = f$


$\Phi = 0$


$\Psi = 0$


$u = S\psi $


$F = 0$


$\Phi = 0$


$\Psi = -\psi $


$u = D\varphi $


$F = 0$


$\Phi = \varphi $


$\Psi = 0$


$\mathcal {S}$


$\Omega $


$f\colon \mathcal {S}\to \mathbb {R}$


$\boldsymbol {X}$


$\widetilde {f} = f\circ \boldsymbol {X}$


\begin {align}\sum _{i,j=1}^2 \partial _i\left ( a_{ij}(\boldsymbol {x})\partial _j\widetilde {u}\right ) (\boldsymbol {x})- a(\boldsymbol {x}) \widetilde {u}(\boldsymbol {x})&= \widetilde {f}(\boldsymbol {x}), \qquad \text { in }\Omega \setminus \gamma ,\\ \left [{\widetilde {u}}\right ](\boldsymbol {x}) &= \widetilde {\Phi (\boldsymbol {x})},\qquad \text { on }\gamma ,\\ \sum _{i,j=1}^2 \beta _{ij}(\boldsymbol {x})\left [{\partial _i \widetilde {u}}\right ] (\boldsymbol {x})&= \widetilde {\Psi (\boldsymbol {x})}, \qquad \text { on }\gamma .\end {align}


\begin {equation}a=\kappa \sqrt {g}, \qquad \beta _{ij}=g^{ij}\left (\widetilde {\boldsymbol {\nu }} \cdot \partial _j\boldsymbol {X}\right ), \qquad a_{ij} = \sqrt {g} g^{ij}, \qquad f = \sqrt {g} F. \label {Xeqn27-4.3}\end {equation}


$L$


\begin {equation}L = \sum _{i,j=1}^2 \frac {\partial }{\partial x_i} \left (a_{ij}(\boldsymbol {x})\frac {\partial }{\partial x_j}\right ) - a(\boldsymbol {x}),\qquad a_{ij} (\boldsymbol {x}) = a_{ji} (\boldsymbol {x}),\qquad \boldsymbol {x}\in \Omega . \label {Xeqn28-4.4}\end {equation}


$a_{ij}, a$


$a_{ij}\in C^1(\Omega )$


$a\ge 0$


$L$


$\partial \Omega $


$\Omega $


$\Omega =(-1,1)^2$


$N$


$\Omega $


$h = \frac {2}{N}$


$\overline {\Omega _h}$


\begin {equation}\overline {\Omega _h} =\left \{\left (x_i, y_j\right )=(-1+i h, -1+j h)\mid i, j=0,1, \cdots , N\right \}. \label {Xeqn29-4.5}\end {equation}


$\Omega _h$


$\partial \Omega _h$


\begin {equation}\Omega _h =\left \{\left (x_i, y_j\right )=(-1+i h, -1+j h)\mid i, j=1,2, \cdots , N-1\right \}, \qquad \partial \Omega _h=\overline {\Omega _h} \backslash \Omega _h . \label {Xeqn30-4.6}\end {equation}


$\frac {\partial }{\partial x} a_{11}(x, y) \frac {\partial }{\partial x}+\frac {\partial }{\partial y} a_{22}(x, y) \frac {\partial }{\partial y} - a(x,y)$


$\boldsymbol {x}=(x,y)\in \Omega _h$


\begin {equation}\label {eqn:fds-diag} \begin {aligned} & {h}^{-2} \begin {bmatrix} 0 & a_{22}(x,y+h/2) & 0 \\ a_{11}(x-h/2,y) & \left \{\begin {array}{@{}ll} -a_{11}(x-h/2,y)-a_{11}(x+h/2,y) \\ - a_{22}(x,y+h/2) - a_{22}(x,y-h/2) \end {array}\right \} & a_{11}(x+h/2,y)\\ 0 & a_{22}(x,y-h/2) & 0 \end {bmatrix} \\ &\quad - \begin {bmatrix} 0 & 0 & 0\\ 0 & a(x,y) & 0 \\ 0 & 0 & 0 \end {bmatrix}. \end {aligned}\end {equation}


$\frac {\partial }{\partial x} a_{12}(x, y) \frac {\partial }{\partial y}+\frac {\partial }{\partial y} a_{12}(x, y) \frac {\partial }{\partial x}$


$a_{12}$


$a_{12}(x,y)=a_{21}(x,y) < 0$


\begin {equation}\label {eqn:fds-mixed-1} \renewcommand {\arraystretch }{1.5} \frac {h^{-2}}{2}\left [\begin {array}{@{}ccc} -a_{12}^A-a_{12}^B & a_{12}^A+a_{12}^C & 0 \\ a_{12}^B+a_{12}^D & -a_{12}^C-a_{12}^D-a_{12}^E-a_{12}^F & a_{12}^H+a_{12}^F \\ 0 & a_{12}^E+a_{12}^G & -a_{12}^H-a_{12}^G \end {array}\right ],\end {equation}


$\boldsymbol {x}+\delta h \text { with } \delta $


\begin {equation}\begin {imageonly} \begin {array}{@{}c|cccccccc} & \text { A } & \text { B } & \text { C } & \text { D } & \text { E } & \text { F } & \text { G } & \text { H } \\\midrule \delta & \left (-\frac {1}{2}, 1\right ) & \left (-1, \frac {1}{2}\right ) & \left (0, \frac {1}{2}\right ) & \left (-\frac {1}{2}, 0\right ) & \left (0,-\frac {1}{2}\right ) & \left (\frac {1}{2}, 0\right ) & \left (\frac {1}{2},-1\right ) & \left (1,-\frac {1}{2}\right ). \end {array} \end {imageonly} \label {Xeqn33-4.9}\end {equation}


$a_{12}(x,y)=a_{21}(x,y) > 0$


\begin {equation}\label {eqn:fds-mixed-2} \frac {h^{-2}}{2}\left [\begin {array}{@{}ccc} 0 & -a_{12}^A-a_{12}^C & a_{12}^A + a_{12}^H \vspace {1pt}\\ -a_{12}^B-a_{12}^D & a_{12}^C+a_{12}^D+a_{12}^E+a_{12}^F & -a_{12}^H-a_{12}^F \vspace {1pt}\\ a_{12}^B+a_{12}^G & -a_{12}^E-a_{12}^G & 0 \end {array}\right ]\end {equation}


$\boldsymbol {x}+\delta h \text { with } \delta $


\begin {equation}\begin {imageonly} \begin {array}{@{}c|cccccccc} & \text { A } & \text { B } & \text { C } & \text { D } & \text { E } & \text { F } & \text { G } & \text { H } \\\midrule \delta & \left (\frac {1}{2}, 1\right ) & \left (-1, -\frac {1}{2}\right ) & \left (0, \frac {1}{2}\right ) & \left (-\frac {1}{2}, 0\right ) & \left (0,-\frac {1}{2}\right ) & \left (\frac {1}{2}, 0\right ) & \left (-\frac {1}{2},-1\right ) & \left (1,\frac {1}{2}\right ). \end {array} \end {imageonly} \label {Xeqn35-4.11}\end {equation}


$L_h$


$L_h$


$L_h$


$a_{ij}\in C^{2,1}(\overline {\Omega })$


$|a_{12}(x,y)| < \min (|a_{11}(x,y)|, |a_{22}(x,y)|)$


$h$


$-L_h$


$L u = f$


$u$


$\Omega ^\pm $


$u_{ij}$


$u\left (x_i, y_j\right )$


\begin {equation}L_h u_{ij}=\sum _{\left (x_r, y_s\right ) \in \overline {\Omega _h}} c_{ijrs} u_{rs} = \sum _{\left (x_r, y_s\right ) \in \mathcal {S}_{ij}} c_{ijrs} u_{rs}, \qquad \left (x_i, y_j\right ) \in \Omega _h, \label {Xeqn36-4.12}\end {equation}


$c_{ijrs}$


$a_{ij}, a$


$\mathcal {S}_{ij}$


$L_h$


$(x_i,y_j)$


\begin {equation}\mathcal {S}_{ij}=\left \{\left (x_r, y_s\right ) \in \overline {\Omega _h} \mid c_{ijrs} \neq 0\right \}. \label {Xeqn37-4.13}\end {equation}


$\mathcal {R}_h,\mathcal {I}_h$


\begin {equation}\mathcal {R}_h :=\left \{\left (x_i, y_j\right ) \in \Omega _h \mid \mathcal {S}_{ij} \cap \Omega ^{+}=\emptyset \text { or } \mathcal {S}_{ij} \cap \Omega ^{-}=\emptyset \right \},\qquad \mathcal {I}_h :=\Omega _h \backslash \mathcal {R}_h. \label {Xeqn38-4.14}\end {equation}


$\Omega _\gamma \supset \mathcal {I}_h$


$\gamma $


$u$


$\Omega ^\mp $


${u}|{\Omega ^\pm }$


$u^\pm $


$\Omega ^\pm \cup \Omega _\gamma $


$C = u^+- u^-$


$\Omega _\gamma $


$(x_i, y_j)\in \Omega _h$


\begin {equation}E_{ij} = L_h u\left (x_i, y_j\right )-f\left (x_i, y_j\right ) = D(x_i, y_j; C) + \mathcal {O} (h^2). \label {Xeqn39-4.15}\end {equation}


$D(x_i, y_j; C)$


\begin {equation}D(x_i, y_j; C) = \begin {cases} 0, &\left (x_i, y_j\right ) \in \mathcal {R}_h, \\ -\displaystyle \sum _{\left (x_r, y_s\right ) \in \mathcal {S}_{ij} \cap \Omega ^{-}} c_{ijrs} C\left (x_r, y_s\right ), &\left (x_i, y_j\right ) \in \mathcal {I}_h \cap \Omega ^{+}, \\ \displaystyle \sum _{\left (x_r, y_s\right ) \in \mathcal {S}_{ij} \cap \Omega ^{+}} c_{ijrs} C\left (x_r, y_s\right ), &\left (x_i, y_j\right ) \in \mathcal {I}_h \cap \Omega ^{-} . \end {cases} \label {Xeqn40-4.16}\end {equation}


$c_{ijrs} = \mathcal {O}(h^{-2})$


$E_{ij} = \mathcal {O}(h^{-2})$


$D(x_i, y_j; C)$


$D(x_i, y_j; C)$


$C$


$C_h$


$\mathcal {Z}_h$


\begin {equation}\mathcal {Z}_h=\left (\bigcup _{\left (x_i, y_j\right ) \in \mathcal {I}_h \cap \Omega ^{+}}\left (\mathcal {S}_{ij} \cap \Omega ^{-}\right )\right ) \bigcup \left (\bigcup _{\left (x_i, y_j\right ) \in \mathcal {I}_h \cap \Omega ^{-}}\left (\mathcal {S}_{ij} \cap \Omega ^{+}\right )\right ). \label {Xeqn41-4.17}\end {equation}


$C_h$


$\left |C-C_h\right |\left (x_i, y_j\right )=\mathcal {O}(h^3)$


$\left (x_i, y_j\right ) \in \mathcal {Z}_h$


\begin {equation}\label {correction of scheme} \begin {aligned} L_h u_{ij} & =f\left (x_i, y_j\right )+D(x_i,y_j;C_h), \qquad \left (x_i, y_j\right ) \in \Omega _h . \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \widetilde {E}_{ij} &= L_h u\left (x_i, y_j\right ) - f\left (x_i, y_j\right ) - D(x_i,y_j;C_h) \\ &= E_{ij}- D(x_i,y_j;C_h)= \begin {cases} \mathcal {O}(h^2), &\left (x_i, y_j\right ) \in \mathcal {R}_h, \\ \mathcal {O}(h), & \left (x_i, y_j\right ) \in \mathcal {I}_h. \end {cases} \end {aligned} \label {Xeqn43-4.19}\end {equation}


$|\widetilde {E}_{ij}| \leq ch$


$(x_i,y_j)\in \mathcal {I}_h$


$|\widetilde {E}_{ij} |\leq ch^2$


$(x_i,y_j)\in \mathcal {R}_h$


\begin {equation}|u(x_i,y_j) - u_{ij}| \leq ch^2, \qquad (x_i,y_j)\in \Omega _h, \label {Xeqn44-4.20}\end {equation}


$c$


$u$


$h$


$\mathcal O\bigl (N^2\log (1/\varepsilon )\bigr )$


$\varepsilon $


$N^2$


$C_h$


$f$


$f$


$\Omega _\gamma $


$f^+$


$f^-$


$u$


$u^\pm $


$Lu^\pm = f^\pm $


$\Omega ^\pm \cap \Omega _\gamma $


$u^\pm $


$\bar {f} = f^+ - f^-$


\begin {align}\sum _{i,j=1}^2 \partial _i\left ( a_{ij}\partial _j C\right ) - a C&= \bar {f}, \qquad \text { in }\Omega _\gamma ,\\ C &= \bar {\Phi },\qquad \text { on }\gamma ,\\ \sum _{i,j=1}^2 \beta _{ij}\partial _i C &= \bar {\Psi }, \qquad \text { on }\gamma .\end {align}


$\bar {\Phi }, \bar {\Psi }$


$\gamma $


$C$


$\mathcal {I}_h\subset \Omega _\gamma $


$\gamma $


$\{\boldsymbol {q}_l\}_{l=1}^m\subset \gamma $


$\gamma $


$B_r(\boldsymbol {q}_l)$


$\boldsymbol {q}_l$


$r$


$r$


$\cup _{l=1}^M B_r(\boldsymbol {q}_l) \supset \Omega _\gamma $


$r = \mathcal {O}(h)$


\begin {equation}C_h(\boldsymbol {x}) = \sum _{l = 1}^M \omega _l(\boldsymbol {x}) C_{h, l}(\boldsymbol {x}),\qquad \boldsymbol {x}\in \cup _{l=1}^M B_r(\boldsymbol {q}_l). \label {Xeqn45-4.22}\end {equation}


$\omega _l$


$B_r(\boldsymbol {q}_l)$


$C_{h, l}$


$B_r(\boldsymbol {q}_l)$


\begin {equation}\omega _l(\boldsymbol {x}) = \begin {cases} 1, & l = \operatorname *{arginf}\limits _{k} |\boldsymbol {q}_k -\boldsymbol {x}| ,\\ 0, & \text {else}, \end {cases}\qquad \boldsymbol {x}\in \Omega _\gamma . \label {Xeqn46-4.23}\end {equation}


$0$


$1$


\begin {equation}C_h(\boldsymbol {x}) = C_{h, l}(\boldsymbol {x}),\qquad \text {if } l = \operatorname *{arginf}_{k} |\boldsymbol {q}_k -\boldsymbol {x}|. \label {Xeqn47-4.24}\end {equation}


$C_{h,l}$


$B_r(\boldsymbol {q}_l)$


$C_{h, l}$


\begin {equation}C_{h, l}(\boldsymbol {x}) = \sum _{k = 1}^6 \alpha _{l, k} \phi _k\left (r^{-1}(\boldsymbol {x} - \boldsymbol {q}_l)\right ),\qquad \boldsymbol {x}\in B_r(\boldsymbol {q}_l), \label {Xeqn48-4.25}\end {equation}


$\alpha _{l,k}$


$\phi _k$


\begin {equation}\{\phi _j(x,y)\}_{j=1}^6 = \{1,x,y,x^2,y^2, xy\}. \label {Xeqn49-4.26}\end {equation}


$r^{-1}$


$\phi _k$


$\mathcal {O}(1)$


$\mathcal {O}(r)$


$\alpha _{l,k}$


$\gamma \cap B_r(\boldsymbol {q}_l)$


$\boldsymbol {r}(s)$


$s\in [-1,1]$


$\boldsymbol {r}(0) = \boldsymbol {q}_l$


$B_r(\boldsymbol {q}_l)$


$\gamma \cap B_r(\boldsymbol {q}_l)$


$\{\boldsymbol {p}_{l,s}^{(1)}\}_{s=1}^3$


$\{\boldsymbol {p}_{l,s}^{(2)}\}_{s=1}^2$


$\{\boldsymbol {p}_{l}^{(3)}\}$


\begin {equation}\begin {aligned} &\boldsymbol {p}_{l,1}^{(1)} = \boldsymbol {r}(0),\quad \boldsymbol {p}_{l,2}^{(1)} = \boldsymbol {r}(-1),\quad \boldsymbol {p}_{l,3}^{(1)} = \boldsymbol {r}(1),\\ &\boldsymbol {p}_{l,1}^{(2)} = \boldsymbol {r}(-1),\quad \boldsymbol {p}_{l,2}^{(2)} = \boldsymbol {r}(1),\quad \boldsymbol {p}_{l}^{(3)} = \boldsymbol {q}_l. \end {aligned} \label {Xeqn50-4.27}\end {equation}


\begin {align}\sum _{i,j=1}^2 \partial _i\left ( a_{ij}\partial _j C_{h,l}\right ) (\boldsymbol {p}_{l}^{(3)}) - a C_{h,l}(\boldsymbol {p}_{l}^{(3)})& = \bar {f}(\boldsymbol {p}_{l}^{(3)}),\\ r C_{h,l} (\boldsymbol {p}_{l,s}^{(1)})&= r \bar {\Phi }(\boldsymbol {p}_{l,s}^{(1)}),\qquad s=1,2,3,\\ r^2 \sum _{i,j=1}^2 \beta _{ij}\partial _i C_{h,l}(\boldsymbol {p}_{l,s}^{(2)}) &= r^2 \bar {\Psi }(\boldsymbol {p}_{l,s}^{(2)}), \qquad s=1,2.\end {align}


$r$


$r^2$


$r^{-1}$


$r$


$\sim \mathcal {O}(10^3)$


$r$


$h$


$a_{ij}$


$M$


$1.5h$


$N \times N$


$h$


$M$


$\mathcal {O}(N)$


$\mathcal {O}(N^2)$


$M$


$6\times 6$


$\mathcal {O}(N)$


$N$


$\mathcal {O}(N^2)$


$\Gamma \subset \mathcal {S}$


\begin {equation}\label {eqn:rot ellipse} \left \{\begin {array}{@{}l} x=r_a \cos \theta \cos \alpha -r_b \sin \theta \sin \alpha , \\ y=r_a \cos \theta \sin \alpha +r_b \sin \theta \cos \alpha , \end {array} \qquad \text { for } \theta \in [0,2 \pi ),\right .\end {equation}


$\alpha $


$r_a$


$r_b$


\begin {equation}\left \{\begin {array}{@{}l} x=\left [r_a+\epsilon \cos (m \theta )\right ]\cos (\theta +\alpha ), \\ y=\left [r_b+\epsilon \cos (m \theta )\right ]\sin (\theta +\alpha ), \end {array} \qquad \text { for } \theta \in [0,2 \pi ),\right . \label {Xeqn52-6.2}\end {equation}


$m$


$\epsilon $


$\texttt {tol} = 1.0 \times 10^{-8}$


$\mathcal {S}$


\begin {equation}\begin {aligned} \boldsymbol {X}\colon & {[-1,1]^2 \rightarrow \mathbb {R}^3, } \\ & (u, v) \mapsto (3u + v, u-2v, u^3 + v^3) . \end {aligned}\label {Xeqn53-6.3}\end {equation}


$\Gamma $


\begin {equation}r_a = 0.7,\qquad r_b = 0.4,\qquad \alpha = 3\pi / 5. \label {Xeqn54-6.4}\end {equation}


$\Gamma $


\begin {equation}u(x, y,z) = \mathrm {e}^{\frac {2x+y}{7}}\cos {\frac {x - 3y}{7}},\qquad (x,y,z)\in \mathcal {S}, \label {Xeqn55-6.5}\end {equation}


$\kappa = 5$


$\times $


$\times $


$h \to 0$


$\mathcal {S}$


\begin {equation}\begin {aligned} \boldsymbol {X}\colon & {[-1,1]^2 \rightarrow \mathbb {R}^3, } \\ & (u, v) \mapsto \left (u\sin {v}, u\cos {v}, v\right ), \end {aligned} \label {Xeqn56-6.6}\end {equation}


$\frac {\kappa ^+}{\beta ^+} = \frac {\kappa ^-}{\beta ^-} =1$


$\beta ^+ = \kappa ^+ = 3$


$\beta ^- = \kappa ^- = 1$


$\Gamma \subset \mathcal {S}$


\begin {equation}\begin {array}{@{}l} u^+(x, y, z) = \sin {x} \sin {y} \sin {z}, \\ u^-(x, y, z)=(x^2 -z-1)(y^2+z-1), \end {array}\qquad (x,y,z)\in \mathcal {S}. \label {Xeqn57-6.7}\end {equation}


$\times $


\begin {equation}\begin {aligned} \boldsymbol {X}\colon & {[-1,1]^2 \rightarrow \mathbb {R}^3, } \\ & (u, v) \mapsto \left (u, v, u^2-v^2\right ) . \end {aligned} \label {Xeqn58-6.8}\end {equation}


$\Gamma $


\begin {equation}r_a = 0.7,\qquad r_b = 0.4,\qquad \alpha = 6\pi / 7,\qquad \epsilon = 0.3,\qquad m = 3. \label {Xeqn59-6.9}\end {equation}


\begin {equation}\begin {aligned} &u^+(x,y,z)=z\mathrm {e}^x\cos y,\qquad \\ &u^-(x,y,z)=z\mathrm {e}^y\sin x, \end {aligned}\qquad (x,y,z)\in \mathcal {S}. \label {Xeqn60-6.10}\end {equation}


$128 \times 128$


$\kappa /\beta $


$c$


$\frac {\kappa ^+}{\beta ^+} = \frac {\kappa ^-}{\beta ^-} = c$


$c$


$128\times 128$


$c = 1.0\times 10^{\pm 3}$


$c = 1$


$q = \beta ^+/\beta ^-$


$\beta $


$q$


$q = \beta ^+/\beta ^-$


$\mathcal {S}$


\begin {equation}\begin {aligned} \boldsymbol {X}\colon & {[-1.4,1.4]^2 \rightarrow \mathbb {R}^3, } \\ & (u, v) \mapsto \left (u, v, u^2 + v^2\right ), \end {aligned} \label {Xeqn61-6.11}\end {equation}


$\frac {\kappa ^+}{\beta ^+} = 3, \frac {\kappa ^-}{\beta ^-} =0.5$


$\Gamma $


\begin {equation}r_a = 0.7,\qquad r_b = 0.7,\qquad \alpha = 11\pi / 13,\qquad \epsilon = 0.3,\qquad m = 5. \label {Xeqn62-6.12}\end {equation}


\begin {equation}\begin {array}{@{}l} u^+(x, y, z) = \cos (x + y)\sin z, \\ u^-(x, y, z)=(x^2 -1)(y^2-1), \end {array}\qquad (x,y,z)\in \mathcal {S}. \label {Xeqn63-6.13}\end {equation}


$\times $


$\kappa /\beta $


$\kappa ^\pm = 1$


$\beta ^+ = 1$


$\beta ^-$


$\beta $


$\beta $


$\mathbb {T}^2\subset \mathbb {R}^3$


\begin {equation}\label {eqn:torus parametrization} \begin {aligned} \boldsymbol {X}\colon &(\mathbb {R}/2\pi \mathbb {Z})^2\to \mathbb {R}^3\\ &(u,v)\mapsto \left ((R+r\sin u)\cos v, (R+r\sin u)\sin v,r\cos u\right ), \end {aligned}\end {equation}


$R,r>0$


\begin {align}&R=2.0,\qquad \qquad \qquad r=0.8,\\ &\beta ^\pm =1.25\pm 0.75,\qquad \kappa ^\pm =1.25\pm 0.75.\end {align}


$\Gamma _1$


$\Gamma _2$


\begin {equation}\begin {aligned} &\Gamma _1\colon \quad r_a = 1.0,\qquad r_b = 0.6,\qquad \alpha = 9\pi / 13,\\ &\Gamma _2\colon \quad r_a = 0.6,\qquad r_b = 0.6,\qquad \alpha = \pi / 4,\qquad \epsilon = 0.4,\qquad m = 3. \end {aligned} \label {Xeqn65-6.16}\end {equation}


\begin {equation}\begin {array}{@{}l} u^+(u, v) = \sin {u} \cos {v}, \\ u^-(u , v)= \cos {u} \sin {v}, \end {array}\qquad (u, v)\in \Omega . \label {Xeqn66-6.17}\end {equation}


$\Gamma _1$


$\Gamma _2$


$\Gamma _1$


$\times $


$\Gamma _2$


$\times $


$\Gamma _1$


$\Gamma _1$


$\beta $


$\Gamma $


$\kappa = 0$


$\kappa = 0$


$\times $


$\mathbb {T}^2\subset \mathbb {R}^3$


\begin {equation}\label {eqn:elliptical torus parametrization} \begin {aligned} \boldsymbol {X}\colon &(\mathbb {R}/2\pi \mathbb {Z})^2\to \mathbb {R}^3\\ &(u,v)\mapsto \left ((R+a\sin u)\cos v, (R+a\sin u)\sin v, b\cos u\right ), \end {aligned}\end {equation}


$R$


$a$


$b$


$\Gamma $


\begin {equation}r_a = 0.7,\qquad r_b = 0.7,\qquad \alpha =0,\qquad \epsilon = 0.5,\qquad m = 5. \label {Xeqn68-6.19}\end {equation}


\begin {equation}\nabla _{\mathcal {S}}\cdot \left (\beta \nabla _{\mathcal {S}}u\right ) - \kappa u= 0, \qquad \text {in } \mathcal {S}\setminus \Gamma , \label {Xeqn69-6.20}\end {equation}


\begin {align}{[}u] &= H, \qquad \qquad \text {on} \ \Gamma , \nonumber \\ {[}\beta \nu \cdot \nabla _S u] &= K, \qquad \qquad \text {on} \ \Gamma , \label {Xeqn70-6.21}\end {align}


$H$


$K$


\begin {equation}\begin {aligned} H &= \frac {1}{2} \left ( \frac {a}{b(R + a\sin u)} + \frac {b(R + a\sin u)}{a^2\cos ^2 u + b^2\sin ^2 u} \right ), \\ K &= \frac {ab}{(a^2\cos ^2 u + b^2\sin ^2 u)(R + a\sin u)^2}, \end {aligned} \label {Xeqn71-6.22}\end {equation}


$R=1.5$


$a=1.0$


$b = 0.6$


$\beta ^+=2.0$


$\beta ^- = 0.5$


$\kappa ^+=2.0$


$\kappa ^-=0.5$


$1024 \times 1024$


$\times $


$17$


$1139.77$


$\mathcal {D}\subset \mathbb {R}^3$


\begin {equation}\begin {aligned} \boldsymbol {X}\colon &(\mathbb {R}/2\pi \mathbb {Z})^2\to \mathbb {R}^3\\ &(u,v)\mapsto \left (\frac {d(c-a\cos u\cos v)+b^2\cos u}{a-c\cos u\cos v},\frac {b\sin u\,(a-d\cos v)}{a-c\cos u\cos v},\frac {b\sin v\,(c\cos u-d)}{a-c\cos u\cos v}\right ). \end {aligned} \label {Xeqn72-6.23}\end {equation}


$a=1,b=1,c=-0.3,d=0.5$


$\beta ^\pm = 1.9\pm 1.1$


$\kappa ^\pm =1.9\pm 1.1$


\begin {equation}\begin {array}{@{}l} u^+(u, v) = \sin {u} \sin {v}, \\ u^-(u , v)= \cos {u} \cos {v}, \end {array}\qquad (u, v)\in \Omega . \label {Xeqn73-6.24}\end {equation}


$\times $


$\kappa $


$\beta $


$\beta $
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involve embedding the surface into an expanded Euclidean space and extending the solution to the PDE beyond the surface. This 
category includes the closest point method [20,21], the narrow band finite element method [22,23], and the trace finite element 
method [24,25]. The extended solution typically satisfies a simplified PDE, facilitating easier numerical discretization. Moreover, 
straightforward computational meshes can be generated in the Euclidean space without necessitating alignment with the complex 
surface.

For the solution of PDEs with interfaces, the inherent lack of smoothness at sharp interfaces leads to a loss of convergence 
and accuracy for standard discretizations. The jump conditions can be addressed through the employment of an interface-fitted 
computational mesh. Nonetheless, generating such high-quality fitted triangular meshes poses a non-trivial and time-consuming 
challenge. Consequently, extensive research over recent decades has concentrated on the development of unfitted mesh-based methods 
for solving interface problems. This encompasses finite difference-type methods, such as the immersed interface method [26,27], the 
matched interface and boundary method [28,29], and the kernel-free boundary integral method (KFBI) [30–32], as well as finite 
element-type approaches, including the immersed finite element method [33,34]. Unfitted mesh-based methods permit the interface 
to traverse mesh nodes and utilize local strategies to accurately handle the solution jump at the interface while preserving global 
convergence and efficiency.

There is a paucity of studies concerning numerical methods for surface interface problems, primarily due to the intricate challenges 
inherent in handling both the underlying surface and the on-surface interface.  Anita Mayo pioneered the approach of embedding 
irregular domains into a regular Cartesian grid, combining boundary integral equations with fast Poisson solvers to achieve highly 
accurate numerical solutions [35,36]. Subsequently, Mayo and Greenbaum extended this framework by coupling Mayo’s integral 
equation–finite difference method with Greenbaum’s iterative algorithms to efficiently solve the dense, nonsymmetric linear systems 
arising from such discretizations on irregular domains [37]. The local tangential lifting method mitigates this issue by discretizing 
the surface PDE via a lifting process onto the tangent plane and utilizing an immersed boundary approach with a regularized delta 
function to solve the moving interface problem on surfaces [38]. Furthermore, there has been a concerted effort to adapt the immersed 
finite element method for surface interface problems [39–41].

The boundary integral method has demonstrated success in solving interface problems, attributed to its high efficiency through 
dimension reduction and superior accuracy. Nonetheless, in the context of a curved two-dimensional manifold, which results in 
variable coefficients, the absence of a closed-form Green’s function renders the conventional boundary integral method ineffective. 
Among the recent literature, notable contributions include Goodwill and O’Neil’s parametrix method [42] and Kropinski et al.’s 
FMM-accelerated Laplace-Beltrami solver [43,44].

The key advantage of the KFBI method lies in its generalization of traditional boundary integral equation (BIE) frameworks while 
avoiding their inherent limitations. For example, in interface problems with discontinuous coefficients, the KFBI approach naturally 
enforces jump conditions via implicit boundary integrals, bypassing the cumbersome layer-potential evaluations required by classical 
methods. Furthermore, its compatibility with standard PDE discretizations (e.g., finite differences or finite volumes) enables seamless 
integration into existing computational workflows.

This work extends the KFBI methodology to elliptic PDEs on curved surfaces, emphasizing its capability to handle both boundary 
value and interface problems with unmatched simplicity and robustness. Numerical experiments validate the method’s performance 
against analytical solutions and benchmark problems, underscoring its potential as a versatile tool for surface PDE simulations.

This paper is organized as follows: Section 2 provides preliminary results on the geometry of embedding surfaces and formulates the 
surface elliptic PDE problems, including the boundary value problems and the interface problems. Section 3 introduces the boundary 
integral formulations corresponding to various surface PDEs. Based on the boundary integral formulations, kernel-free boundary 
integral methods for solving surface boundary value problems and interface problems are proposed in Section 4. The algorithms are 
summarized in Section 5. Extensive numerical experiments are reported in Section 6, demonstrating the accuracy and efficiency of 
the proposed methods. Finally, some conclusions are drawn in Section 7.

2.  Elliptic PDEs on surfaces

2.1.  Geometry of embedding surfaces

As illustrated in Fig. 1, consider a smooth 2-dimensional Riemannian manifold  ⊂ ℝ3, which can be closed or open. Suppose 
 has a regular parameterization 𝑿(𝝃), where 𝝃 = (𝜉1, 𝜉2) ∈ ℝ2 and 𝑿 ∶ ℝ2 → ℝ3 is the embedding map. We denote by Ω ⊂ ℝ2 the 
preimage of , and assume, without loss of generality, that Ω is a planar rectangular domain. Let Γ = 𝑿(𝛾) be a closed smooth curve 
on , where 𝛾 ⊂ Ω is a simple closed curve defined by 𝒓(𝑠) = (𝑟1(𝑠), 𝑟2(𝑠))𝑇  with 0 < 𝑠 < |𝛾| being the arc-length parameter. Suppose 𝛾
separates Ω into the interior region Ω+ and the exterior region Ω− whose images under 𝑿 are + and −, such that Γ = + ∩ −.

Denote 𝜕𝑖 ∶= 𝜕𝜉𝑖  for 𝑖 = 1, 2. The Riemannian metric tensor 𝐠 = (𝑔𝑖𝑗 ) on  can be defined as

𝑔𝑖𝑗 ∶= 𝜕𝑖𝑿 ⋅ 𝜕𝑗𝑿, 𝑔 ∶= det 𝐠, 𝑔𝑖𝑗 ∶= (𝐠−1)𝑖𝑗 , 𝑖, 𝑗 = 1, 2. (2.1)

Let 𝒆 denote the unit tangent vector of Γ, 𝒏 the normal vector of , and let 𝝂 be the outer conormal vector, which is considered 
tangent to  and normal to Γ, i.e.

𝒆 = 𝜕𝑠(𝑿◦𝒓) =
2
∑

𝑖=1
𝜕𝑠𝑟𝑖𝜕𝑖𝑿, 𝒏 =

𝜕1𝑿 × 𝜕2𝑿
|𝜕1𝑿 × 𝜕2𝑿|

, 𝝂 = 𝒆 × 𝒏. (2.2)

Journal of Computational Physics 562 (2026) 115004 

2 



P. Yin, W. Ying, Y. Zhang et al.

Fig. 1. A schematic illustration of a parametric surface and an irregular domain defined on it.

The differential operators with respect to  are defined as follows:

∇𝑓 ∶=
∑

1≤𝑖,𝑗≤2
𝑔𝑖𝑗𝜕𝑖𝑓𝜕𝑗𝑿, ∇ ⋅ 𝒇 ∶= Tr(∇𝒇 ) =

2
∑

𝑖=1

1
√

𝑔
𝜕𝑖(

√

𝑔𝑓𝑖), (2.3)

where 𝒇 = 𝑓1𝜕1𝑿 + 𝑓2𝜕2𝑿. Consequently, the Laplace-Beltrami operator Δ (also termed the surface Laplacian) on  is given by

Δ𝑓 ∶= ∇ ⋅ ∇𝑓 =
∑

1≤𝑖,𝑗≤2

1
√

𝑔
𝜕𝑖
(√

𝑔𝑔𝑖𝑗𝜕𝑗𝑓
)

. (2.4)

Given a piecewise 𝐶1 function 𝑓 ∶  → ℝ, we define the jump of 𝑓 and its normal derivative across the interface at 𝒑 ∈ Γ. To this 
end, consider a curve 𝒚(𝑠) on  such that 𝒚(0) = 𝒑 and 𝒚′(0) = 𝝂(𝒑), where 𝝂 is the conormal vector. The jump of 𝑓 and its normal 
derivative  are then defined as follows: 

[𝑓 ](𝒑) = 𝑓 |Γ+ (𝒑) − 𝑓 |Γ− (𝒑) ∶= lim
𝜀→0+

(𝑓◦𝒚)(−𝜀) − (𝑓◦𝒚)(𝜀), (2.5a)
[

𝝂 ⋅ ∇𝑓
]

(𝒑) = 𝝂 ⋅ ∇𝑓 |Γ+ (𝒑) − 𝝂 ⋅ ∇𝑓 |Γ− (𝒑)

∶= lim
𝜀→0+

𝝂 ⋅ ((∇𝑓◦𝒚)(−𝜀) − (∇𝑓◦𝒚)(𝜀)). (2.5b)

Lemma 2.1  (Divergence theorem, [45]).  Let  be a compact orientable 𝐶2-hypersurface with normal vector field 𝒏, let 𝒇 ∈ [𝐶1()]3. 
Then it holds that

∫
∇ ⋅ 𝒇 +𝐻𝒇 ⋅ 𝒏 d𝜇 = ∫𝜕𝑆

𝒇 ⋅ 𝝂 d𝑠, (2.6)

where 𝜇 is the Riemannian measure on , 𝐻 denotes the mean curvature and 𝝂 represents the outer unit conormal to 𝜕. 
Lemma 2.2  (Green’s identity, [45]).  Suppose 𝑓 ∈ 𝐶2(), 𝑔 ∈ 𝐶1(), then

∫
𝑔Δ𝑓 + ∇𝑓 ⋅ ∇𝑔 d𝜇 = ∫𝜕𝑆

𝑔∇𝑓 ⋅ 𝝂 d𝑠. (2.7)

2.2.  Boundary value problem

We consider boundary value problems on an open surface + with a smooth boundary 𝜕+. Let 𝜅 ≥ 0 be a constant coefficient. 
Given the function 𝑓 ∶ + → ℝ, the boundary value problem for an elliptic PDE is formulated as finding a solution 𝑢 ∶ + → ℝ such 
that

Δ𝑢 − 𝜅𝑢 = 𝑓,  in +, (2.8)

subject to either the Dirichlet boundary condition
𝑢 = 𝑔𝐷,  on 𝜕+, (2.9)

or the Neumann boundary condition 
𝝂 ⋅ ∇𝑢 = 𝑔𝑁 ,  on 𝜕+. (2.10)

Here, 𝑔𝐷 and 𝑔𝑁  are the Dirichlet and Neumann boundary data, respectively. The Dirichlet problem admits a unique solution for all 
𝜅 ≥ 0, whereas the Neumann problem is uniquely solvable only when 𝜅 > 0. If 𝜅 = 0,  as a direct result of the Fredholm Alternative, 
the Neumann data 𝑔𝑁  must satisfy the compatibility condition

∫+
𝑓 d𝜇 = ∫𝜕+

𝑔𝑁 d𝑠, (2.11)

in which case the solution is determined only up to an additive constant.
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2.3.  Interface problem

Now we consider the elliptic interface problem defined on a given surface . Let 𝛽(𝒑) and 𝜅(𝒑) be piecewise constant diffusion 
and reaction coefficients, with 𝛽 ≡ 𝛽± > 0 and 𝜅 ≡ 𝜅± ≥ 0 in ±. For an open surface, we further assume that the internal interface Γ
lies away from the boundary 𝜕; that is, dist(Γ, 𝜕) > 0. Suppose 𝑓 is a piecewise smooth function on . Then the elliptic interface 
problem for the solution 𝑢 is formulated as follows:

∇ ⋅
(

𝛽∇𝑢
)

− 𝜅𝑢 = 𝑓, in  ⧵ Γ, (2.12)

subject to interface conditions 
[𝑢] = 𝑔1,  on Γ, (2.13a)

[

𝛽𝝂 ⋅ ∇𝑢
]

= 𝑔2,  on Γ, (2.13b)

where 𝑔1 and 𝑔2 are two given functions defined on Γ. If  is open, an additional boundary condition must be imposed on 𝜕. For 
example, the Dirichlet boundary condition

𝑢 = 𝑔0 on 𝜕 , (2.14)

where 𝑔0 is the prescribed boundary data. If  is closed (and hence has no boundary), then when 𝜅 ≡ 0 the problem has a nontrivial 
nullspace. Therefore, in such cases we assume that either 𝜅+ ≠ 0 or 𝜅− ≠ 0, so that the problem admits a unique solution.

3.  Boundary integral formulations

The boundary value and interface problems described in the previous section are reformulated as boundary integral equations in 
this section.

3.1.  Integral operators

Let 𝒑 and 𝒒 be points in . Let 𝛿(⋅) be the surface Dirac delta function, defined as a distribution on  satisfying

∫
𝜙(𝒒) 𝛿(𝒑 − 𝒒) d𝜇 = 𝜙(𝒑), ∀𝜙 ∈ 𝐶∞

𝑐 (), (3.1)

where 𝐶∞
𝑐 () represents the space of smooth functions with compact support. We define the Green’s function 𝐺(𝒑, 𝒒) on  with respect 

to the elliptic operator Δ − 𝜅 by
(Δ ,𝒒 − 𝜅)𝐺(𝒑, 𝒒) = 𝛿(𝒑 − 𝒒), 𝒒 ∈  , (3.2)

where Δ ,𝒒 is the Laplace-Beltrami operator acting on the 𝒒-variable. For an open surface , the following homogeneous boundary 
condition is imposed to guarantee its existence and uniqueness:

𝐺(𝒑, 𝒒) = 0, 𝒒 ∈ 𝜕 . (3.3)

The Laplace-Beltrami operator can be viewed as a variable-coefficient elliptic differential operator. In certain special geometries, 
such as the sphere, one can write down the Green’s function explicitly [44]. However, for a generic smooth surface, no closed-form 
expression is available. Rather than resorting to parametrix or Levi-function constructions [42,46], which trade off the general utility 
of the Green’s function for analytic formulas, we rely solely on the layer-potential framework built from the Green’s function’s abstract 
properties, without requiring its explicit form.

For a point 𝒑 ∈ , we define the following potential functions, 

Volume potential∶ (𝑉 𝑓 )(𝒑)∶= ∫
𝑓 (𝒒)𝐺(𝒑, 𝒒) d𝜇𝒒 , (3.4a)

Single-layer potential∶ (𝑆𝜓)(𝒑) ∶= ∫Γ
𝜓(𝒒)𝐺(𝒑, 𝒒) d𝑠𝒒 , (3.4b)

Double-layer potential∶ (𝐷𝜑)(𝒑) ∶= ∫Γ
𝜑(𝒒)𝝂(𝒒) ⋅ ∇ ,𝒒𝐺(𝒑, 𝒒) d𝑠𝒒 . (3.4c)

For 𝒑 ∈  ⧵ Γ, the integrands are smooth, so the corresponding potentials are finite and smooth on  ⧵ Γ. Moreover, applying the 
differential operator Δ − 𝜅 to the potential functions (3.4) yields

(Δ − 𝜅)𝑉 𝑓 = 𝑓, (Δ − 𝜅)𝑆𝜓 = 0, (Δ − 𝜅)𝐷𝜑 = 0, in ∖Γ. (3.5)

For 𝒑 ∈ Γ, both 𝑉 𝑓 and 𝑆𝜓 are continuous at 𝒑. Hence, traces of 𝑉 𝑓 and 𝑆𝜓 on Γ are denoted using the same notation for 
simplicity. Since the integral 𝐷𝜑 on Γ is divergent, we interpret it as a principal value integral and denote it by 𝐾𝜑, i.e.

(𝐾𝜑)(𝒑) ∶= p.v.∫Γ
𝜑(𝒒)𝝂(𝒒) ⋅ ∇ ,𝒒𝐺(𝒑, 𝒒) d𝑠𝒒 = 1

2
((𝐷𝜑)|Γ+ + (𝐷𝜑)|Γ− )(𝒑). (3.6)

Correspondingly, the double-layer potential is discontinuous on Γ and satisfies the following jump relation,
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(𝐷𝜑)|Γ+ (𝒑) − (𝐷𝜑)|Γ− (𝒑) = 𝜑(𝒑). (3.7)

The normal derivative of 𝐷𝜑 is also continuous across Γ.
The normal derivative of 𝑉 𝑓 remains continuous across Γ, whereas the normal derivative of the single-layer potential satisfies the 

following jump relation 
𝝂 ⋅ ∇ (𝑆𝜓)|Γ+ (𝒑) − 𝝂 ⋅ ∇ (𝑆𝜓)|Γ− (𝒑) = −𝜓(𝒑). (3.8)

The adjoint double-layer integral is defined by

(𝐾 ′𝜑)(𝒑) ∶= p.v.∫Γ
𝜑(𝒒)𝝂(𝒑) ⋅ ∇𝑆,𝒑𝐺(𝒑, 𝒒) d𝑠𝒒

= 1
2
(

𝝂 ⋅ ∇ (𝑆𝜓)|Γ+ + 𝝂 ⋅ ∇ (𝑆𝜓)|Γ−
)

(𝒑).
(3.9)

and its normal derivative is also continuous. The hyper-singular integral operator is defined as follows 

(𝐻𝜑)(𝒑) ∶= f.p.∫Γ
𝝂𝑇 (𝒑)

(

∇𝑆,𝒑∇ ,𝒒𝐺(𝒑, 𝒒)
)

𝝂(𝒒)𝜑(𝒒) d𝑠𝒒 , (3.10)

where the notation f.p. means the Hadamard finite part integral.
For a detailed discussion of the above integral operators and their associated jump relations, we refer the reader to [47,48].

3.2.  Boundary value problem

Analogous to the planar case in [30], the solution 𝑢(𝒑) to the Dirichlet BVP (2.8)–(2.9) can be expressed as a sum of a  volume 
potential and a double-layer potential:

𝑢(𝒑) = 𝑉 𝑓 (𝒑) +𝐷𝜑(𝒑), in  , (3.11)

where the density 𝜑(𝒑) satisfies a Fredholm boundary integral equation (BIE) of the second kind as follows:
1
2
𝜑(𝒑) +𝐾𝜑(𝒑) + 𝑉 𝑓 (𝒑) = 𝑔𝐷(𝒑), on Γ. (3.12)

The derivation follows an approach similar to that in [31] by applying the Green’s identities (2.6)–(2.7). Details are omitted here for 
brevity.

Similarly, the solution to  the Neumann BVP (2.8)&(2.10) can be expressed in terms of a  volume potential and a single-layer 
potential:

𝑢(𝒑) = 𝑉 𝑓 (𝒑) − 𝑆𝜓(𝒑), in  . (3.13)

The density function 𝜓(𝒑) is required to satisfy the following BIE:
1
2
𝜓(𝒑) −𝐾 ′𝜓(𝒑) + 𝝂 ⋅ ∇ (𝑉 𝑓 )(𝒑) = 𝑔𝑁 (𝒑), on Γ. (3.14)

Since the Green’s function can be viewed as a perturbation of the Green’s function in Euclidean space by a more regular term, 
the operators 𝐾 and 𝐾 ′ remain compact, with spectra clustered around zero [49]. Consequently, the operators 12 +𝐾 and 12 −𝐾 ′

have spectra clustered around 1∕2, which is away from zero. This spectral property enables the use of Krylov subspace iterative 
methods, such as GMRES, to efficiently solve the resulting discrete linear system, provided the discrete operators exhibit similar 
spectral behavior.

3.3.  Interface problem

For the generic case when 𝜅+∕𝛽+ ≠ 𝜅−∕𝛽−, the Green’s functions associated with the differential operators in + and − must be 
defined separately. Let 𝐺±(𝒑, 𝒒) be the Green’s function associated with the interface problem with variable coefficient in ±, which 
satisfies

(

Δ ,𝒒 −
𝜅±

𝛽±

)

𝐺±(𝒑, 𝒒) = 𝛿(𝒑 − 𝒒), 𝒒 ∈ ±. (3.15)

Similar to the previous work [31], the single-layer, double-layer, adjoint double-layer, and hyper-singular boundary integrals need 
to be defined for both the interior and exterior regions. We denote the associated integral operators as 𝑉 ±, 𝐾±, 𝑆±, (𝐾 ′)±,𝐻±.

Let 𝜑 = 𝑢+, 𝜓 = 𝝂 ⋅ ∇𝑢− be two unknown density functions. Applying the interface conditions (2.13), we can derive the following 
system of equations: 

1
2
𝜑 = 𝐾+𝜑 − 𝑆+𝜓 − 𝑆+𝑔𝑁 + 𝑉 +𝑓+, (3.16a)

1
2
(𝜑 − 𝑔𝐷) = −𝐾−𝜑 + 𝑆−𝜓 +𝐾−𝑔𝐷 + 𝑉 −𝑓−, (3.16b)

1
2
(𝜓 + 𝑔𝑁 ) = 𝐻+𝜑 − (𝐾 ′)+𝜓 − (𝐾 ′)+𝑔𝑁 + 𝛽+𝝂 ⋅ ∇𝑉

+𝑓+, (3.16c)
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1
2
𝜓 = −𝐻−𝜓 + (𝐾 ′)−𝜓 +𝐻−𝑔𝐷 + 𝛽−𝝂 ⋅ ∇𝑉

−𝑓−. (3.16d)

Adding (3.16a) to (3.16b), (3.16c) to (3.16d), and rearranging the terms, the interface problem is reformulated as a system of two 
Fredholm integral equations of the second kind: for 𝒒 ∈ , 

𝜑 −
(

𝐷+ −𝐷−)𝜑 +
(

𝑆+ − 𝑆−)𝜓 = 𝑟(𝐪), (3.17a)

−
(

𝐻+ −𝐻−)𝜑 + 𝜓 +
(

(𝐾 ′)+ − (𝐾 ′)−
)

𝜓 = 𝑠(𝐪), (3.17b)

where 𝑟, 𝑠 are given by 

𝑟(𝐪) ∶= 1
2
𝑔𝐷 + 𝑉 +𝑓+ + 𝑉 −𝑓− − 𝑆+𝑔𝑁 +𝐷−𝑔𝐷, (3.18a)

𝑠(𝐪) ∶= −1
2
𝑔𝑁 + 𝛽+𝝂 ⋅ ∇𝑉

+𝑓+ + 𝛽−𝝂 ⋅ ∇𝑉
−𝑓− − (𝐾 ′)+𝑔𝑁 +𝐻−𝑔𝐷. (3.18b)

After solving the boundary integral equation system to determine 𝜑 and 𝜓 , the solutions 𝑢+ and 𝑢− are then obtained by evaluating 
the following integrals: 

𝑢+(𝒑) = 𝐷+𝜑 − 𝑆+𝜓 − 𝑆+𝑔𝑁 + 𝑉 +𝑓+, (3.19a)

𝑢−(𝒑) = −𝐷−𝜑 + 𝑆−𝜓 + 𝑆−𝑔𝑁 + 𝑉 −𝑓−. (3.19b)

In the special case when 𝜅+∕𝛽+ = 𝜅−∕𝛽−, one can derive a simple boundary integral equation of the second kind with one unknown 
density function. To this end, we define the following Green’s function:

(

Δ ,𝒒 −
𝜅±

𝛽±

)

𝐺(𝒑, 𝒒) = 𝛿(𝒑 − 𝒒), 𝒒 ∈  . (3.20)

Let 𝜓 be an unknown single-layer density. In a manner similar to [31], one can express the solution as a linear combination of 
the single-layer, double-layer and  volume potential, i.e.

𝑢(𝒑) = 𝐷𝑔1(𝒑) − 𝑆𝜓(𝒑) + 𝑉 𝑓 (𝒑), 𝑓 (𝒑) ∶= 𝑓 (𝒑)∕𝛽(𝒑), 𝒑 ∈  . (3.21)

One can easily verify that the above representation satisfies the PDE (2.12), the interface condition (2.13a), and the jump con-
dition [𝝂 ⋅ ∇𝑢

]

= 𝜓 . As long as 𝑢 also satisfies the interface condition (2.13b), it will serve as a solution to the interface problem
(2.12)–(2.13).

By taking the derivative of 𝑢 in the conormal direction, we obtain

𝐻𝑔1 −𝐾 ′𝜓 + 𝝂 ⋅ ∇ (𝑉 𝑓 ) = 𝝂 ⋅ ∇𝑢|Γ+ − 1
2
𝜓 = 𝝂 ⋅ ∇𝑢|Γ− + 1

2
𝜓, 𝒑 ∈ Γ. (3.22)

Applying the interface condition (2.13b) results in a boundary integral equation of the second kind for the density 𝜓 :

𝜓 − 2𝐴𝛽𝐾 ′𝜓 = 2
𝛽+ + 𝛽−

𝑔2 − 2𝐴𝛽 (𝐻𝑔1 + 𝝂 ⋅ ∇ (𝑉 𝑓 )) ∶= 𝑔̂2,  on Γ, (3.23)

where 𝐴𝛽 = (𝛽+ − 𝛽−)∕(𝛽+ + 𝛽−) ∈ (−1, 1) is the Atwood ratio. For 𝛽± ≠ 0, the integral equation above with a homogeneous right-hand 
side admits only the zero solution. Hence, by the Fredholm Alternative, the boundary integral Eq. (3.23) is uniquely solvable and has 
a bounded inverse.

4.  Kernel-free boundary integral method

In this section, we introduce the kernel-free boundary integral method for evaluating boundary and volume integrals by solving 
equivalent interface problems on a Cartesian grid with a finite difference method.

4.1.  Equivalent interface problems

Rather than interpreting the  volume potential, the single-layer potential, and the double-layer potential through their integral 
representations, we regard them as solutions of simpler interface problems, with their jump relations given in Section 3.1.

The interface problems corresponding to the three potentials 𝑉 𝑓 , 𝑆𝜓 , and 𝐷𝜑 can be unified in the following form, 
Δ𝑢 − 𝜅𝑢 = 𝐹 , in  ⧵ Γ, (4.1a)

[𝑢] = Φ, on Γ, (4.1b)
[

𝝂 ⋅ ∇𝑢
]

= Ψ, on Γ, (4.1c)

where the source term 𝐹  and jump data Φ, Ψ are specified as follows,

• 𝑢 = 𝑉 𝑓 : 𝐹 = 𝑓 , Φ = 0, Ψ = 0;
• 𝑢 = 𝑆𝜓 : 𝐹 = 0, Φ = 0, Ψ = −𝜓 ;
• 𝑢 = 𝐷𝜑: 𝐹 = 0, Φ = 𝜑, Ψ = 0.
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These interface problems are significantly simpler than the boundary value problem (2.8) and the original interface problem (2.12), 
as they involve constant coefficients and known density functions. This enables the construction of numerical schemes that require 
only right-hand side corrections and can be efficiently solved using fast elliptic solvers. As a result, one no longer needs an explicit 
analytical expression for the Green’s function to perform numerical quadrature, and (nearly) singular integrals can be completely 
avoided.

For numerical convenience, we pull back functions on  to the planar domain Ω. For a surface function 𝑓 ∶  → ℝ, we denote its 
pullback under the parametrization 𝑿 by 𝑓 = 𝑓◦𝑿. Then the interface problem (4.1) can be reformulated as an interface problem on 
a  planar domain with variable coefficients 

2
∑

𝑖,𝑗=1
𝜕𝑖
(

𝑎𝑖𝑗 (𝒙)𝜕𝑗 𝑢̃
)

(𝒙) − 𝑎(𝒙)𝑢̃(𝒙) = 𝑓 (𝒙),  in Ω ⧵ 𝛾, (4.2a)

[

𝑢̃
]

(𝒙) = Φ̃(𝒙),  on 𝛾, (4.2b)
2
∑

𝑖,𝑗=1
𝛽𝑖𝑗 (𝒙)

[

𝜕𝑖𝑢̃
]

(𝒙) = Ψ̃(𝒙),  on 𝛾. (4.2c)

where the spatially dependent functions are given by
𝑎 = 𝜅

√

𝑔, 𝛽𝑖𝑗 = 𝑔𝑖𝑗
(

𝝂 ⋅ 𝜕𝑗𝑿
)

, 𝑎𝑖𝑗 =
√

𝑔𝑔𝑖𝑗 , 𝑓 =
√

𝑔𝐹 . (4.3)

4.2.  Corrected finite difference scheme

A finite difference scheme is devised for solving the interface problem (4.2), with right-hand side correction to incorporate the 
jump of the solution at the interface. Consider a variable coefficient self-adjoint differential operator 𝐿, defined as

𝐿 =
2
∑

𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(

𝑎𝑖𝑗 (𝒙)
𝜕
𝜕𝑥𝑗

)

− 𝑎(𝒙), 𝑎𝑖𝑗 (𝒙) = 𝑎𝑗𝑖(𝒙), 𝒙 ∈ Ω. (4.4)

where 𝑎𝑖𝑗 , 𝑎 are spatially dependent functions. Assume that 𝑎𝑖𝑗 ∈ 𝐶1(Ω) is pointwise positive definite and 𝑎 ≥ 0 such that the differential 
operator 𝐿 is negative definite with a suitable boundary condition on 𝜕Ω.

For simplicity, we assume that the planar domain Ω is a square Ω = (−1, 1)2. Let 𝑁 be a positive integer. We uniformly partition 
Ω into a Cartesian grid in each spatial direction with grid spacing ℎ = 2

𝑁 .  The set of grid nodes is denoted by Ωℎ, defined as

Ωℎ =
{(

𝑥𝑖, 𝑦𝑗
)

= (−1 + 𝑖ℎ,−1 + 𝑗ℎ) ∣ 𝑖, 𝑗 = 0, 1,⋯ , 𝑁
}

. (4.5)

The sets of interior grid nodes Ωℎ and boundary grid nodes 𝜕Ωℎ are defined as
Ωℎ =

{(

𝑥𝑖, 𝑦𝑗
)

= (−1 + 𝑖ℎ,−1 + 𝑗ℎ) ∣ 𝑖, 𝑗 = 1, 2,⋯ , 𝑁 − 1
}

, 𝜕Ωℎ = Ωℎ∖Ωℎ. (4.6)

The diagonal terms 𝜕𝜕𝑥𝑎11(𝑥, 𝑦)
𝜕
𝜕𝑥 + 𝜕

𝜕𝑦𝑎22(𝑥, 𝑦)
𝜕
𝜕𝑦 − 𝑎(𝑥, 𝑦) at a grid node 𝒙 = (𝑥, 𝑦) ∈ Ωℎ can be discretized with a standard five-point 

difference scheme, represented as

ℎ−2

⎡

⎢

⎢

⎢

⎢

⎣

0 𝑎22(𝑥, 𝑦 + ℎ∕2) 0

𝑎11(𝑥 − ℎ∕2, 𝑦)
{

−𝑎11(𝑥 − ℎ∕2, 𝑦) − 𝑎11(𝑥 + ℎ∕2, 𝑦)
−𝑎22(𝑥, 𝑦 + ℎ∕2) − 𝑎22(𝑥, 𝑦 − ℎ∕2)

}

𝑎11(𝑥 + ℎ∕2, 𝑦)

0 𝑎22(𝑥, 𝑦 − ℎ∕2) 0

⎤

⎥

⎥

⎥

⎥

⎦

−
⎡

⎢

⎢

⎣

0 0 0
0 𝑎(𝑥, 𝑦) 0
0 0 0

⎤

⎥

⎥

⎦

.

(4.7)

The discretization of the mixed term 𝜕𝜕𝑥 𝑎12(𝑥, 𝑦)
𝜕
𝜕𝑦 +

𝜕
𝜕𝑦𝑎12(𝑥, 𝑦)

𝜕
𝜕𝑥  results in a seven-point difference scheme, whose stencil depends 

on the sign of the off-diagonal coefficient 𝑎12. If 𝑎12(𝑥, 𝑦) = 𝑎21(𝑥, 𝑦) < 0, the seven-point difference scheme reads

ℎ−2

2

⎡

⎢

⎢

⎢

⎢

⎣

−𝑎𝐴12 − 𝑎
𝐵
12 𝑎𝐴12 + 𝑎

𝐶
12 0

𝑎𝐵12 + 𝑎
𝐷
12 −𝑎𝐶12 − 𝑎

𝐷
12 − 𝑎

𝐸
12 − 𝑎

𝐹
12 𝑎𝐻12 + 𝑎

𝐹
12

0 𝑎𝐸12 + 𝑎
𝐺
12 −𝑎𝐻12 − 𝑎

𝐺
12

⎤

⎥

⎥

⎥

⎥

⎦

, (4.8)

where the upper index indicates the evaluation at 𝒙 + 𝛿ℎ with 𝛿 specified below
 A  B  C  D  E  F  G  H 

𝛿
(

− 1
2 , 1

) (

−1, 12
) (

0, 12
) (

− 1
2 , 0

) (

0,− 1
2

) (

1
2 , 0

) (

1
2 ,−1

) (

1,− 1
2

)

.
(4.9)
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If 𝑎12(𝑥, 𝑦) = 𝑎21(𝑥, 𝑦) > 0, then the seven-point difference scheme is given by

ℎ−2

2

⎡

⎢

⎢

⎢

⎣

0 −𝑎𝐴12 − 𝑎
𝐶
12 𝑎𝐴12 + 𝑎

𝐻
12

−𝑎𝐵12 − 𝑎
𝐷
12 𝑎𝐶12 + 𝑎

𝐷
12 + 𝑎

𝐸
12 + 𝑎

𝐹
12 −𝑎𝐻12 − 𝑎

𝐹
12

𝑎𝐵12 + 𝑎
𝐺
12 −𝑎𝐸12 − 𝑎

𝐺
12 0

⎤

⎥

⎥

⎥

⎦

(4.10)

where the upper index indicates the evaluation at 𝒙 + 𝛿ℎ with 𝛿 specified below:
 A  B  C  D  E  F  G  H 

𝛿
(

1
2 , 1

) (

−1,− 1
2

) (

0, 12
) (

− 1
2 , 0

) (

0,− 1
2

) (

1
2 , 0

) (

− 1
2 ,−1

) (

1, 12
)

.
(4.11)

We  denote the associated coefficient matrix of the seven-point scheme by 𝐿ℎ. The stencil selection procedure according to the 
off-diagonal coefficient is mainly for ensuring the stability of the matrix 𝐿ℎ and the solvability of the resulting linear system. In 
particular, under mild assumptions, the seven-point finite difference scheme is second-order and the negative of 𝐿ℎ is an M-matrix 
with guaranteed invertibility and positivity [50, p. 104]:
Lemma 4.1  ([50]).  Assume that 𝑎𝑖𝑗 ∈ 𝐶2,1(Ω) and |𝑎12(𝑥, 𝑦)| < min(|𝑎11(𝑥, 𝑦)|, |𝑎22(𝑥, 𝑦)|), the finite difference scheme (4.7),(4.8), and
(4.10) has second-order consistency and for sufficiently small ℎ the associated matrix −𝐿ℎ is a symmetric and positive-definite M-matrix. 

We apply the seven-point finite difference scheme to the differential equation 𝐿𝑢 = 𝑓 whose solution 𝑢 is only expected to be 
piecewise smooth in Ω±. At grid nodes away from the interface where the solution is smooth, the scheme retains its second order 
consistency. At grid nodes in the vicinity of the interface, the finite difference scheme may be taken across the interface, leading to 
large local truncation error due to the non-smoothness of the solution. Such an issue can be addressed by incorporating the leading 
local truncation error in the finite difference scheme as correction terms to the right-hand side, modifying the local truncation error 
and leaving the coefficient matrix intact.

Let 𝑢𝑖𝑗 be the numerical approximation of 𝑢
(

𝑥𝑖, 𝑦𝑗
)

. We write the seven-point finite difference scheme in a generic form,

𝐿ℎ𝑢𝑖𝑗 =
∑

(

𝑥𝑟 ,𝑦𝑠
)

∈Ωℎ

𝑐𝑖𝑗𝑟𝑠𝑢𝑟𝑠 =
∑

(

𝑥𝑟 ,𝑦𝑠
)

∈𝑖𝑗

𝑐𝑖𝑗𝑟𝑠𝑢𝑟𝑠,
(

𝑥𝑖, 𝑦𝑗
)

∈ Ωℎ, (4.12)

where 𝑐𝑖𝑗𝑟𝑠 is the coefficient depending on 𝑎𝑖𝑗 , 𝑎 and 𝑖𝑗 is the set of stencil nodes of the finite difference operator 𝐿ℎ at (𝑥𝑖, 𝑦𝑗 ), defined 
as

𝑖𝑗 =
{

(

𝑥𝑟, 𝑦𝑠
)

∈ Ωℎ ∣ 𝑐𝑖𝑗𝑟𝑠 ≠ 0
}

. (4.13)

We define the sets of the regular and irregular nodes, denoted by ℎ,ℎ,

ℎ ∶=
{(

𝑥𝑖, 𝑦𝑗
)

∈ Ωℎ ∣ 𝑖𝑗 ∩ Ω+ = ∅ or 𝑖𝑗 ∩ Ω− = ∅
}

, ℎ ∶= Ωℎ∖ℎ. (4.14)

Let Ω𝛾 ⊃ ℎ be a narrow band near 𝛾 with sufficient width to cover all irregular nodes. Suppose the piecewise smooth solution 𝑢 can be 
smoothly extended into Ω∓ with the restricted values 𝑢|Ω±. We denote the extended smooth functions by 𝑢±, defined in Ω± ∪ Ω𝛾 . Let 
𝐶 = 𝑢+ − 𝑢− be the difference of the two smooth functions in Ω𝛾 , which is referred to as the correction function. The local truncation 
error of the finite difference scheme at a grid node (𝑥𝑖, 𝑦𝑗 ) ∈ Ωℎ is given by

𝐸𝑖𝑗 = 𝐿ℎ𝑢
(

𝑥𝑖, 𝑦𝑗
)

− 𝑓
(

𝑥𝑖, 𝑦𝑗
)

= 𝐷(𝑥𝑖, 𝑦𝑗 ;𝐶) + (ℎ2). (4.15)

where the leading term 𝐷(𝑥𝑖, 𝑦𝑗 ;𝐶) is given by

𝐷(𝑥𝑖, 𝑦𝑗 ;𝐶) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0,
(

𝑥𝑖, 𝑦𝑗
)

∈ ℎ,
−

∑

(

𝑥𝑟 ,𝑦𝑠
)

∈𝑖𝑗∩Ω−

𝑐𝑖𝑗𝑟𝑠𝐶
(

𝑥𝑟, 𝑦𝑠
)

,
(

𝑥𝑖, 𝑦𝑗
)

∈ ℎ ∩ Ω+,

∑

(

𝑥𝑟 ,𝑦𝑠
)

∈𝑖𝑗∩Ω+

𝑐𝑖𝑗𝑟𝑠𝐶
(

𝑥𝑟, 𝑦𝑠
)

,
(

𝑥𝑖, 𝑦𝑗
)

∈ ℎ ∩ Ω−.

(4.16)

Since the coefficient satisfies 𝑐𝑖𝑗𝑟𝑠 = (ℎ−2), the local truncation error at irregular nodes behaves like 𝐸𝑖𝑗 = (ℎ−2). An immediate 
remedy is to use the value of 𝐷(𝑥𝑖, 𝑦𝑗 ;𝐶) as correction terms to design a corrected scheme.

Since 𝐷(𝑥𝑖, 𝑦𝑗 ;𝐶) is a linear combination of the correction function 𝐶, which is generally not known explicitly but can be approx-
imated by a numerical solution 𝐶ℎ, we introduce ℎ as the set of grid nodes where the correction function is used, i.e.

ℎ =
⎛

⎜

⎜

⎝

⋃

(

𝑥𝑖 ,𝑦𝑗
)

∈ℎ∩Ω+

(

𝑖𝑗 ∩ Ω−)
⎞

⎟

⎟

⎠

⋃

⎛

⎜

⎜

⎝

⋃

(

𝑥𝑖 ,𝑦𝑗
)

∈ℎ∩Ω−

(

𝑖𝑗 ∩ Ω+)
⎞

⎟

⎟

⎠

. (4.17)

Suppose the numerical solution 𝐶ℎ has pointwise third-order accuracy, i.e., ||𝐶 − 𝐶ℎ||
(

𝑥𝑖, 𝑦𝑗
)

= (ℎ3) for (𝑥𝑖, 𝑦𝑗
)

∈ ℎ. Then the cor-
rected scheme is given by

𝐿ℎ𝑢𝑖𝑗 = 𝑓
(

𝑥𝑖, 𝑦𝑗
)

+𝐷(𝑥𝑖, 𝑦𝑗 ;𝐶ℎ),
(

𝑥𝑖, 𝑦𝑗
)

∈ Ωℎ. (4.18)
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After correction, the local truncation error is modified to
𝐸𝑖𝑗 = 𝐿ℎ𝑢

(

𝑥𝑖, 𝑦𝑗
)

− 𝑓
(

𝑥𝑖, 𝑦𝑗
)

−𝐷(𝑥𝑖, 𝑦𝑗 ;𝐶ℎ)

= 𝐸𝑖𝑗 −𝐷(𝑥𝑖, 𝑦𝑗 ;𝐶ℎ) =

{

(ℎ2),
(

𝑥𝑖, 𝑦𝑗
)

∈ ℎ,
(ℎ),

(

𝑥𝑖, 𝑦𝑗
)

∈ ℎ.

(4.19)

Since irregular nodes only appear in the vicinity of the interface, which is a co-dimension one object, the first-order local truncation 
error at irregular nodes is sufficient to result in a uniformly second-order accuracy. As an immediate consequence of Theorem 2.1 
in [51], the numerical solution satisfies the following error estimate.
Theorem 4.2.  Suppose the local truncation error satisfies |𝐸𝑖𝑗 | ≤ 𝑐ℎ for (𝑥𝑖, 𝑦𝑗 ) ∈ ℎ and |𝐸𝑖𝑗 | ≤ 𝑐ℎ2 for (𝑥𝑖, 𝑦𝑗 ) ∈ ℎ. Then we have the 
error estimate,

|𝑢(𝑥𝑖, 𝑦𝑗 ) − 𝑢𝑖𝑗 | ≤ 𝑐ℎ2, (𝑥𝑖, 𝑦𝑗 ) ∈ Ωℎ, (4.20)

where 𝑐 is dependent on 𝑢 but independent of ℎ. 
The corrected finite-difference scheme leaves the coefficient matrix intact, which permits the use of fast elliptic solvers for the 

resulting linear system. In particular, exploiting the nested structure of the Cartesian grid, we employ a geometric multigrid solver 
with a full-multigrid cycle [52], achieving optimal complexity (𝑁2 log(1∕𝜀)

)

, where 𝜀 is the prescribed tolerance and 𝑁2 is the total 
number of grid nodes.

After solving the interface problem, we obtain the grid values of the potential functions. However, in solving boundary integral 
equations, one would need the boundary integrals on the interface, which are either the trace or normal derivatives of the potential 
functions on the interface. We apply Lagrange interpolation to extract boundary information from the grid values to complete the 
integral evaluation on the interface. Since potential functions are not smooth on the interface, corrections are also needed to obtain 
accurate interpolation. We refer the reader to [30,32] for details of interpolation with the correction function.

4.3.  Local Cauchy problem

Here we introduce a numerical approach to obtain the correction function 𝐶ℎ.  The smooth extension of 𝑓 is not unique; here 
we adopt the approach of extending the original PDE. Suppose the piece-wise smooth right-hand side function 𝑓 can be smoothly 
extended into Ω𝛾 from each side to give two smooth functions 𝑓+ and 𝑓−. The extension of 𝑢 is done by letting 𝑢± be solutions to the 
equation 𝐿𝑢± = 𝑓± in the domain Ω± ∩ Ω𝛾 . By elliptic regularity theory, 𝑢± and their difference, the correction function, are expected 
to be smooth. Denote by 𝑓 = 𝑓+ − 𝑓−.  A direct computation confirms that the correction function satisfies the Cauchy problem of 
an elliptic PDE as follows 

2
∑

𝑖,𝑗=1
𝜕𝑖
(

𝑎𝑖𝑗𝜕𝑗𝐶
)

− 𝑎𝐶 = 𝑓,  in Ω𝛾 , (4.21a)

𝐶 = Φ̄,  on 𝛾, (4.21b)
2
∑

𝑖,𝑗=1
𝛽𝑖𝑗𝜕𝑖𝐶 = Ψ̄,  on 𝛾. (4.21c)

where Φ̄, Ψ̄ are smooth Cauchy data given on 𝛾. Since we only need the value of 𝐶 at irregular nodes ℎ ⊂ Ω𝛾 , we only solve Cauchy 
problem for a short distance away from 𝛾.

Let {𝒒𝑙}𝑚𝑙=1 ⊂ 𝛾 be a set of quasi-uniform distributed points on 𝛾. Let 𝐵𝑟(𝒒𝑙) be a ball centered at 𝒒𝑙 with radius 𝑟. We set 𝑟 sufficiently 
large such that ∪𝑀𝑙=1𝐵𝑟(𝒒𝑙) ⊃ Ω𝛾 and, typically, 𝑟 = (ℎ). The numerical solution is represented using a partition of unity

𝐶ℎ(𝒙) =
𝑀
∑

𝑙=1
𝜔𝑙(𝒙)𝐶ℎ,𝑙(𝒙), 𝒙 ∈ ∪𝑀𝑙=1𝐵𝑟(𝒒𝑙). (4.22)

where 𝜔𝑙 is an arbitrary partition of unity function subordinate to the ball 𝐵𝑟(𝒒𝑙) and 𝐶ℎ,𝑙 is the local solution in 𝐵𝑟(𝒒𝑙). The simplest 
partition of unity is by defining it as

𝜔𝑙(𝒙) =
⎧

⎪

⎨

⎪

⎩

1, 𝑙 = arginf
𝑘

|𝒒𝑘 − 𝒙|,

0, else,
𝒙 ∈ Ω𝛾 . (4.23)

Such a partition of unity function is piecewise constant with value either 0 or 1, so that
𝐶ℎ(𝒙) = 𝐶ℎ,𝑙(𝒙), if 𝑙 = arginf

𝑘
|𝒒𝑘 − 𝒙|. (4.24)

In such way, we can separately solve the local solutions 𝐶ℎ,𝑙 in each domain 𝐵𝑟(𝒒𝑙). The local solution 𝐶ℎ,𝑙 is represented as a linear 
combination of polynomial basis

𝐶ℎ,𝑙(𝒙) =
6
∑

𝑘=1
𝛼𝑙,𝑘𝜙𝑘

(

𝑟−1(𝒙 − 𝒒𝑙)
)

, 𝒙 ∈ 𝐵𝑟(𝒒𝑙), (4.25)
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where 𝛼𝑙,𝑘 are the undetermined coefficients and 𝜙𝑘 is the monomial basis
{𝜙𝑗 (𝑥, 𝑦)}6𝑗=1 = {1, 𝑥, 𝑦, 𝑥2, 𝑦2, 𝑥𝑦}. (4.26)

The prefactor 𝑟−1 is designed to spatially rescale the local problem so the argument of 𝜙𝑘 has size (1) rather than (𝑟).
We seek the value of 𝛼𝑙,𝑘 by collocation. We locally parameterize the curve segment 𝛾 ∩ 𝐵𝑟(𝒒𝑙) by 𝒓(𝑠) for 𝑠 ∈ [−1, 1] with 𝒓(0) = 𝒒𝑙. 

Generally, one can select many collocation points from 𝐵𝑟(𝒒𝑙) and 𝛾 ∩ 𝐵𝑟(𝒒𝑙) for the PDE and boundary conditions, to result in an 
overdetermined system and solve in the least squares sense. Here, to minimize computational cost, we will select the minimum 
number of collocation points to obtain a squared linear system based on [32]. We select collocation points {𝒑(1)𝑙,𝑠 }3𝑠=1 for the Dirichlet 
boundary condition, {𝒑(2)𝑙,𝑠 }2𝑠=1 for the Neumann boundary condition, and {𝒑

(3)
𝑙 } for the PDE as

𝒑(1)𝑙,1 = 𝒓(0), 𝒑(1)𝑙,2 = 𝒓(−1), 𝒑(1)𝑙,3 = 𝒓(1),

𝒑(2)𝑙,1 = 𝒓(−1), 𝒑(2)𝑙,2 = 𝒓(1), 𝒑(3)𝑙 = 𝒒𝑙 .
(4.27)

Now we can form the discrete collocation problem as 
2
∑

𝑖,𝑗=1
𝜕𝑖
(

𝑎𝑖𝑗𝜕𝑗𝐶ℎ,𝑙
)

(𝒑(3)𝑙 ) − 𝑎𝐶ℎ,𝑙(𝒑
(3)
𝑙 ) = 𝑓 (𝒑(3)𝑙 ), (4.28a)

𝑟𝐶ℎ,𝑙(𝒑
(1)
𝑙,𝑠 ) = 𝑟Φ̄(𝒑(1)𝑙,𝑠 ), 𝑠 = 1, 2, 3, (4.28b)

𝑟2
2
∑

𝑖,𝑗=1
𝛽𝑖𝑗𝜕𝑖𝐶ℎ,𝑙(𝒑

(2)
𝑙,𝑠 ) = 𝑟2Ψ̄(𝒑(2)𝑙,𝑠 ), 𝑠 = 1, 2. (4.28c)

In the above formulation, we have multiplied the both side of the Neumann boundary condition and the PDE by 𝑟 and 𝑟2, respec-
tively. This is equivalent to a diagonal preconditioning of the linear system, such that the resulting linear system has a much better 
condition number. The rescaling by 𝑟−1 in the basis and the diagonal preconditioning combined render the resulting linear system 
insensitive to 𝑟. In practice, the linear system is always solvable with condition number ∼ (103) regardless of how small 𝑟 or ℎ is. 
Notice that forming the discrete linear system (4.28) requires derivatives of the coefficient 𝑎𝑖𝑗 . For ease of implementation, we adopt 
a hybrid finite difference-collocation approach where the derivatives in the PDE are replaced with finite differences.

5.  Algorithm summary

Given a parametric representation of the interface curve, the parameter domain is sampled at 𝑀 quasi-uniformly spaced points 
with spacing approximately 1.5ℎ, and a cubic spline is fitted to these points for use in subsequent computations. Although the spline 
reconstruction is mathematically unnecessary when an exact parametric formula is available, this preprocessing step is included 
deliberately so that the algorithm handles interfaces specified only as discrete point clouds, as is common in practice.

Evaluated at these discrete points, the boundary integral Eqs. (3.12), (3.14), and (3.23)–corresponding to the respective Dirichlet, 
Neumann, and interface problems–are solved iteratively using the Generalized Minimal Residual (GMRES) method. At each iteration, 
all volume and boundary integrals are evaluated indirectly by solving the corresponding equivalent interface problems (4.1), utilizing 
the techniques developed in Sections 4.2 and 4.3. The modified discrete linear system (4.18) is inverted via a geometric multigrid 
method. The potential functions generated on the Cartesian grid are then accurately interpolated to the discrete interface points using 
Lagrange interpolation augmented with correction functions. Once the GMRES solver converges and the boundary integral equations 
are solved, the resulting densities are substituted into Eqs. (3.11), (3.13), or (3.21) to reconstruct the final numerical solution to the 
original surface PDEs.

The main algorithmic procedures are summarized in Algorithms 1 and 2.

Algorithm 1: Surface interface problem solver.
Initialization
1. Discretize the parameter domain Ω using a uniform Cartesian grid
2. Sample the interface Γ with equal arc-length spacing, construct a cubic spline interpolant, and reparameterize
3. Classify grid nodes as either interior or exterior relative to the interface
Iterative Solution for the Boundary Integral Equations
1. Recast volume integrals, and single- and double-layer potentials as equivalent interface problems, then evaluate their 
values and normal derivatives on the interface via Algorithm 2
2. Initialize the respective density function, and iteratively solve the boundary integral equations via GMRES until reaching 
the specified error tolerance
Reconstruction of the Original PDE Solution 
1. Compute the volume integrals, and the single- and double-layer potentials at the Cartesian grid nodes using the first three 
steps of Algorithm 2 
2. Superpose the computed potential functions according to the representation formula to obtain the final numerical solution
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Algorithm 2: Boundary data computation.
1. Discretize the equivalent interface problem using the standard 7-point finite difference scheme
2. Solve the local Cauchy problems via the collocation method to obtain the correction function and correct the right-hand 
side of the linear system
3. Invert the modified linear system using a geometric multigrid solver to obtain the potential functions on the Cartesian grid
4. Extract the necessary function values and normal derivatives at the interface points via correction-augmented Lagrange 
interpolation

We conclude this section with a brief analysis of the computational complexity.  Assume the planar domain is partitioned into an 
𝑁 ×𝑁 Cartesian grid.  Since the interface point spacing scales with ℎ, the number of interface points 𝑀 is (𝑁). In each GMRES 
iteration, the equivalent interface problems are solved via the geometric multigrid method at a cost of (𝑁2) operations, while solving 
the 𝑀 local 6 × 6 Cauchy systems and performing Lagrange interpolation contributes only (𝑁) work. Thus, if the GMRES iteration 
count is independent of 𝑁 , the total computational complexity of the method is (𝑁2).

6.  Numerical experiments

In this section, we present numerical results for several elliptic partial differential equations on complex bounded regions of 
surfaces. These equations encompass boundary value problems that include both Dirichlet and Neumann conditions, as well as 
interface problems on bounded regions of surfaces and interface problems on singly periodic irregular domains.

Throughout these experiments, the following two types of closed curves are primarily considered as the preimage of the interface 
Γ ⊂ :

• Case I: A rotated ellipse
{

𝑥 = 𝑟𝑎 cos 𝜃 cos 𝛼 − 𝑟𝑏 sin 𝜃 sin 𝛼,
𝑦 = 𝑟𝑎 cos 𝜃 sin 𝛼 + 𝑟𝑏 sin 𝜃 cos 𝛼,

 for 𝜃 ∈ [0, 2𝜋), (6.1)

where 𝛼 is the rotation angle, 𝑟𝑎 and 𝑟𝑏 are the major and minor radii of the ellipse, respectively.

• Case II: A star-shaped domain
{

𝑥 =
[

𝑟𝑎 + 𝜖 cos(𝑚𝜃)
]

cos(𝜃 + 𝛼),
𝑦 =

[

𝑟𝑏 + 𝜖 cos(𝑚𝜃)
]

sin(𝜃 + 𝛼),
 for 𝜃 ∈ [0, 2𝜋), (6.2)

where 𝑚 represents the fold number and 𝜖 is a constant.
In each test, the GMRES solver starts with a zero initial guess, and the convergence tolerance is fixed at tol = 1.0 × 10−8. The 

numerical results are summarized through tables and figures. Each table reports the following metrics: the Cartesian grid size, the 
total number of discretization points on the boundary curve, the required number of GMRES iterations, the maximum discrete error 
of the numerical solution at the interior grid nodes, and the CPU time in seconds.  The numerical algorithm is implemented in C++, 
and all computations are performed on a personal computer equipped with an Intel Core i9-11900H CPU @ 2.50GHz and 16 GB of 
RAM.

Example 6.1. In this example, the boundary value problems (2.8) subject to both the Dirichlet boundary conditions (2.9) and the 
Neumann boundary conditions (2.10) are addressed. The underlying surface  is parametrized by

𝑿 ∶ [−1, 1]2 → ℝ3,

(𝑢, 𝑣) ↦ (3𝑢 + 𝑣, 𝑢 − 2𝑣, 𝑢3 + 𝑣3).
(6.3)

The preimage of the interface Γ is taken to be a rotated ellipse in Case I, with the parameters given as follows:
𝑟𝑎 = 0.7, 𝑟𝑏 = 0.4, 𝛼 = 3𝜋∕5. (6.4)

And the Dirichlet and Neumann boundary conditions on Γ are prescribed such that the exact solution reads

𝑢(𝑥, 𝑦, 𝑧) = e
2𝑥+𝑦
7 cos

𝑥 − 3𝑦
7

, (𝑥, 𝑦, 𝑧) ∈  , (6.5)

with 𝜅 = 5.

Numerical results are summarized in Table 1 for the Dirichlet condition and Table 2 for the Neumann condition. Corresponding 
visualizations are illustrated in Figs. 2 and 3, respectively.  For the Dirichlet boundary condition (Table 1), the observed convergence 
order is slightly above second order, approaching third order on some grids. This is because the trace of the solution on the interface is 
recovered via quadratic interpolation, which is third-order accurate for function values. For the Neumann condition, the interpolation 
targets the normal derivative, which reduces the accuracy to second order. Since the interpolation order exceeds that of the finite 
difference scheme on coarser grids, super-second-order convergence is observed; the rate is expected to approach two asymptotically 
as ℎ → 0.

Journal of Computational Physics 562 (2026) 115004 

11 



P. Yin, W. Ying, Y. Zhang et al.

Table 1 
Numerical results for the Dirichlet boundary condition in Example 6.1.
    Grid size 64 × 64 128 × 128 256 × 256 512 × 512 1024 × 1024 
  M  75  150  300  601  1202  
  #GMRES  7  6  5  5  5  
  CPU (s)  8.40E-1  3.01E+0  1.07E+1  4.47E+1  1.85E+2  
 ‖

‖

𝐞ℎ‖‖∞  5.56E-4  8.97E-5  2.08E-5  2.11E-6  2.84E-7  
  Order  -  2.63  2.11  3.30  2.89  

Table 2 
Numerical results for the Neumann boundary condition in Example 6.1.
    Grid size 64 × 64 128 × 128 256 × 256 512 × 512 1024 × 1024 
  M  75  150  300  601  1202  
  #GMRES  7  6  6  6  6  
  CPU (s)  9.16E-1  2.89E+0  1.21E+1  4.85E+1  1.92E+2  
 ‖

‖

𝐞ℎ‖‖∞  1.44E-1  3.37E-2  1.02E-2  2.43E-3  6.23E-4  
  Order  -  2.10  1.72  2.07  1.96  

Fig. 2. The numerical solution and the pointwise absolute error in Example 6.1 for the Dirichlet boundary condition on the 512 × 512 grid.

Example 6.2  (A helicoid surface). This example  considers the interface problem (2.12) on a helicoid surface  given by
𝑿 ∶ [−1, 1]2 → ℝ3,

(𝑢, 𝑣) ↦ (𝑢 sin 𝑣, 𝑢 cos 𝑣, 𝑣),
(6.6)

where 𝜅+𝛽+ = 𝜅−

𝛽− = 1, with 𝛽+ = 𝜅+ = 3 and 𝛽− = 𝜅− = 1. A circle with radius of 0.5 is used as the preimage of the interface Γ ⊂ . The 
interior and exterior exact solutions of the equation read

𝑢+(𝑥, 𝑦, 𝑧) = sin 𝑥 sin 𝑦 sin 𝑧,
𝑢−(𝑥, 𝑦, 𝑧) = (𝑥2 − 𝑧 − 1)(𝑦2 + 𝑧 − 1),

(𝑥, 𝑦, 𝑧) ∈  . (6.7)

Corresponding numerical results for Example 6.2 are displayed in Table 3 and Fig. 4.
The results indicate that the proposed KFBI method achieves second-order convergence for elliptic interface problems. The low 

iteration counts and CPU times demonstrate the high computational efficiency of the proposed method.

Example 6.3  (A saddle surface). This example solves the interface problem (2.12) on a saddle surface defined by
𝑿 ∶ [−1, 1]2 → ℝ3,

(𝑢, 𝑣) ↦
(

𝑢, 𝑣, 𝑢2 − 𝑣2
)

.
(6.8)

The interface Γ is determined by a star-shaped domain in Case II with the parameters chosen as:
𝑟𝑎 = 0.7, 𝑟𝑏 = 0.4, 𝛼 = 6𝜋∕7, 𝜖 = 0.3, 𝑚 = 3. (6.9)
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Fig. 3. The numerical solution and the pointwise absolute error in Example 6.1 for the Neumann boundary condition on the 512 × 512 grid.

Fig. 4. The numerical solution and the pointwise absolute error in Example 6.2 on the 512 × 512 grid.

Table 3 
Numerical results for the interface problem in Example 6.2.
    Grid size 64 × 64 128 × 128 256 × 256 512 × 512 1024 × 1024 
  M  67  134  268  536  1072  
  #GMRES  7  6  6  6  6  
  CPU (s)  9.64E-1  3.15E+0  1.26E+1  4.93E+1  1.97E+2  
 ‖

‖

𝐞ℎ‖‖∞  3.48E-4  8.70E-5  2.36E-5  5.08E-6  1.23E-6  
  Order  -  2.00  1.88  2.22  2.04  

The exact solutions to the equation in the interior and exterior regions are

𝑢+(𝑥, 𝑦, 𝑧) = 𝑧e𝑥 cos 𝑦,

𝑢−(𝑥, 𝑦, 𝑧) = 𝑧e𝑦 sin 𝑥,
(𝑥, 𝑦, 𝑧) ∈  . (6.10)

For this example, the grid size is fixed at 128 × 128. The ratio 𝜅∕𝛽 for both the interior and exterior regions is set to a constant 𝑐, 
i.e., 𝜅+𝛽+ = 𝜅−

𝛽− = 𝑐. By substantially varying the magnitude of 𝑐, we demonstrate that the proposed method remains robust even under 
exceptionally high and low contrast regimes. The results are presented in Table 4.
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Table 4 
Numerical results for the interface problem in Exam-
ple 6.3 on the 128 × 128 grid for 𝑐 = 1.0 × 10±3.

𝜅+  1.2E+3  1.2E-3  2.0E+0  2.0E+0
𝜅−  8.0E+2  8.0E-4  7.0E-1  7.0E-1
𝛽+  1.2E+0  1.2E+0  2.0E-3  2.0E+3
𝛽−  8.0E-1  8.0E-1  7.0E-4  7.0E+2
𝑐  1.0E+3  1.0E-3  1.0E+3  1.0E-3
 #GMRES  7  8  9  13
‖

‖

𝐞ℎ‖‖∞  7.15E-5  7.40E-4  7.22E-5  9.97E-4

Table 5 
Numerical results for the interface problem in Example 6.3 with different coefficient ratios 𝑞 = 𝛽+∕𝛽−.

 Grid size 𝛽+ = 1, 𝛽− = 1000, 𝑞 = 0.001 𝛽+ = 1, 𝛽− = 2, 𝑞 = 0.5 𝛽+ = 1, 𝛽− = 0.001, 𝑞 = 1000

 #GMRES ‖𝐞ℎ‖∞  Order  #GMRES ‖𝐞ℎ‖∞  Order  #GMRES ‖𝐞ℎ‖∞  Order
64 × 64  16  1.78E-3  -  10  1.89E-3  -  18  9.44E-3  -
128 × 128  16  5.21E-4  1.77  10  5.18E-4  1.87  20  2.63E-3  1.85
256 × 256  16  1.16E-4  2.16  10  1.18E-4  2.13  20  6.33E-4  2.05
512 × 512  16  2.97E-5  1.97  10  3.03E-5  1.97  20  1.71E-4  1.87
1024 × 1024  16  7.44E-6  2.00  10  7.59E-6  2.00  19  4.49E-6  1.93

Table 6 
Numerical results for the interface problem in Example 6.4.
 Grid size 64 × 64 128 × 128 256 × 256 512 × 512 1024 × 1024

 M  118  237  473  946  1892
 #GMRES  10  10  9  10  10
 CPU (s)  7.09E+0  2.77E+1  1.00E+2  4.37E+2  1.99E+3
‖

‖

𝐞ℎ‖‖∞  4.10E-3  8.66E-4  1.96E-4  5.63E-5  1.38E-5
 Order  -  2.24  2.15  1.80  2.03

Next, while maintaining 𝑐 = 1, we define 𝑞 = 𝛽+∕𝛽− as the interior-to-exterior ratio of the parameter 𝛽. We investigate the algo-
rithm’s robustness across different coefficient magnitudes by systematically varying 𝑞; detailed results are provided in Table 5.
Example 6.4  (An elliptic paraboloid surface). This example considers the interface problem (2.12) on an elliptic paraboloid surface 
 given by

𝑿 ∶ [−1.4, 1.4]2 → ℝ3,

(𝑢, 𝑣) ↦
(

𝑢, 𝑣, 𝑢2 + 𝑣2
)

,
(6.11)

where 𝜅+𝛽+ = 3, 𝜅
−

𝛽− = 0.5. The interface Γ is determined by a star-shaped domain in Case II with the parameters chosen as:
𝑟𝑎 = 0.7, 𝑟𝑏 = 0.7, 𝛼 = 11𝜋∕13, 𝜖 = 0.3, 𝑚 = 5. (6.12)

The interior and exterior exact solutions of the equation read
𝑢+(𝑥, 𝑦, 𝑧) = cos(𝑥 + 𝑦) sin 𝑧,
𝑢−(𝑥, 𝑦, 𝑧) = (𝑥2 − 1)(𝑦2 − 1),

(𝑥, 𝑦, 𝑧) ∈  . (6.13)

Corresponding numerical results are displayed in Table 6 and Fig. 5. Example 6.4 considers the case where the ratio 𝜅∕𝛽 differs 
across the interface. The numerical results indicate that, analogous to the uniform ratio case, the KFBI method consistently maintains 
second-order convergence alongside high computational efficiency.

We now fix 𝜅± = 1 and 𝛽+ = 1, while varying 𝛽− to examine the influence of differing interior-exterior conductivity ratios on 
computational performance. As previously demonstrated, the required number of GMRES iterations is independent of grid refinement; 
consequently, iteration counts are omitted here. The corresponding maximum norm errors and CPU times are depicted in Figs. 6 and 7.
Example 6.5  (A torus). In this example, we consider the interface problem on a torus 𝕋 2 ⊂ ℝ3 with a global parametrization given 
by

𝑿 ∶ (ℝ∕2𝜋ℤ)2 → ℝ3

(𝑢, 𝑣) ↦ ((𝑅 + 𝑟 sin 𝑢) cos 𝑣, (𝑅 + 𝑟 sin 𝑢) sin 𝑣, 𝑟 cos 𝑢),
(6.14)

where 𝑅, 𝑟 > 0 are the major and minor radii, respectively. Parameters are taken as follows: 
𝑅 = 2.0, 𝑟 = 0.8, (6.15a)

𝛽± = 1.25 ± 0.75, 𝜅± = 1.25 ± 0.75. (6.15b)
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Fig. 5. The numerical solution and the pointwise absolute error in Example 6.4 on the 512 × 512 grid.

Fig. 6. The maximum norm error in Example 6.4 with different interior-to-exterior 𝛽 ratios.

Two types of surfaces Γ1 and Γ2 in Case I and Case II are selected as test-case interfaces, with their respective parameter chosen as:

Γ1 ∶ 𝑟𝑎 = 1.0, 𝑟𝑏 = 0.6, 𝛼 = 9𝜋∕13,

Γ2 ∶ 𝑟𝑎 = 0.6, 𝑟𝑏 = 0.6, 𝛼 = 𝜋∕4, 𝜖 = 0.4, 𝑚 = 3.
(6.16)

The interior and exterior exact solutions of the equation read

𝑢+(𝑢, 𝑣) = sin 𝑢 cos 𝑣,
𝑢−(𝑢, 𝑣) = cos 𝑢 sin 𝑣,

(𝑢, 𝑣) ∈ Ω. (6.17)

The numerical solutions and pointwise absolute errors for Γ1 and Γ2 are shown in Figs. 8 and 9, respectively. The convergence 
study for Γ1 is reported in Table 7, which lists the GMRES iteration counts, CPU times, and maximum errors under successive grid 
refinement. The results confirm second-order convergence.
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Fig. 7. The CPU time in Example 6.4 with different interior-to-exterior 𝛽 ratios.

Fig. 8. The numerical solution and the pointwise absolute error in Example 6.5 of Γ1 on the 512 × 512 grid.

Example 6.6  (A torus). In this example, the parametric surface, the coefficients 𝛽, and the exact solutions are the same as in 
Example 6.5, with Γ taken as a unit circle. Here we consider the special case where 𝜅 = 0.

This example is treated separately because the interface problem on a closed surface with 𝜅 = 0 admits a nontrivial null space, 
making the solution unique only up to an additive constant. Without special treatment, the multigrid solver fails to converge. To 
address this, a mean-zero constraint is enforced at the coarsest grid level by subtracting the mean from the solution before each coarse-
grid correction [52]. After convergence, the final solution is further shifted to have zero mean. The reported errors are computed 
modulo this additive constant.

The numerical results are presented in Table 8, and the numerical solution with pointwise absolute error is shown in Fig. 10. 
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Fig. 9. The numerical solution and the pointwise absolute error in Example 6.5 of Γ2 on the 512 × 512 grid.

Table 7 
Numerical results for the interface problem in Example 6.5 of Γ1.

 Grid size 64 × 64 128 × 128 256 × 256 512 × 512 1024 × 1024

 M  44  87  175  350  700
 #GMRES  17  17  17  14  15
 CPU (s)  3.70E+0  1.53E+1  6.20E+1  2.13E+2  1.06E+3
‖

‖

𝐞ℎ‖‖∞  1.37E-2  2.12E-3  3.56E-4  1.00E-4  2.09E-5
 Order  -  2.69  2.58  1.83  2.26

Table 8 
Numerical results for the interface problem in Example 6.6.
 Grid size 64 × 64 128 × 128 256 × 256 512 × 512 1024 × 1024

 M  43  85  171  341  683
 #GMRES  10  10  10  10  10
 CPU (s)  2.75E+0  1.13E+1  4.61E+1  1.82E+2  7.52E+2
‖

‖

𝐞ℎ‖‖∞  1.36E-2  2.74E-3  7.89E-4  2.26E-4  5.90E-5
 Order  -  2.31  1.80  1.80  1.94

Example 6.7  (An elliptical torus). In this example, we employ an elliptical torus 𝕋 2 ⊂ ℝ3 as the computational surface, whose global 
parametric representation is given as follows:

𝑿 ∶ (ℝ∕2𝜋ℤ)2 → ℝ3

(𝑢, 𝑣) ↦ ((𝑅 + 𝑎 sin 𝑢) cos 𝑣, (𝑅 + 𝑎 sin 𝑢) sin 𝑣, 𝑏 cos 𝑢),
(6.18)

where 𝑅 denotes the radius of revolution, and 𝑎, 𝑏 are the semi-major and semi-minor axes of the elliptical cross-section, respectively. 
The interface Γ is determined by a star-shaped domain in Case II with the parameters chosen as:

𝑟𝑎 = 0.7, 𝑟𝑏 = 0.7, 𝛼 = 0, 𝜖 = 0.5, 𝑚 = 5. (6.19)

Unlike the previous examples, no exact solution is prescribed a priori. Instead, the interface conditions are determined solely by the 
intrinsic geometric properties of the surface. Specifically, the interface problem reads:

∇ ⋅
(

𝛽∇𝑢
)

− 𝜅𝑢 = 0, in  ⧵ Γ, (6.20)

subject to the following conditions:

[𝑢] = 𝐻, on Γ,

[𝛽𝜈 ⋅ ∇𝑆𝑢] = 𝐾, on Γ, (6.21)
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Fig. 10. The numerical solution and the pointwise absolute error in Example 6.6 on the 1024 × 1024 grid.

Fig. 11. The numerical solution in Example 6.7 on the 1024 × 1024 grid.

where 𝐻 and 𝐾 denote the mean and Gaussian curvatures of the surface, respectively, given by the standard differential geometry 
formulas:

𝐻 = 1
2

(

𝑎
𝑏(𝑅 + 𝑎 sin 𝑢)

+
𝑏(𝑅 + 𝑎 sin 𝑢)

𝑎2 cos2 𝑢 + 𝑏2 sin2 𝑢

)

,

𝐾 = 𝑎𝑏
(𝑎2 cos2 𝑢 + 𝑏2 sin2 𝑢)(𝑅 + 𝑎 sin 𝑢)2

,
(6.22)

The parameters are 𝑅 = 1.5, 𝑎 = 1.0, 𝑏 = 0.6, 𝛽+ = 2.0, 𝛽− = 0.5, 𝜅+ = 2.0, and 𝜅− = 0.5. The numerical solution on a 1024 × 1024 grid 
is depicted in Fig. 11. The computation required 17 GMRES iterations and a total CPU time of 1139.77 s. This example confirms that 
the proposed method remains efficient and accurate when the interface conditions are determined by the intrinsic geometry of the 
surface.
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Table 9 
Numerical results for the interface problem in Example 6.8.
 Grid size 64 × 64 128 × 128 256 × 256 512 × 512 1024 × 1024

 M  43  85  171  341  683
 #GMRES  8  8  8  7  7
 CPU (s)  6.43E+0  2.55E+1  9.97E+1  3.22E+2  1.39E+3
‖

‖

𝐞ℎ‖‖∞  7.44E-3  1.95E-3  5.03E-4  1.22E-4  3.10E-5
 Order  -  1.93  1.96  2.04  1.97

Fig. 12. The numerical solution and the pointwise absolute error in Example 6.8 on the 1024 × 1024 grid.

Example 6.8  (A Dupin cyclide). This example considers the interface problem on a Dupin cyclide  ⊂ ℝ3, whose parametrization 
is given by

𝑿 ∶ (ℝ∕2𝜋ℤ)2 → ℝ3

(𝑢, 𝑣) ↦
(

𝑑(𝑐 − 𝑎 cos 𝑢 cos 𝑣) + 𝑏2 cos 𝑢
𝑎 − 𝑐 cos 𝑢 cos 𝑣

,
𝑏 sin 𝑢 (𝑎 − 𝑑 cos 𝑣)
𝑎 − 𝑐 cos 𝑢 cos 𝑣

,
𝑏 sin 𝑣 (𝑐 cos 𝑢 − 𝑑)
𝑎 − 𝑐 cos 𝑢 cos 𝑣

)

.
(6.23)

The parameters are chosen as 𝑎 = 1, 𝑏 = 1, 𝑐 = −0.3, 𝑑 = 0.5. The diffusion and reaction coefficients are 𝛽± = 1.9 ± 1.1 and 𝜅± = 1.9 ±
1.1. The preimage of the interface in parameter space is a unit circle, and the interior and exterior exact solutions are

𝑢+(𝑢, 𝑣) = sin 𝑢 sin 𝑣,
𝑢−(𝑢, 𝑣) = cos 𝑢 cos 𝑣,

(𝑢, 𝑣) ∈ Ω. (6.24)

The numerical results are summarized in Table 9 and the solution profile is depicted in Fig. 12.

7.  Conclusion

This study develops an efficient kernel-free boundary integral method for accurately solving elliptic boundary value and interface 
problems on surfaces. The proposed method reformulates the original problem as boundary integral equations, and evaluates the re-
sulting singular integrals indirectly by solving equivalent interface problems on Cartesian grids via a geometric multigrid method. This 
strategy avoids the difficulties associated with mesh transformation and direct numerical quadrature. The combination of boundary 
integral equations with finite difference methods enables the proposed approach to effectively handle complex geometric interfaces 
and discontinuities near the interface, offering broad applicability.

The proposed method offers several key advantages, including flexible treatment of complex geometries, high computational effi-
ciency, robust convergence rates, and mesh-independent convergence behavior of the iterative solvers. Numerical results demonstrate 
that the method maintains second-order accuracy regardless of whether the interior/exterior 𝜅 and 𝛽 ratios are equal or unequal, while 
showing robust applicability across wide 𝛽 variations. For interface problems on closed surfaces with periodic boundary conditions, 
the proposed method maintains second-order convergence and exhibits favorable computational efficiency.

The current method is confined to surfaces that possess a regular global parameterization. Nevertheless, such a parameterization 
is not available for general closed surfaces. Despite this limitation, the current potential theory-based approach offers a framework for 
efficiently solving interface problems on surfaces through an immersed interface-type technique. To extend the applicability of this 
method to a wider range of closed surfaces, we will employ alternative surface and interface discretization techniques and numerical 
schemes, such as those described in [53] and [19].
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